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Abstract : A semihyperring with zero is a triple (A, +, ) such that (A4,4) is a
semihypergroup, (A, -) is a semigroup, - is distributive over 4+ and there exists 0 € A
(called a zero) such that t+0=0+x = {z} and -0 =0-2 = 0 for all z € A. For
a semigroup S, let S° be S if S has a zero and S contains more than one element,
otherwise, let SY be the semigroup S with a zero adjoined. We say that a semi-
group S is said to admit a semihyperring with zero if there exists a hyperoperation
+ on S° such that (S°, +, ) is a semihyperring with zero 0 where - is the operation
on SY and 0 is the zero of S°. Let V be a vector space over a division ring R, W a
subspace of V and Lg(V, W) the semigroup under composition of all linear trans-
formations from V into W. For each v € Lg(V, W), let F'(«) consist of all elements
in V fixed by a.. Denote by OMpr(V, W), OEr(V, W), AIr(V,W) and AIg(V,W)
the set of all linear transformations a in Lr(V, W) where dimp Ker v are infinite,
the set of all linear transformations o in Lr(V, W) where dimg(W/Ima) are infi-
nite, the set of all linear transformations « in Lg(V, W) where dimg(V/F(«)) are
finite and the set of all linear transformations « in L (V, W) where dimg(W/F(a))
are finite, respectively. Moreover, let H and S be subsemigroups of AIg(V, W)
and AIr(V, W), respectively.
We show that OMr(V, W)U H, OEr(V,W)UH, OMgr(V,W)U S and

OFERr(V,W)US are semigroups. Furthermore, we determine whether or when they
admit the structure of a semihyperring with zero.
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1 Introduction and Preliminaries

A hyperoperation on a nonempty set H is a map o : H x H — P*(H) where
P(H) is the power set of H and P*(H) = P(H) \ {0}. For A, BC H,let Ao B
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be the union of all subsets a o b of H where a € A and b € B. A semihypergroup
is a system (H,o) where H is a nonemty set, o is a hyperoperation on H and
(xoy)oz==xo(yoz) for all x,y, 2 € H. A hypergroup is a semihypergroup
(H,o0) such that Hox = xo H = H for all x € H. For z,y in a hypergroup
(H,o0), z is called an inverse of y if there exists an identity e of (H,o) such that
e € (xoy)N(yox). A hypergroup H is called regular if every element of H
has an inverse in H. A regular hypergroup (H,o) is said to be reversible if for
z,y,z € Hyx € yoz implies z € uox and y € x o v for some inverse u of y and
some inverse v of z. A canonical hypergroup is a hypergroup (H, o) such that

(i) (H,o) is commutative,
(ii) (H,o) has a scalar identity,
(iii) every element of H has a unique inverse in H and
(iv) (H,o) is reversible.
By a semihyperring we mean a triple (A, +, ) such that
(i) (A,+) is a semihypergroup,
(ii) (4,-) is a semigroup and
(i) - (y+2)=z-y+z-zand (y+z2)-z=y-x+z-xforall z, y, z € A
An element 0 of a semihyperring (A4, +, ) is called a zero of (4,+,-) if x +0 =
O0+xz=uxz(={2}0) and x o0 =00z =0 for all z € A. By the definition, every
semiring with zero is a semihyperring with zero. A Krasner hyperring is a system
(A,+,-) where
(i) (A,+) is a canonical hypergroup,
(ii) (A,-) is a semigroup with zero 0 where 0 is the scalar identity of (4, +) and

(iii) the operation - is distributive over the hyperoperation +.

Then every (Krasner) hyperring is a semihyperring with zero. Consequently, semi-
hyperrings with zero are a generalization of hyperrings. In [2], if A is a set whose
cardinality is at least 3 and 0 is an element of A, then (4, +,-) with

z+0=0+4+2z={z} for all z € A,
r+y=A4 for all z,y € A\ {0},
z-y=0 for all z,y € A.

is clearly a semihyperring with zero 0 but not a hyperring.

A semigroup S is said to admit a ring[hyperring] structure if (S°,+,-) is a
ring[hyperring] for some operation[hyperoperation] + on SY where - is the opera-
tion on S°. Similarly, S is said to admit a semihyperring with zero if there exists
a hyperoperation + on SY such that (S°, +, ) is a semihyperring with zero. Semi-
groups admitting ring structures have long been studied. For examples, see [3]



Admitting a Semihyperring with Zero of Certain Linear Transformation... 47

and [6]. There were some studies of semigroups admitting hyperring structures.
These can be seen from [4] and [5].

Throughout this paper, let V' be a vector space over a division ring R, W
a subspace of V and Lgr(V,W) the semigroup under composition of all linear
transformations from V' into W. Then Lg(V,W) admits a ring structure. For
a € Lr(V,W), let F(a) consist of all elements in V fixed by a. Then F(«) is a
subspace of W so that it is also a subspace of V for all « € Lg(V,W). Moreover,
let

OMpr(V,W) ={a € Lr(V,W) | dimg Ker « is infinite},
OEr(V,W) ={a € Lg(V,W) | dimr(W/Im«) is infinite} ,
AIR(V, W) ={a € Lr(V,W) | dimg(V/F(«)) is finite} ,
AIg(V,W) ={a € Lg(V,W) | dimr(W/F(«)) is finite} .

It has been shown in [7] that OMgr(V,W) and OEgR(V,W) are subsemigroups
of Lr(V,W). This paper, first, shows that OMr(V, W)U H, OERr(V,W) U H,
OMg(V,W)US and OER(V,W)U S are semigroups where H and S are subsemi-
group of AIR(V, W) and AIr(V, W), respectively. The other purpose of this paper
is showing that whether or when OMg(V, W)UH, OER(V,W)UH, OMg(V,W)US
and OER(V, W) U S admit the structure of a semihyperring with zero.

2 Main Results

In this paper, we assume that dimg V is infinite because if dimpg V' is finite,
then OMg(V,W) and OEgr(V,W) are empty sets. In order to study OEgr(V, W),
we must assume further that dimg W is infinite otherwise OEg(V, W) is an empty
set.

2.1 Subsemigroups of Lg(V, W)

Our aim of this subsection is to show that OMz(V,W)UH, OEr(V,W)UH,
OMgr(V,W)U S and OER(V,W) U S are semigroups. In order to do so, we prove
that all of them are subsemigroups of Lg(V, W).

Proposition 2.1. ([7/) The following statements hold.
(i) OMgr(V,W) is a right ideal of Lr(V,W).
(1)) OEr(V,W) is a left ideal of Lr(V,W).

Note 2.1. AIgr(V, W) is a subset of AIr(V,W) because W/F(«) is a subspace of
V/F(a) for any o € Lr(V,W).

Proposition 2.2. AIg(V, W) and AIr(V,W) are subsemigroups of Lr(V,W).
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Proof. Let o, 8 € AIgr(V,W)[AIg(V,W)]. Then dimg(V/F(a))[dimg(W/F(a))]
and dimg(V/F(B))[dimr(W/F(8))] are finite. We claim that dimg(V/F(af3))

[dimr (W/F(af))] is finite. Since F(a) N F(B) C F(ap), it suffices to show that
dimg(V/F(a) N F(B))[dimg(W/(F(a) N F(B))] is finite. Let By be a basis of
F(a) N F(B) and By C F(a) \ By and B3 C F(8) \ By be such that By U By and
B UBj are bases of F'(«) and F(f3), respectively. We will show that (ByUB2)U B3

is linearly independent over R. Let uy,usa,...,ur € By UBsy, v1,v2,...,v; € B3 be
k 1
distinct and Zaiui + ijvj = 0 where a1, as, ..., ai, b1, ba, ..., by € R. Then
i=1 j=1
k l l
> aiu; == bjv; € F(a) N F(B) = (By). Hence » bjv; € (By) N (Bs) = {0}.
i=1 j=1 j=1
k
Since Bs is linearly independent, b; = 0 for all j =1,2,...,1, so that Z a;u; = 0.
i=1

This implies that a; = 0 for all ¢ = 1,2,...,k. Hence (B; U Bg) U By is linearly
independent over R. Let By C V'\ (ByUBg)UB3[W \ (B; U Bs)U B3] be such that
B; U By U B3 U By is a basis of V[IW]. Hence {v+ F(a) |v € B3 U By} is a basis
of V/F(a)[W/F(«)] and {v + F(«) | v € By U By} is a basis of V/F(8)[W/F(8)].
But dimg(V/F())[dimg(W/F(«))] and dimg(V/F(8))[dimg(W/F(8))] are fi-
nite, so B3 U By and By U By are finite. Therefore By U B3 U By is finite. Hence
{v+ (F(a) N F(B))} is a basis of V/(F ()N F(8))[W/(F(a)NF(3))]. This implies
that dimg(V/F(a) N F(8))[dimg(W/(F(a) N F(3))] is finite. O

Lemma 2.3. AIR(V,W)OMg(V,W) C OMgr(V,W).

Proof. Let v € AIr(V,W)and 8 € OMr(V,W). Let By be a basis of F(a)NKer g,
By C Ker 8\ B; such that By U By is a basis of Ker SNW, By C Ker 8\ B; U By
such that B; U By U Bs is a basis of Ker 8. Since § € OMgz(V,W), B; U By U Bs
is infinite. Let vy, vs,...,v, be distinct elements of By and let aq,as,...,a, € R

be such that Zai(vi + F(a)) = F(«). Then Zaivi € F(a) NKer 8. But By is
i=1 i=1

a basis of F(«) N Ker 8 and By U By is linearly independent over R, so a; = 0 for
all i € {1,2,...,n}. This shows that {v 4+ F(a)|v € Bz} is a linearly independent
subset of the quotient space W/F(«) and u + F(«) # w + F(a) for all distinct
u,w € By. Since dimp W/F(a) < oo, the set {v+ F(a)|v € B2} is finite. But
|{v+ F(a)|v € By}| = | Bz so that B is finite. Let By € W \ By U By be such
that By U By U By is a basis of W and let C = By U By U Bs. Moreover, let
Bs C V\ C'UBj3 be such that CU B3 U Bj is a basis of V and let B = C'UB3U Bs.

Case 1. B\C is finite. Since B3 C B\ C, |Bs| < |B\ C|. Thus Bs is finite.
Hence By U Bs is finite. This implies that By is infinite. Since By C F(a) NKer j,
we have Biaf = B8 = {0}, so By C Keraf. Hence dimg Ker af is infinite.
Thus aff € OMg(V,W).

Case 2. B\C is infinite. Claim that dimg Ker « is infinite. Suppose that
dimp Ker « is finite. Let E = {v],v3,...,v;} be a basis of Ker a such that £ C B.
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Clearly, B\(CUE) is infinite. Next, we will show that there is w € B\(CUE) such
that wa = va for some v € V'\ (E'U{w}). Suppose that for each w € B\ (CUE),

wa #va  forall ve V\ (EU{w}). (1)
Hence
wia # waa for every wy # we € B\(C' UE). (2)

Hence {wa|w € B\ (CUE)} consists of distinct elements. Since B\ (C U E)
is infinite, the set {wa|w € B\ (C U E)} must be infinite. We will show that
{wa|w € B\ (C'UE)} is linearly independent set. Assume that

arwia + aswo + - - - + apwpa =0
where ay,a9,...,a, € R and wy,ws,...,w, € B\(CUE). Hence
(a1wy + agws + -+ + apwy)a = 0.
Therefore ayw; + asws + - - - + a,w,, € Ker a. Hence
awi + agwg + -+ - + ayw, € (EYN(B\ (CUE)) ={0}.

Consequently, ayw; +asws+- - -+anw, = 0sothat a; =ay =--+ = a, = 0. Hence

{wa|w € B\ (C U FE)} is linearly independent. Let w* € B\ (C' U E). Suppose

that (w*a)a = w*a, so w*a € (EU{w*}) because w*a # w*. Then there are
k

b,a1,as,...,ar € R such that w*a = bw* + Zaivg. Thus
i=1
k
bw* = w*a — Zaivg € (CUE).
i=1

Hence bw* € (B\ (CUE)) N (CUE) = {0}, we have bw* = 0. Thus
k k
wra = bw* + Zaivg = Zaivg € Kera,
i=1 i=1

50 0 = (w*a)a = w*a. Therefore w* € Ker a which leads to a contradiction. Thus
(w*a)a # w*a. Hence wa ¢ F(a) for all w € B\ (C U E). Next, we will show
that {wa + F(a)|w € B\ (CUE)} is a linearly independent subset of W/F(«).
Assume that

> ai(wia + F(a)) = F(a)
i=1

where a1, as,...,a, € Rand wy,ws,...,w, € B(CUE). Hence Zaiwia € F(a).
i=1
Therefore
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(i aiwia> o= iaiwia € F(a)

i=1 i=1

Thus <Z a;w;o — f:aiwi) a = 0. Hence zn:aiwia — zn:aiwi € Kera. It
i=1

i=1 i=1
follows that

n n k

/
E a; Wi — g a;w; = E bjvj.
i=1 i=1 j=1

Thus
iaiwi:iaiwz va € (CUE).
i=1 i=1

n
This implies that Z a;w; € (B\(CUE))N(C UE) ={0}. Since {wa|w € B\(CUE)}
i=1
is linearly independent, a; = agz = -+ = a,, = 0. Hence {wa + F(a)|w € B\(CUE)}
is a linearly independent subset of W/F(«).
We will show that for all v, w € B\ (C'U E), if va # wa, then

va + F(a) # wa + F(a).

Let v, w € B\ (C U E). Assume that va # wa. Suppose that va + F(a) =
wa + F(a). We see that v — wa € F(a). Hence (va — wa)a = va — wa. Thus
(va — wa)a + wa = va. Therefore

(va — wa + w)a = va. (3)

If va — wa +w € (EU{v}), then there are b aj,as,...,ary € R such that
k k

va— wa 4+ w = bv—&—ZaiU;. Clearly, bv — w = va—wa—Zaivg € (CUE).

i=1 i=1
Therefore bv —w € (B\ (CUE)) N (C UE) = {0}. This leads to a contradiction
because of bv = w. Hence va — wa + w ¢ (EU{v}). It follows from (1) that
(va —wa+w)a # va contradicting (3). Thus | {wa + F(a) |w € B\ (CUE)}| =
[{wa|w e B\ (CUE)}|. Since {wa+ F(a) |w € B\ (C'U E)} is a linearly inde-
pendent subset of W/F(«a) and {wa |w € B\ (CU E)} is infinite, dimp W/F(«)
is infinite. A contradiction occurs. Thus there is a w € B\ (C' U E) such that

wa = va for some v € V' \ (EU{w}). Since v € V, there are vy, va,...,0, € B
and by, bs,...,b, € R such that v = bjvy + bovg + -+ 4+ b,v,. It is clear that
there is v; ¢ E for some ¢ € {1,2,...,m} because v ¢ Kera and if w = v; for

some j € {1,2,...,m}, there is vy ¢ EF U {w} for some k € {1,2,...,m}. With-
out loss of generality, v = byvy + bove + - - - + byvy + bjp1vi41 + -+ - + by v, Where
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Vig1, V142, - -, U € E. Let w' = byvy + bovs + - - - + byuy. Note that

wo = v
= (biv1 + bavg + - + byvy + b1 Vg1 + - F b Um)
= (bl’l)l + bovg + -+ -+ bwl)a

=uw'a.
Hence wa = w'a = (byvy+bova+- - -+bjv ) so (w — byvy — bavg — « -+ — bjvy)a = 0.
It follows that w — byvy — bavy — - -+ — byv; € Ker a. Thus
w—b1v1 — bavg — - -+ — by = V] + vy + -+ - + ¢y
Therefore
w = bv1 + bavy + - -+ + buy + c1v] + covh + -+ - + ¢l
Subcase 2.1 w # v; for all j € {1,2,...,1}. Hence w can be written in a

linear combination of B\{w} which is a contradiction.
Subcase 2.2 w = v; for some j € {1,2,...,l}. Without loss of generality,
assume that w = v;. Hence

w = bv1 + bova + - -+ + buy + c1v] + vy + - - - + ¢y
Thus 0 = (by — 1)w + bova + - - - + vy + c1v] + €205 + - - - + cxvy,. This implies that
bi—1=by=---=bj=c1=---=c¢, =0
We obtain that b; = 1, w’ = bjv; = w. Thus
v=">0b1v1 +bova+ -+ by + bi1v41+ -+ b
=w +b1vipr + o+ by,

=W+ bp1Vi41 + -+ by
e (CUE),

again, a contradiction occurs. Hence Ker « is infinite. Since Kera C Ker af,
Ker af is infinite. Therefore af € OMg(V, W). O

Proposition 2.4. If S is a subsemigroup of AIgr(V,W), then OMg(V, W)U S is
a subsemigroup of Lr(V,W).

Proof. This follows from the fact that OMg(V,W) and S are subsemigroups of
Li(V,W), Proposition 2.1(:) and Lemma 2.3. O

Lemma 2.5. AIx(V,W)OMgp(V,W) C OMg(V,W).
Proof. The result follows the fact that AIz(V, W) C AIr(V,W). O

Proposition 2.6. If H is subsemigroup of AIr(V, W), then OMg(V,W)U H s
a subsemigroup of Lr(V,W).



52 S. Chaopraknoi, S. Hobuntud and S. Pianskool

Proof. Proposition 2.1(¢), Lemma 2.5 and the truth that both OMg(V, W) and H
are susemigroups of Lr(V, W) provide this result. O

Lemma 2.7. For every a € AIg(V,W), dimg Ker a|yy < c0.
Proof. Let o € AIg(V,W) and B a basis of Ker a|y,. Moreover, let vy, va,...,v, € B

be distinct and aq,as,...,a, € R be such that Zai(vi + F(a)) = F(a). Then

i=1

n n n
Z a;v; = F(a) which implies that (Z aivi> o= Zaivi. But vi,v2,...,v, €
i=1

i=1 i=1

n n
Ker alw so that (Z aivi> «a = 0. Thus Zaivi = 0. Since vy,vg,...,v, are
i=1 i=1
linearly independent over R, it follows that a; = 0 for every i € {1,2,...,n}.
This proves that {v+ F(a)|v € B} is a linearly independent subset of W/F(«)
and v + F(a) # w + F(«a) for all distinct v,w € B. Since dimg(W/F(a))
is finite, {v + F(a)|v € B} is finite. Since |{v + F(a)|v € B}| = |B|, we have
dimpg Ker oy < oo. O

Proposition 2.8. OEr(V,W)AIr(V,W) C OER(V,W).

Proof. Let « € OER(V,W)and 8 € AIg(V,W). Define ¢ : W/Ima — Im 8|y /Imaf
by

(w+TIma)p =wl 4+ Imag for all w e W.
Then ¢ is an epimorphism. Hence
(W/Ima)/Ker ¢ = Im 8w/ Im af.

We claim that dimg(W/Ime«)/Ker @ is infinite. To show this, let C C W be
such that {v+Imalv € C} is a basis of Keryp and v + Ima # w + Ima for
all distinct v,w € C. For every v € C, v+ Imaf = (v + Ima)p = Imaf.
Thus v6 € Imaf = (Ima)f for all v € C. As a result, there exists an element
w, € Ima such that v8 = w,B. Consequently,{v —w,|v € B} C Kerf|y. If

v1,Va,...,V, € B are all distinct and Zai(vifwvi) = 0 where a1, as,...,a, € R,
i=1

then Zaivi = Zaiwvi € Im «, and hence Zai(vi +Ima) =Imain W/Ina.
i=1 i=1 i=1
Thus a; = 0 for every i € {1,2,...,n}. This shows that {v — w,|v € B} is lin-
early independent over R and v — w, # u — w, for all distinct v, v € B. It
follows that |B| = [{v+Imalve C}| = |{v—wy|v e B}| < dimgKerG|w.
Since dimpg Ker |y < oo, it follows from Lemma 2.7 that B is finite. Thus
dimp Ker¢p < co. However, dimg(W/Im«) is infinite and dimg(W/Ima) =
dimpg ((W/ Im a)/ Ker ¢)+dimg Ker ¢, so we can condlude that dimg((W/ Im a)/ Ker ¢)
is infinite. Then dimg Im 8/ Im «f is infinite. Consequently, dimg(W/Im af) is
infinite, so a8 € OER(V,W). O
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Proposition 2.9. If S is subsemigroup of AIr(V,W), then OER(V,W)U S is a
subsemigroup of Lr(V,W).

Proof. This result is obtained by appliying the fact that OEg(V,W) and S are
subsemigroups of Lg(V, W), Proposition 2.1(i7) and Proposition [2.8. O

In the similar manner as Lemma 2.5/ and Proposition 2.6, we overcome the two
following facts.

Lemma 2.10. OER(V,W)AIr(V,W) C OER(V,W).

Proposition 2.11. If H is subsemigroup of AIr(V, W), then OEr(V,W)UH s
a subsemigroup of Lr(V,W).

2.2 Subsemigroups admitting the structure of semihyper-
ring with zero

We know from the previous section that all OMgz(V, W)U S, OEr(V,W)US,
OMpr(V, W)U H and OEr(V,W)U H are semigroups. Thus, it is reasonable to
consider whether they admit the structure of a semihyperrings with zero. Fortu-
nately, we can characterize when OMgz(V, W)U S and OMg(V, W)U H admit the
structure of a semihyperrings with zero. However, the semigroups OEg(V, W)U S
and OFEr(V,W)U H are found that they cannot admit the structure of a semihy-
perrings with zero.

Theorem 2.12. OMpr(V,W)US does not admit the structure of a semihyperring
with zero if and only if dimgp V = dimgp W.

Proof. Let S be a subsemigroup of AIg(V,W). First, we assume that dimg V' #
dimg W. Since OMgr(V,W) C OMgr(V,W)U S C Lgr(V,W), it follows that
Lr(V,W) = OMgr(V,W)U S. Thus OMgr(V,W) U S admits the structure of a
ring with zero. Therefore OMpg(V, W)U .S admits the structure of a semihyperring
with zero.

On the other hand, we assume that dimr V = dimrW. Let B be a basis of V
and C a basis of W such that C C B.

Case 1.B = C. We see that OMgr(V,W) = OMg(V) and AIg(V,W) =
AIr(V). By [1], OMg(V,W)U .S does not admit the structure of a semihyperring
with zero.

Case 2.B # (C. Suppose that there exist a hyperoperation @ such that
the structure (OMg(V,W) U S,®,-) is a semihyperring with zero where - is the
operation on OMp(V,W)US. Then B\ C # 0 since B # C. Let D = B\ C and
Dy, D5 be subsets of D such that D1 N Dy = () and D; UDy = D. Since |B| = |C],
C is infinite and there are subsets C, Co of C such that C1NCy =0, C;UCy = C
and |Ol‘ = ‘02| = |C| = |B| Since 02 - Cl UD1 - B, ‘02| = |Cl Ul)1|7 similarly
|C1] = |Cq U Do| and clearly that B = Dy U Do U Cy U Cs. Since |Cy U Dq| = |Cs|
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and |C2U Ds| = |C4], there are bijections ¢ : C;UD; — Cy and v : CoU Dy — (Y,
respectively. Define «, 8 € Lr(V, W) by

a:(OQUD2 U) ﬁ:<CluD1 U)
0 v veC1UDy 0 vy veC2UD>

Hence Kera = (Co U Dy) and Ker 3 = (C1 U D;). Thus «, 8 € OMg(V,W) C
OMRg(V,W)U H. Clearly, o® = 32 = 0. Hence

aladf)=c*daf=0@af={af}=af®0=0a0 (= (asp)s 1)
BladB)=pPad ?=Pad0={fa}=0&Fa=0?afa=(a® )

Let A € a® 3. It follows from (1) that aA = a8 = AS and A = fa = Aa.
For v € Cy U Dy, vA € (C) so there are distinct wy,ws,...,w, € C; and

wy, wh, ..., wh, € Cy such that
VA = aqwy + asws + -+ + apw, + biw] + bowh + - - - + by wl,

where a;,b; € R for all i € {1,2,...,n} and j € {1,2,...,m}. Note that

0=0a = (vB)a = v(fa)
=v(Aa)
= (V)
= (a1wy + agwy + - -+ + apwy, + bywy + bowh + - - + bpwl, )

= Z a;(w;a) + Z bj(w;'a)
i=1 j

=1
= Z a;(wip)
i=1

Since ¢ is one to one, w;p are all distinct in C5. Hence a; = 0 for all . Thus
v\ € (Cy). Consider vAfS = vaf = (va)B = (vy)B. Since 3|c, is one to one, B|(c,)
is also one to one. Thus v\ = v so that A|c,up, = ¢. Similarly, for v € Cy U D,
M co,up, = - Hence

B ( vow >
vp  wy veCLUD1, weCaUD>o

Thus ) is a one to one linear transformation from V onto W and then dimg Ker A =
0 < co. Thus A ¢ OMg(V,W).
Next, we claim that dimgr(W/F (X)) is infinite. Let vy,vq,...,v, € Cy be

all distinct and a1, a2,...,a, € R be such that Zai(vi + F(X)) = F(A). Then
i=1

i a;v; € F(\),so <i aivi> A= i a;v;. However, (i aivi> A= i a;(v;\)
i=1 i=1 i=1 i=1 i=1

m
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(C3). Hence Z a;v; € (C1 (N) C3) implying that a; = 0 for all i. This shows that

i=1
{v+ F(\)|v € C1} is a linearly independent subset of W/F(\) and v+ F(\) # w+
F()) for all distinct v,w € Cq. Hence dimg W/F(A) > Cy. Then dimg W/F())
is infinite since C; is infinite. Therefore A ¢ S. Thus A ¢ OMpg(V, W) U S leading
to a contradiction. O

Corollary 2.13. OMg(V,W)US does not admit hyperring[ring] structure if and
only if dimp V = dimg W.

Corollary 2.14. OMg(V,W)UH does not admit the structure of a semihyperring
with zero if and only if dimgp V = dimgp W.

Proof. Let H be a subsemigroup of AIr(V,W). It is clear that H is a subsemi-
group of AIR(V,W). Applying Theorem 2.12, we obtain that OMg(V,W) U H
does not admit the structure of a semihyperring with zero if and only if dimg V =
dimp W. O

Corollary 2.15. OMg(V,W)UH does not admit hyperring[ring] structure if and
only if dimp V = dimp W.

Theorem 2.16. OER(V,W)U S does not admit the structure of a semihyperring
with zero.

Proof. Let B be a basis of V', C a basis of W such that C' C B and S a subsemi-
group of AIg(V,W).

Case 1.B = C. Note that OEr(V,W) = OEg(V) and AIr(V,W) = AIg(V).
By [1], OEr(V,W)US does not admit the structure of a semihyperring with zero.

Case 2.B # C. Suppose that there exists a hyperoperation @ such that
(OER(V,W)U S,®,-) is a semihyperring with zero where - is the operation on
OEgR(V,W)US. Since dimpg W is infinite, C' is infinite. There are subsets Cy, Cs
of C such that C;UCy = C, C1NCy = () and |Cy| = |Cy| = |C|. As a result, there
is a bijection ¢ : ¢4 — Cs. Let C5 = B\ C Then C5 # (). Define o, 8 € Lg(V,W)

by
az(CQUOg ’U) ﬁ:(C&UC’g v > (1)
0 v veC 0 11('071 veCs

dimp(W/Ima) = |C\ Cz| = |C1], dimg(W/ImgB) = |C \ Ci| = |Ca|. Hence
a, B€ OER(V,W) C OEr(V,W)US. Since (1), a® =0, 3% = 0. Hence

aa@®f)=a’©af=08af={af} =af©0=0f6F =(®HI
Bla®p) =pad f?=pa®0={fa} =0& fa=a’>d fa=(adpfa.

Let A € a ® 8. We can see from (2) that X = a8 = A0 and S\ = fa = Aa.
For v € C, v\ = aqwy + agwy + - -+ + apwy, + byw| + bowh + « -+ + byw!, where
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Wi, Wa, ..., w, € Cp, wi,w), ..., w, € Cy are all distinct and a;, b; € R for all ¢
and j. Then

0 =vfa =v(fa) = v(Aa)
= (vA)a

= (a1wy + aswy + -+ + apwy, + byw) + bowh + -+ - + bpwl,

= Z a;(w;r) + Z bj(wia)
i=1 Jj=1

Since ¢ is one to one, w;p are all distinct in C5. Hence a; = 0 for all . Hence
vA € (Cy). Consider vAS = vaf = (va)B = (vp)B. Since f|c, is one to one, B|;c,)
is also one to one. Thus v\ = vp. Therefore A|c, = ¢. Similarly, Ao, = ¢! so
vA =vp~ ! for v € Cy. For v € O3, we can write v\ = aywy + asws + - - - + apw, +
biw] + bowh + - - - + bpw!, where wy, ws, ..., w, € Cp, wi,wh,...,w,, € Cy are all
distinct and a;, b; € R for all ¢ and j. Thus

0 =vfa = v(fa) = v(Aa)
= (v«

= (a1wy + agwy + -+ - + apwy, + byw) + bowh + - - + bpwl,

Since ¢ is one to one, w;p are all distinct in C5. Hence a; = 0 for all . Hence
v\ € (Cy). Similarly,

0 =vaB =v(af) =v(AB) = (vA)B
= (aywy + agws + - -+ + apwy, + bywy + bowh + -+ + bw,,) B

= > aulwi) + Dby (w)0)
i=1 J=1
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I
NE

by (w}3)

<.
3l
—

b(wip™).

<.
Il
—

Since ¢! is one to one, w’¢p are all distinct in Cy. Hence b; = 0 for all j. Thus

vA € (C1) and then v € (C1) N (Cs) = {0}. Hence

Cg ’U)
A= (
0 v velC
Since dimg(W/Im ) = |C\C| = |f] = 0 < oo, we have A\ ¢ OFER(V,W). Next, we

will show that dimp(W/F(X)) is infinite. Let vy, v, ..., v, € C; be all distinct and

a1,az,...,a, € Rbesuch that Zai (vi+F(\)) = F()\). Then Zawi € F()\), so

=1
<Z aﬂ}z> A= z:aﬂ/z But (Z azvz> A= Zaz v;\) € (Cy). Hence Za,vz

(C1 (N) Cq) 1mply1ng that a; = 0 for all 4. ThlS shows that {v+ F(\)|v E Cl} is a
linearly independent subset of W/F()) and v + F(\) # w + F(\) for all distinct
v,w € C1. Hence dimg(W/F(X)) > Cy. Since Cy is infinite, dimgW/F()\) must
be infinite. Therefore A ¢ S. Consequently, A ¢ OMgr(V,W) U S leading to a
contradiction. O

Corollary 2.17. OEg(V,W)U S does not admit hyperring[ring] structure.

Corollary 2.18. OEr(V,W)UH does not admit the structure of a semihyperring
with zero.

Proof. Let H be a subsemigroup of AIgr(V,W). Clearly, H is a subsemigroup of
AlIr(V,W). By Theorem [2.16, it follows that OEr(V, W)U H does not admit the
structure of a semihyperring with zero O

Corollary 2.19. OEr(V,W)U H does not admit hyperring[ring] structure.
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