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1. INTRODUCTION

In 1934, Marty introduced the theory of hyperstructures [1]. He analyzed different prop-
erties of hypergroups and applied them to the theory of groups. Thus one can say that
hypergroups are suitable generalization of classical groups. In the following decades and
nowadays, a number of different hyperstructures are widely studied from the theoretical
point of view and for their applications to many subjects of pure and applied mathemat-
ics by many mathematicians. One of the main reason which attracts researches towards
hyperstructures is its unique property that in hyperstructures composition of two ele-
ments is a set, while in classical algebraic structures the composition of two elements is
an element. Thus hyperstructures are natural extension of classical algebraic structures.
After the pioneering work of Marty, algebraic hyperstructures have been intensively stud-
ied from the theoretical point of view and especially for their applications in other fields
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such as Euclidean and non-Euclidean geometries, graphs and hypergraphs, fuzzy sets, au-
tomata, cryptography, artificial intelligence, codes, probabilities, lattices and so on (see
[2]). Several books and papers have been written on algebraic hyperstructures theory, for
example, (see [3—10]).
Kazim and Naseerudin [11], introduced the concept of left almost semigroups (abbreviated
as LA-semigroups). They generalized some useful results of semigroup theory. Later,
Mushtaq and others further investigated the structure and added many useful results to
the theory of LA-semigroups, also (see [12—15]). An LA-semigroup is the midway structure
between a commutative semigroup and a groupoid. Despite the fact, the structure is non-
associative and non-commutative. It nevertheless possesses many interesting properties
which we usually find in commutative and associative algebraic structures. Mushtaq
and Yusuf produced useful results [16], on locally associative LA-semigroups in 1979. In
this structure they defined powers of an element and congruences using these powers.
They constructed quotient LA-semigroups using these congruences. It is a useful non-
associative structure with wide applications in theory of flocks [17]. Several papers are
written on LA-semigroups. There are lot of results which have been added to the theory of
LA-semigroups by Mushtaq, Kamran, Shabir, Aslam, Davvaz, Madad, Faisal, Abdullah,
Yaqoob, Hila, Rehman, Chinram, Holgate, Jezek, Protic and many other researchers.
Hila and Dine[18], introduced the notion of LA-semihypergroups they investigated several
properties of hyperideals of LA-semihypergroup and studied by many authors (see [19—
). Zadeh introduced a mathematical framework called fuzzy sets [22], which plays
a significant role in many fields of real life. Fuzzy set has several advantages over a
Cantorian set because it has a clear demarcation about uncertainty and vagueness. A
fuzzy set is actually characterized by a membership function with the range of [0, 1]. The
membership of an element in a fuzzy set is a single value between 0 and 1. In [23], Khan et
al. applied fuzzy set theory to LA-semihypergroups and introduced the notions of fuzzy
left (resp. right) hyperideals in LA-semihypergroups.
In this paper, we introduce the notions of fuzzy left (resp. right, interior, bi-, generalized
bi- and quasi-) hperideals of ordered LA-semihypergroups and investigate related prop-
erties. Moreover, we characterize a V-regular ordered LA-semihypergroups in terms of
these fuzzy hyperideals

2. PRELIMINARIES

A hypergroupoid is a nonempty set S equipped with a hyperoperation o, that is a map o :
Sx S — P*(S), where P* (S) denotes the set of all nonempty subsets of S (see [1]). We
shall denote by z o y, the hyperproduct of elements x,y of S. Let A, B be the nonempty

subsets of S. Then the hyperproduct of A and B is defined as Ao B = U aob. We
acA,beB
shall write A o x instead of Ao {x} and x o A for {z} o A.
A hypergroupoid (S,0) is called an LA-semihypergroup [18], if it satisfies the left
invertive law:

(aob)oc=(cob)oa forall a,b,c € S.
Every LA-semihypergroup satisfies the following law:
(xoy)o(zow)=(roz)o(yow),

for all w,x,y,z € S. This law is known as medial law [18].
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Definition 2.1. (see [19]). Let (S,0) be an LA-semihypergroup then an element e € S
is called

() left identity (vesp. pure left identity) if Va € S, a € eoa (resp. a = eoa).

(#4) right identity (resp. pure right identity) if Va € S, a € aoe (resp. a =aoe).
(#91) identity (resp. pure identity) if Va € S, a €eocaNaoe (resp. a=eoaNaoe).
An LA-semihypergroup (S, 0) with pure left identity e, paramedial law holds. That is

(zoy)o(zow)=(woz)o(yox) for all w,z,y,z € S.
An LA-semihypergroup (5, 0) with pure left identity e, satisfies the following law
zo(yoz) =yo(woz) (a).
An ordered LA-semihypergroup is a structure (.5, o, <) in which the following conditions
hold:

(1) (S,0) is an LA-semihypergroup.

(2) (S, <) is a poset.

(3) Va,bxeS,a<b=—=aozx<boxand zoa<zob.

This means that there exist u € x o a and v € x o b such that u < v. Moreover
if A,B € P*(S),then we say that A < B if for every a € A there exists b € B such
that a < b. If A= {a} then we write a < B instead of {a} <X B.
A non-empty subset A of an ordered LA-semihypergroup S is called an LA-subsemihypergroup
of S if A% C A.
A non-empty subset A of S is called a left (resp. right) hyperideal of S if it satisfies
the following conditions:

(1) SocAC A (resp. Ao S C A).

(2) Ifae A,be S and b < a, implying b € A.

By a two sided hyperideal or simply a hyperideal of S we mean a non-empty subset of
S which is both a left hyperideal and a right hyperideal of S.

A non-empty subset I of an ordered LA-semihypergroup S is called an interior hyper-
ideal of S if it satisfies the following conditions:

(1) (Sol)oSCI.

(2) faeI,be S and b<aimply b€ I.

A subsemihypergroup B of an ordered LA-semihypergroup S is called a bi-hyperideal
of S if it satisfies the following conditions:

(1) (BoS)oBC B.

(2) Ifae B,be S and b < aimply b € B.

A non-empty subset B of an ordered LA-semihypergroup S is called a generalized
bi-hyperideal of S if it satisfies the following conditions:

(1) (BoS)oBC B.

(2) fae B,be S and b <a imply b € B.

A nonempty subset @ of an ordered LA-semihypergroup (5,0, <) is called a quasi-

hyperideal of S if:

(1) Qo SNSoQ CQ.

(2) fae@and S>b<athenbecQ.

For A C S,we denote (A] :={t € S :t < h for some h € A}.

For A, B C S, we have Ao B := U{aob:aeA, b € B}.
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If S is an ordered LA-semihypergroup then the following are true
(1) AC(4VACS.
(2) if AC B, then (4] C (B].
(3) (AJo(B]C(AoB]VA,BCS.
(4) (A =((A]]vACS.
(5) (A]o(B]]=(AoB]V A,BCS.
An ordered LA-semihypergroup (S, o, <) is called regular if for every a € S there exists
x € S such that a < (a o x) o a. Equivalent Definitions:
(1) ae((aoS)oa]VaeS. (2) AC((AoS)o A]VAC S.
An ordered LA-semihypergroup (5,0, <) is called left (resp. right) regular if for every
a € S there exists x € S such that a < x 0 a? (resp. a < a? oz ) Equivalent Definitions:
(1) a€ (Soa® Va €S (resp. a € (a0 5] Va € S). (2) AC (SoA?] VA C S (resp.
AC(A%20S8]VACS).
An ordered LA-semihypergroup (5,0, <) is called completely regular if it is regular,
left regular and right regular.
An ordered LA-semihypergroup (5, o, <) is called intra-regular if for every a € S there
exist z,y € S such that a < (:r o a2) oy. Equivalent Definitions:
(1) a€ ((Soa?)oS]VacS.
(2) AC ((SOAQ) oS]VACS.
An ordered LA-semihypergroup (5,0, <) is called a (2,2)-regular if for every a € S
there exists x € S such that a < (a2 o x) o a?. Equivalent Definitions:
(1) a€ ((a®?o0S)oa®] Va e S.
(2) AC((A%20S)0A?]VACS.
An ordered LA-semihypergroup (5,0, <) is called a weakly-regular if for every a € S
there exist x,y € S such that a < (aox)o (aoy).
An ordered LA-semihypergroup (5, o, <) is called a left quasi-regular if for every a € S
there exist z,y € S such that a < (xoa)o(yoa).
) £ A C S is called semiprime if aoa C A = a € A.

3. ON SOME CLASSES OF AN ORDERED LA-SEMIHYPERGROUP

Lemma 3.1. The left and completely reqular classes of an ordered LA-semihypergroup S
coincide in S with pure left identity e.

Proof. Let S be a left regular ordered LA-semihypergroup with pure left identity then for
every a € S there exists z € S such that a < z o a?. Now

a<zoa®=(eox)o(aoa)=(aca)o(xoe)<a®oy,
for some y € x o e. Also,
a<zoa?’==zo0(aca)=ao(zxoa)
zoa®)o(zoa)=(aox)o(a®ox)

z’o(aoa))oa= (ao(z’°0a))oa

(

= ((aoa)or)oa)oa
(
(

a
for some z € (a:2 o a) .
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The converse is simple. n

Corollary 3.2. The left and right regular classes of S coincide in S with pure left identity.

Theorem 3.3. An ordered LA-semihypergroup S with pure left identity is completely
reqular if and only if a € ((a2 o S) o a2] .

Proof. Let S be a completely regular with pure left identity then for each a € S there
exist u,v,w € S such that

a<(aou)oa< ((a®ov)ou)o (woad?)
:((uov)oaz)o(woa2):((woa2 oaz)o(uov)
:((a20a2)ow)o uov) = ((uov)ow o(a20a2
:a2o((uov)ow )

Thus a < (a? o ((wov) ow)) o a?, which shows that a € ((a? 0 S) o a?].

Conversely, assume that a € ((a? 0 S) 0a?], then a < (a®ou) o a* for some u € S.
Therefore,

a<(a?ou)o(aca)=(aca)o (uoa?) < a?owv for some v € uoa?. Now by Lemma
3.1, a < woa? for some w € S. Therefore,

a€ ((a®08)oa’] = ((a*0S)o(aoa)]
= ((aca)o(Soa®)] =((aca)o(So(aoca))
— ((@0a) o ((co )0 (a0 a)
@000 ((aoa)o(S0e))] C ((a0a)o((aoa)oS)]

Thus S is completely regular. [ ]

Corollary 3.4. An ordered LA-semihypergroup S with pure left identity is completely
regqular if and only if S is (2,2)-regular.

Lemma 3.5. The left reqular and intra-regular classes of S coincide in S with pure left
identity.
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Proof. Let S be an intra-regular with pure left identity, then for every a € S there exist
u,v,w € S such that a < (u o a2) ov < woa?. Indeed:

a<(uoa®)ov=(uo(aca))ov=_(ao(uoa))ov

<(ao(uca))o(pog)=(acp)o((uca)oq)
= (uoa)o((aop)og)=(uca)o((gop)oa)
=(uoa)o(toa)=(aot)o(aou)
=(aoca)o(tou)=(uot)o(aoca)
= (uot)oa®
<woa2
for some w € wot. Similarly, a < woa?< (uoaQ) o v also holds. n

Lemma 3.6. The left and left quasi-regular classes of S coincide in S with pure left
identity.

Proof. Let S be a left regular with pure left identity, then for every a € S there exists
x € Ssuch that a <2z0a? Nowa <zoa?=(eox)o(aoca)=(eoa)o(roa).
The converse is simple. [ ]

Lemma 3.7. The left and weakly regular classes of S coincide in S with pure left identity.

Proof. Tt can be followed by Lemma 3.1. n

Definition 3.8. An element a of S is called a V-regular element of S if there exist some
Z1,Xo, T3, Te, T, LT, T7,Ts, L9 € S (21,2, ...x9 may be repeated) such that:
a < oa’ < a2ox2 < (a20x3) oa? < (x4oa2) o x5
< (aoxzg)o(aoxy) < (zgoa)o(zgoa).
If every element of S is V-regular, then S is called V-regular.

Example 3.9. Let (S, 0, <) be an ordered LA-semihypergroup where the hyperoperation
and the order relation are defined by:

o €1 €9 €3 €4 €5 €g (&rd

e1 | {ea} | {ea} | {es} | {e1} | {es} | {es} | {er}
ez | {es} | {er} | {ea} | {ea} | {e6} | {en} | {es}
es | {en} | {es} | {es} | {er} | {e=} | {ea} | {ec}
ea | {ea} | {es} | {er} | {es} | {es} | {er} | {e2}
es | {er} | {ea} | {ea} | {es} | {e} | {es} | {es}
e | {es} | {es} | {er} | {ea} | {ea} | {es} | {e1}
er | {ee} | {en} | {es} | {es} | {er} | {ea} | {ea}

<= {(e1,e1),(e2,e2),(e3,€e3), (es,ea), (e5,€5), (es,€6), (e7,e7)}.

By routine calculation it is easy to verify that S is V-regular.

Lemma 3.10. FEvery V-regular S with pure left identity is reqular.
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Proof. Let S be V-regular with pure left identity, then

a<zoa?®=(eox)o(aca)=(aoa)o(zxoe)
— (aoa)o(ace) = ((ave)ox)oa
~ ((zoc)oa)oa=(poa)oa
=(po((acz)oface)))oa
— (po((aca)o(voce)oa
=(po(zo(aca)))oca
~ (po(ao (woa))oa
=(ao(po(zoa)))oca
<(aog)oa,
for some g € (po (xoa)). Thus S is regular. L]

The converse is not true. We can illustrate by the following example.

Example 3.11. Let (S, 0, <) be an ordered LA-semihypergroup where the hyperopera-
tion and the order relation are defined by:

o €1 €2 €3 €4

er | {e2} {ea} | {ea,ea} | {e2,ea}
ez | {ea} {ea} | {ea} {ea}

es | {e1,ea} | {ea} | {es} {e2, ea}
e | {e1,ea} | {ea} | {e1,e2} | {e2}

<:={(e1,e1),(e2,€2), (e3,e3), (e, €4),(e2,€1), (€2,€4)} .

Clearly S is regular. But S is not V-regular because e; £ (e; ox) o (e1 oy) for any
z,y € S.

4. Fuzzy HYPERIDEALS IN ORDERED L A-SEMIHYPERGROUPS

Let S be an ordered LA-semihypergroup. A function f from a nonempty set X to the
unit interval [0,1] is called a fuzzy subset of S.
Let S be an ordered LA-semihypergroup and f be a fuzzy subset of S. Then for every
t € (0,1] the set
U(fit)y={zlzes, f(z) =1},
is called the level set of f.
For x € S, define
A, ={(y,2) € SxS:x<yoz}.
We denote by F (S) the set of all fuzzy subsets of S.

Definition 4.1. Let S be an ordered LA-semihypergroup and f,g are any two fuzzy
subsets of S. We define the product f ¢ g of f and g as follows:

\V {fAg(2)}, if A, #0,
(f<>9> (‘T) = (y,2)EAL
0, if A, = 0.
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The fuzzy subsets defined by S : S — [0,1],2 — S(z) =1land0: S — [0,1] ,2 —
0(z) =0 for all z € S are the greatest and least elements of F' (S5).

Definition 4.2. Let S be an ordered LA-semihypergroup and # # A C S. Then the
characteristic function x4 of A is defined as:

lifx e A,
Xa:S8 —[0,1],— xa(z) = {Olfx¢A

Definition 4.3. Let S be an ordrerd LA-semihypergroup and f be a fuzzy subset of S.
Then f is called a fuzzy LA-subsemihypergroup of S if:

(Vz,y € 9) /\f ) A f(y).
acroy

Definition 4.4. Let S be an ordered LA-semihypergroup and f be a fuzzy subset of S.
Then f is called a fuzzy left (resp. right) hyperideal of S if:

(1) (Vz,ye8) N f(@)=fy) esp. )\ f(a) > f(2).

acroy acxoy
(2) (Va,ye S z<y= f(z) > f(y)
Example 4.5. Let (S, o, <) be an ordered LA-semihypergroup where the hyperoperation

and the order relation are defined by:

a b c
{a} | {a} | {a}
{a} [ {a} | {a,c}
{a} | {a} | {a}
<= {(CL, a) ) (b’ b) ) (C7 C) ) (a7 C)}

Let us define a fuzzy subset f : .S — [0,1] as follows

QS| o

0.9 if z = a,
fx)=4¢ 03ifz =09,
0.6 if z=c.

Then it is easy to see that f is a fuzzy hyperideal of S.

Definition 4.6. Let S be an ordered LA-semihypergroup and f be a fuzzy subset of S.
Then f is called a fuzzy interior hyperideal of S if:
(1) (Vz,y,2€8) N\ fl@)=f).
a€((zoy)oz)
(2) (Vo,yeS) z<y= f(z) > f(y).
Example 4.7. Let (5,0, <) be an ordered LA-semihypergroup where the hyperoperation
and the order relation are defined by:

a b c

{a,c} | {b} | {b,c}
{b,c} | {b,c} | {b,c}
{b,c} | {b,c} | {b,c}

<:={(a,a), (b,b),(c,c),(bc)}.

QS| o
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Let us define a fuzzy subset f : S — [0,1] as follows
04 if x = a.
J (@)= { 0.9 if = = b,c.
Then it is easy to see that f is a fuzzy interior hyperideal of S.

Definition 4.8. Let S be an ordered LA-semihypergroup and f be a fuzzy subset of S.
Then f is called a fuzzy bi—hyperideal of S if:

(1) (vz,yes) N fla x) A f(y)-
(2) (Vo,y,2€8) N\ f@=F@)Af(2).
a€((zoy)oz)

3) (Vo,yeS)z<y= f(x) = f(y).

Definition 4.9. Let S be an ordered LA-semihypergroup and f be a fuzzy subset of S.
Then f is called a fuzzy generalized bi-hyperideal of S if:

1) (Vz,y,2€8) N\ fl@=f@)Af(2).
a€((zoy)oz)

(2) (Vz,ye ) z<y—= f(z) = f(y)

Example 4.10. Let (S, 0, <) be an ordered LA-semihypergroup where the hyperopera-
tion and the order relation are defined by:

ol|a b c

a|{b} | {6} |{b}
b | {o} | {o}r |{b}
c [ {6} | {a,b} | {b}

<:={(a,a),(b,),(c,c), (a,b)}.
Let us define a fuzzy subset f :.S — [0, 1] as follows
0.7if z = a,b,
f(x)_{ 0.5 ifzr=c

Then f is a fuzzy bi-hyperideal of S.

Definition 4.11. Let S be an ordered LA-semihypergroup and f be a fuzzy subset of S.
Then f is called a fuzzy quasi-hyperideal of S if:

(1) f2(foS)N(Sof).
(2) (Va,ye8)x<y= f(x) > f(y).

Example 4.12. Let (S, 0, <) be an ordered LA-semihypergroup where the hyperopera-
tion and the order relation are defined by:

a b c
{a,c} | {c} [ {b,c}
{b.ct | {c} [ {c}

{b,c} | {b,c} | {b,c}

<:={(a,a), (b,b),(c,c),(bc)}.

QIS |0
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Let us define a fuzzy subset f : S — [0,1] as follows

0.2 if z = a,
f(:v)—{ 0.8 if z = b,c.

Then it is easy to see that f is a fuzzy quasi-hyperideal of S.

Definition 4.13. A fuzzy subset f of S is called idempotent if:
fof=1
Definition 4.14. A fuzzy subset f of S is called fuzzy semiprime if:

F@z A fl).

acaoa

Proposition 4.15. Let x4 and xp be fuzzy subsets of an ordered LA-semihypergroup S,
where A and B are nonempty subsets of S. Then the following properties hold:

(1) If AC B then xa C x5-
(2) xaNXxB = XaAnB-
(3) XA ©XB = X(A0B]-

Proof. Straightforward proof. n

Proposition 4.16. Let (S, 0, <) be an ordered LA-semihypergroup. Let A be a nonempty
subset of S. Then A is a left (resp. right, bi-,generalized bi-, quasi-) hyperideal of S if
and only if xa is a fuzzy left (resp. right, bi-, generalized bi-, quasi-)hyperideal of S.

Proof. The proofs are straightforward therefore we omit it. [

5. CHARACTERIZATIONS OF V-REGULAR ORDERED LA-SEMIHYPERGROUPS
IN TERMS OF Fuzzy HYPERIDEALS

Theorem 5.1. For V-regular S with pure left identity the following statements are true:

(1) A fuzzy subset [ is a fuzzy left hyperideal of S if and only if f is a fuzzy right
hyperideal of S.

(2) A fuzzy subset f is a fuzzy interior hyperideal of S if and only if f is a fuzzy
hyperideal of S.

(3) A fuzzy subset f is a fuzzy two-sided hyperideal of S if and only if [ is a fuzzy
interior hyperideal of S.

(4) A fuzzy subset f is a fuzzy generalized bi-hyperideal of S if and only if f is a fuzzy
bi-hyperideal of S.

(5) A fuzzy subset f is a fuzzy bi-hyperideal of S if and only if [ is a fuzzy two-sided
hyperideal of S.

(6) A fuzzy subset f is a fuzzy quasi-hyperideal of S if and only if f is a fuzzy two-sided
hyperideal of S.

Proof. (1) and (2) are straightforward.
(3). Let f be a fuzzy interior hyperideal of V-regular S, then for each a € S there
exists € S such that a < (a2 o x) oa? Then aob < ((a2 o x) o aQ) o b. So there exist
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a€aoband ye (((a2 o;c) oa2) Ob) such that o < . Then

fazfm= AN fo= AN fm=zf(
vE(((a?ox)oa?)ob) 76(()\oa2)ob)
Ae€a?ox
> A FB)=fa)Af(@) =1 (a).

Bea?

Thus /\ f(a) > f(a). Also since S is V-regular, therefor b < (b%oy) o b*>. Then

a€aob

aob<ao ((bQoy) Ob2). Then there exist « € aob and v € (ao ((bQoy) Ob2)) such
that @ < v. Thus

fla)> f(v) > A flv) = A fv)= A f (@)
ve(ao((b2oy)ob?)) ve((b2oy)o(aocb?)) vE(((bob)oy)o(aob?))
= A foy= N f@w=r0).
vE(((yob)ob)o(aob?)) v€E((pob)oq)

pEyob,qEaod’

Thus [\ f(a) > f(b).
a€aob
The converse is obvious.

(4). Let f be a fuzzy generalized bi-hyperideal of a V-regular S, then for each a € S
there exists ¢ € S such that a < (a2 o 33) oa?. Then aob < ((a2 o SL‘) o a2) o b. So there
exist « € aoband w € (((a2 o ;C) o a2) o b) such that o < w. Then by using eq (a), we
have

fzfw= A flw)= A f (w)
we(((a?ox)oa?)obd) we(((a?ox)o(aoca))ob)
= A fwy= N fw=f@nfE).
we ((ao((a?ox)oa))ob) we ((aom)ob)
me((a2ow)oa)

The converse is obvious.
(5). Let f be a fuzzy bi-hyperideal of a V-regular S, then for each a € S there exists
x € S such that a < (a2 oa:) 0a?. Then aob < ((a2 ox) oa2) ob. So there exist « € aob

and p € (((a® o x) 0 a?) ob) such that a < p. Then we have,
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fla)>f(p) > A f ()

pE(((a?ox)oa?)ob)

= A f(p)= A f(p)
p€((((aca)ox)oa?)ob) pE((((zoa)oa)oa?)ob)

= A fp) = A f (p)
pe((boa2)o((woa)oa)) pe((bo(aca))o((ava)or))

= A f(p) = A f(p)
pE((ao(boa))o((aoca)ox)) pE((aoca)o((ao(boa))ox))

= A f(p)= A f(p)
pe((((ao(boa))ox)oa)oa) pe((((bo(aoa))ox)oa)oa)

= A f(p) = A f(p)
pe((((zo(aoa))ob)oa)oa) pe((((ao(xoa))ob)oa)oa)

= A fp) = A f(p)
pe(((aob)o(ao(xoa)))oa) pe((ao((aob)o(xoa)))oa)

- A S @Af@ =] ().

pE((aoX)oa)

AE((aob)o(xzoa))

Since V-regular S, then for each b € S there exists y € S such that b < (b2 o y) o b2.
Then aob < ao ((b? oy) ob?). Then there exist u € aob and g € (ao ((b* oy) o b?))
such that u < q. Hence
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fu)>f(q) > AR C)

g€(ao((b?oy)ob?))
= N flo= A f (@)
g€((b20y)o(ach?)) g€(((bob)oy)o(ao(bob)))
= A flg) = A f(q)
g€ ((ao(bob)oy)o(bob)) g€ (((ao(bob))o(eoy))o(bobd))
= A flg) = A ()
q€(((yoe)o((bob)oa))o(bob)) q€(((bob)o((yoe)oa))o(bob))
= A F@=fM= NF)=F®AFd) =r0).
g€((Aoy)oN) ~yEbob

A€bob,y€((yoe)oa)

The converse is obvious.

(6). Let f be a fuzzy quasi-hyperideal of V-regular S. Now let a € S, there exist
x,y € S such that aob < ao((wo0b?) oy) = (zob?)o(acy) = (yoa)o(b?ox) = (yoa)o
((xob)ob)=(yoa)o((boe)o(box))=(yoa)o(bo((boe)ox))=bo((yoa)o((boe)oux))
< boc where ¢ € ((yoa)o ((boe)ox)). So there exists & € a o b such that « < boc,
Then (b,c) € Ay. Thus

fla) Z (Sof) () A(f o S) (a)

:{ \V (S(b)/\f(c))}/\{ \ (f(b)AS(c))}

(b,c)eA, (b,e)EAL
2{SO)Af (O} A{f () AS(0)}
2{IAfBIALf () A1}

=f®)NAfO) =1,

which shows that f is a fuzzy left hyperideal of S. Similarly we can prove that f is a
fuzzy right hyperideal of S. Therefore f is a fuzzy hyperideal of S.
The converse is obvious. n

Theorem 5.2. Let (S,0,<) be an ordered LA-semihypergroup with pure left identity.
Then the following statements are equivalent:

(1) S is V-regular.

(2) QN L C (LoQ] for every quasi-hyperideal @ and left hyperideal L of S.

(3) fNgCgof for every fuzzy quasi-hyperideal f and every fuzzy left hyperideal g
of S.

(4) fngCgo f for every fuzzy quasi-hyperideals f and g of S.

Proof. (1) = (4). Let f and g be any fuzzy quasi-hyperideals of V-regular S with pure
left identity. Now for a € S, there exist some x,y € S such that
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a< (zoa?)oy=(ao(zoa))oy=(yo(xoa))oa. Then there exists a € (yo (zoa))
such that a < aoa. Thus (a,a) € A,. Therefore by using Theorem 5.1, we have

(gof)(a)=\/ {g@Af(v)}
(u,v)€A,
> g() A fla)
>g(a)A f(a)
=(fng)(a),

which shows that go f D fng.

(4) = (3) is simple.

(3) = (2). Let Q and L be any quasi and left hyperideals of S respectively. Then by
Proposition 4.16, xq is a fuzzy quasi-hyperideal and x, is a fuzzy left hyperideal of S.
Then Proposition 4.15, xgnz = XQ N XL € XL ©XQ = X(Lo]- Thus QN L C (Lo QJ.

(2) = (1). Since (S o a] are both left hyperideal and quasi-hyperideal of S with pure
left identity and clearly a € (S o a], then

a€(SoaN(Soal=((Sea)o(Soa)=((Soa)| = (Soa?].
Hence S is V-regular. n

Theorem 5.3. Let (S,0,<) be an ordered LA-semihypergroup with pure left identity.
Then the following statements are equivalent:

(1) S is V-regular.

(2) LN B C ((L o B]o B] for every left hyperideal L and bi-hyperideal B of S.

(3) fNgC(fog)og for every fuzzy left hyperideals f and fuzzy bi-hyperideal g of
S.

Proof. (1) = (3). Let f be a fuzzy left hyperideal and g be a fuzzy bi-hyperideal of a
V-regular S with pure left identity, then for any a € S, there exist some z,y € S such
that

where b € ((m2 ° y2) o a) and a € boa such that a < aoa. Then (o, a) € A,. Therefore

(fog)og) @)=\ {(fog) () Ag(a)}

(p,9)€A.

z{(fog) (@) ng(a)}.
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Since a € bo a then o < bo a. Thus

(fog) =\ {fwnrgw)

(u,w)EA,
={f(b)Ag(a)}.
Since f is a fuzzy left hyperideal of S, so /\ f) = /\ f () > f(a). Thus
be((x2oy?)oa) bepBoa
pex?oy?
(fog)(a) ={f () ng(a)}
>{f(a)rng(a)}.

Hence

((fog)og)(a) = fla)Ag(a) Ag(a)
f

Thus fNgC (feg)og.

(3) = (2). Let L be a left hyperideal and B be a bi-hyperideal of S with pure
left identity, then by Proposition 4.16, x is a fuzzy left hyperideal andyp is a fuzzy
bi-hyperideal of S. Therefore by Proposition 4.15, we get

XrnB =Xz NxB € (XL ©XB) © XB
c (X(LOB]) ©XB = X((LoBJoB]-

Hence LN B C ((Lo B]o BJ.
(2) = (1) . As (S o a] is both left and bi-hyperideal of S with pure left identity. Then

we(Sodn(Soa = ((Soao(Soao(Soa]
(((Scalo(Soa])o(Soa)l=(((Soa)o(Soa))o(Soa)
(S0 S) o (aca)) o (S o)

- ((S’oaQ)oS].

Therefore S is V-regular. [

Lemma 5.4. Let (S, 0,<) be an ordered LA-semihypergroup with pure left identity. Then
the following statements are equivalent:
(1) S is V-regular.
(2) fNg= fog for every fuzzy right hyperideal f, every fuzzy left hyperideal g of S
such that f is semiprime.

Proof. We omit the proof. n

Theorem 5.5. Let (S,0,<) be an ordered LA-semihypergroup with pure left identity.
Then the following statements are equivalent:
(1) S is V-regular.
(2) hnnfngC(hof)og for any fuzzy right hyperideal h, fuzzy bi-hyperideal f and
fuzzy left hyperideal g of S such that h is fuzzy semiprime.
(3) hnfng C (ho f)og for any fuzzy right hyperideal h, fuzzy generalized bi-hyperideal
f and fuzzy left hyperideal g of S such that h is fuzzy semiprime.
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Proof. (1) = (3). Assume that S is V-regular with pure left identity. Let h, f and g be
any fuzzy right hyperideal, fuzzy bi-hyperideal and fuzzy left hyperideal of S respectively.
Now for any a € S, there exist z,y,u € S such that a < (aou)oa and a < (zoa?) oy.
Now

Then there exist « € aou, f €aoeand v € (fo ((yowu)ox)) such that a < yoa. Then
(v,a) € Ay. As @ € aou then a < oo a. Hence (a,a) € A,. So

(hof)og)@)= '\ {(hof)(a)Ang(a)}

(a,u)EA,
= [ V { V (h(V)Af(a))} Ag(a)]
(a,u)€Aq \ (7,0)EAL
Zh() A fla)Ag(a).
Since h is fuzzy right hyperideal of S, so /\ h(v) > h(B) > /\ > h(a).
YE(Bo((you)ow)) BEaoe

Hence h (y) > h(a). Thus

h(@=zh@)= N h)

d€((zoa?)oy)
= A h(8) = A h(9)
6€((ao(zoa))oy) 5€(((eca)o(xoa))oy)
= A h(6) = A h(9)
5€(((eox)o(aoa))oy) 5€(((aox)o(aoe))oy)
= AN r®O= A r0o
d€((a2o(zoe))oy) dENoY

/\GaQOv,UEIOE

A ) =h(@®) > A h(w).

A€aZov wea?

Y

Thus h (a) > /\ h (w) . Therefore h is semiprime.
wea?

(3) = (2) is straightforward.
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(2) = (1) . Let h be any fuzzy right hyperideal and g be any fuzzy left hyperideal of
S respectively. Let A, # ). Then

(hAg)(a)=((hAS)Ag)(a) < ((hoS8)og)(a)
=V {(heS) ) ng)}

a<uov

V {V @)AsS(s) p Ago)

a<uov | u<ros

IN

V|V (Gres}ng

a<uov \u<lros

V {h@wAg )

a<uov

= (hog)(a).

Thus hog 2 hNg. Now

(hog)(a) = \/ {h(p)Arg(a)}

a<poq

< \/ {h(a)Ag(a)}, (where a € poq)

<h(a)Agla)
— (hAg)(a).

Thus hog ChNg. So hog=hnNg by Lemma 5.4, S is is V-regular. n

Theorem 5.6. Let (S,0,<) be an ordered LA-semihypergroup with pure left identity.
Then the following statements are equivalent:

(1) S is V-regular.

(2) (feg)n(ge f) D fNg for any fuzzy right hyperideal f, any fuzzy left hyperideal
g of S such that f is fuzzy semiprime.

(3) (fog)n(go f) 2 fNg for any fuzzy right hyperideal f any fuzzy bi-hyperideal g
of S such that f is fuzzy semiprime.

4) (fog)nN(gof) 2 fNg for any fuzzy right hyperideal f any fuzzy generalized
bi-hyperideal g of S such that f is fuzzy semiprime.

(5) (feg)N(go f) 2 fNyg for any fuzzy bi-hyperideals f and g of S such that f and
g are fuzzy semiprime.

(6) (fog)N(ge f) D fNyg for any fuzzy generalized bi-hyperideals f and g of S such
that f and g are fuzzy semiprime.

Proof. (1) = (4). Let f and g be fuzzy generalized bi-hyperideals of a V-regular S with
pure left identity. Now for a € S there exist x,y,u € S such that a < (m o a2) oy and
a < (aou)oa.
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a<(zoa?)oy=(ao(zoa))oy=(yo(xoa))oa,and

yo(xoa):yo(xo((xoaz)oy)):yo((moaz)o(xoy))
:(xoa2)o(yo(xoy)):(moaQ)o(xoy2)
= (zoxz)o(a’oy?) =a’o (2?0 y?)

(

where a € (m o (yo (x2 oy2))) oa and f € a o« such that a < foa. Then (8,a) € A,.
Thus

(feg)@= "\ {fAga)}

(r,9) €A,

2{f(B)ng(a)}.

Since f is a fuzzy generalized bi-hyperideal of S, so

N F8) = A FB)= @A f(a)=fla).

BEaoa Be(ao(zo(yo(x?oy?)))oa)

So f(B8) > f(a). Hence

(fog)(a) 2{f(B)Ag(a)}
> fa)Ng(a).
Hence fog O fNg. Similarly we can show that gof O fNg. Thus (fog)N(go f) 2 fNg.
(6) = (5) = (4) = (3) = (2) are obvious cases.
(2) = (1). Let f and g be fuzzy generalized bi-hyperideals of S. Let (p,q) € A,. Then
a < poq. So there exists a € p o ¢ such that a < a. Thus

(feg)@= "\ {fArga)}

(p,9)€EA,

<V {fl@nrg)

(r,9) €A,

=f(a)ng(a).

Therefore by using Lemma 5.4, S is V-regular. [
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6. CONCLUSION

The main theme of this paper is to introduce the basic concepts of algebraic ordered
LA-semihypergroups, together with the additional ideas that are to be developed in this
monograph. In this paper we introduced the notions of fuzzy left (resp. right) hyperideals,
(bi-, generalized bi-) hyperideals, interior hyperideals and quasi-hyperideals in ordered
LA-semihypergroups. Furthermore, we characterized a V-regular class of an ordered LA-
semihypergroup in terms of these fuzzy hyperideals. We hope that the research along
this direction can be continued, and in fact, some results in this paper have already
constituted a platform for further discussion concerning the future development of ordered
LA-semihypergroups. Hopefully, some new results in these topics can be obtained in the
forthcoming paper.
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