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Abstract A clone is a set of operations defined on a base set which is closed under composition and
contains all projection operations. A special kind of clone satisfies the superassociative law is called a
Menger algebra. In this paper, we introduce the new concept of S(7;, Y;)-terms of type 7. The set of all
S(n;, Y;)-terms of type 7 is closed under the superposition operation S™ and so forms a clone denoted
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1. INTRODUCTION AND PRELIMINARIES

Let X := {x1,22,...} be a countably infinite set of symbols called wvariables. We
often refer to these variables as letters to X as an alphabet, and also refer to the set
X, = {x1,29,...,2,} as an n-element alphabet. Let (f;);cr be an indexed set which is
disjoint from X. Each f; is called an n;-ary operation symbol, where n; > 1 is a natural
number. Let 7 be a function which assigns to every f; the number n; as its arity. The
sequence of the values of function 7, written as (n;);cr, is called a type. An n-ary term
of type 7 is defined inductively as follows:

(i) Every variable z; € X,, is an n-ary term of type 7.
(ii) If t1,...,t,, are n-ary terms of type 7 and f; is an n;-ary operation symbol,
then f;(t1,...,t,,) is an n-ary term of type 7.

The set of all n-ary terms of type 7, closed under finite number of applications of (ii),
is denoted by W, (X,,). We call the set W,.(X) := U W.(X,,) is the set of all terms of
n=1

type T.
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Now, we recall the concept of superposition operation of terms. For each natural
numbers m,n > 1, the superposition operation is a many-sorted mapping

Sy Wa (X)) X Wo (X)) = Wa(Xn)
defined by
(i) S::L(mj,tl, R ,tn) =1y, if T; € X,
(11) Sg'l(fi(sl, ey Sni),tl, ce 7tn) = fz(S};”l(sl, tl; ce ,tn), ey S;L.L(Sn“tl, RN 7tn))
Then the many-sorted algebra can be defined by
clone 7 := ((WT(XH))HGN+7 (S:‘le)n,mGNJra (xi)i§n€N+)7
which is called the clone of all terms of type .
The set of all terms of type 7 can be used as the universe of an algebra of type 7. For
every i € I, an n;-ary operation f; : W, (X)™ — W, (X) is defined by
fi(tryeeostn,) = fi(t1y oo tn,)
The algebra F,(X) := (W, (X); (fi)icr) is called the absolutely free algebra of type T
over the set X.

A hypersubstitution of type 7 is a map o : {f;|i € I} — W,.(X) which maps
each operation symbol f; to an n;-ary term o(f;) of type 7. Any hypersubstitutions
o:{fili €I} — W.(X) can be uniquely extended to a map ¢ : W,(X) — W, (X) as
follows:

(i) 6t] :=tift € X ; and

The set Hyp(7) of all hypersubstitutions of type 7 forms a monoid under the binary

associative operation, denoted by op:

01 0p, 0 := 01002
where o is the usual composition of functions, together with the identity o;q : {f; | i €
It — W.(X) such that o;4(fi) = fi(z1,...,2n,;)-
Let 7, be the sequence of operation symbols having the same arity n, i.e., 7, = (n;),¢;

with n; = n for all ¢ € I. In 2004, Denecke and Jampachon [1], inductively defined n-ary
full terms of type 7, by

(i) If f; is an n-ary operation symbol and « € T,, where T;, is the set of all full

transformation on {1,2,...,n}, then fi(z4(1),-..,ZTan)) is an n-ary full term of
type 7.
(ii) If f; is an n-ary operation symbol and t1,...,t, are n-ary full terms of type

Tn, then f; (t1,...,t,) is an n-ary full term of type 7,.

Let WE (X,,) be the set of all n-ary full terms of type 7,. The set W} (X,,) is closed
under finite application of (ii). If T,, is replaced by a submonoid {1,}, then Wf (Xn)
is denoted by W;iF (X,,) called the set of all strongly full terms of type 7, which was
studied by Denecke and Freiberg [2]. In 2011, Phuapong and Leeratanavalee [3] were
introduced the concept of generalized of full terms and strongly full terms of type 7. In
2015, Phuapong [1] studied some algebraic properties of generalized clone automorphisms.

In 2019, Wattanatripop and Changphas [5] studied the clone of K*(n,r)-full terms.
The result obtained the notion of K*(n,r)-full closed identities. In this paper, we use
idea of K*(n,r)-full terms of type 7,, to define a new concept of n;-ary S(n;, Y;)-terms of
type 7 induced by transformations with invariant set. We study some algebraic properties
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of cloneg(y, v,)(T) and S(n;, Y;)-hypersubstitutions. The related S(;, Y;)-hyperidentities
and S(n;, Y;)-solid varieties is also mentioned.

2. THE MENGER ALGEBRA OF S (n;, Y;)-TERMS

The first of our main results is a new concept of a specific term, based on full trans-
formation mappings and the original notions of terms.

Let X be a nonempty set and let T'(X) be the semigroup of full transformations from
X into itself under composition of mappings. This semigroup has an important role in
semigroup theory, combinatorics, many-valued logic, etc.

For a fixed nonempty subset Y of X, let

S(X,Y) :={aeT(X)|YaCY}

Then S(X,Y) is a semigroup of full transformations on X which leave Y invariant. In
1966, Magill [6] introduced and studied this semigroup. In fact, if Y = X, then S(X,Y) =
T(X). So we may regard S(X,Y) as a generalization of T'(X). The full transformation
semigroup T,,, consists of the set of all maps «; : {1,2,...,n;} — {1,2,...,n;} and the
usual composition of mappings. Indeed, T},, is a monoid and identity map 1,, acts as its
identity. For a fixed nonempty subset Y; of 7, := {1,2,...,n;}, it is well-known that the
set
S, Y;) :={a; € Ty, | Vi, C Y}
is a submonoid of T},, where 1,,, is an identity element.
Then we define the definition of n;-ary S(n;, Y;)-term of type 7.

Definition 2.1. Let 7 = (n;),.; and f; be an n;-ary operation symbol and «; € S(1;,Ys).
An n;-ary S(n;,Y;)-term of type 7 is inductively defined by the following steps :
(1) fi(Ta,(1)s- - Ta,(ns)) 18 an ng-ary S(n;, Y;)-term of type 7;
(ii) if tq,...,t,, are n;-ary S(n;, Y;)-terms of type 7, then f; (t1,...,t,,) is an n;-
ary S(n;,Y;)-term of type 7.
Let Wf(ﬁi’n)(Xni) be the set of all n;-ary S(n;, Y;)-terms of type 7.

Example 2.2. Let I = {1,2} and consider a type 7 = (3,4) with fi, fo are operation
symbols having arity 3,4 respectively.
For i = 1; we fixed subset Y7 = {1,2} C {1,2,3} and oy : {1,2,3} — {1,2,3}, and
for ¢ = 2; we fixed subset Y3 = {3,4} C {1,2,3,4} and as : {1,2,3,4} — {1,2,3,4}.
Then we have f1(x1,x9,x3), f1(x1,21,x2), f1(x1, T2, 22), f1(x2, T2, x3) are some exam-
ples of Wf(?)’Yl)(Xg) and f2($1,1‘2,2133,134),f2(171,$1,$3,1‘3),f2($3,1‘4,l‘4,$3) are some
examples of Wf(4’y2)(X4). u

It can be seen that (WTS(ﬁ“Y"’)(Xni); (ﬁ)ze[) is a subalgebra of (W, (X); (fi)icr).

Then we define a superposition operation S™ on the set W, (75, ¥3) (X,,) by the following
steps:

Definition 2.3. Let a; € S(77;,Y;) and s1,..., Sn; 61, -, tn; € WTS(m’Yi)(Xm). Then
_ n;+1 _
s (WD (X)) WX
is defined by
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(i) 8™ (fi (Tasr)s- - r Tagn)) s 1o+ ) = fi (tasays - s ban(ni))3
(11) S (fz (81,...,Sni),t1,...,tni)
= fi (Sni (Sl,tl,...,tn) Snl (Sn , 1,...,tm)).

Then we can form the algebra
clones(m’yi)(T) = (W‘[‘_S’(ﬁwyz)(an)’ Sm)

which is called the clone of all S(n;,Y;)-terms of type 7. The following theorem shows
the fact that the algebra (WTS(" Y)( Xn,), S"l) satisfies the superassociative law (SASS)

S7i(Xo, 5™ (Y1, X1,y X)),y oo, S (Yo, X, X))
~ %Sni(Sni(Xo,Yl,...,Yni),Xl,...,Xni),
where S™i is (n; + 1)-ary operation symbol and X;,Y; are variables.

Theorem 2.4. The algebra cloneg(, y,)(T) satisfies the superassociative law (SASS).

Proof. We give a proof by induction on the complexity of an n;-ary S(7;, ¥;)-term ¢ which
is substituted for Xj.

If we substitute for Xo by a S(n;, Y;)-term t = fi(2a,(1),- s Ta;(n,)) Where a; €
S(n:,Y;), then

8" (fi(Tay1ys > Tay(n))s S (E1, 815+ o380, )y S™ (s 815, 8my))
= fi(S" (Ta,1), S™ (t1,815 -+ 8n; )y S (tnyy S150 05 80,))5 -+ o
8" (Za;(ni)> S™ (1,81, 8ny )5 ey S (Enyy 8150445 50,)))
= fi(S" (ta,1)s 81,580, )5+ 39" (tai(ni)> 15> Sn;))
= S"(fi(ta;1)s -+ tay(ng))sS1s---»5n;)
= S (S" (filTa,1)s - s Tas(ni))s b1yt )y 1,0+ 80y )

If we substitute for Xy by a S(n;,Y;)-term ¢ = f;(r1,...,7,) where r,...,7,, €
Wf("“y)(X .) and assume that
S"’(r;C S™i(t1, 815+ 58n; )y -3 S (tnyy S1y -+ 5 Sny))
= 5" (S™ (rg, b1, eyt )y S1y- -y Sn;)
for all 1 < k < n;, then

S (fi(rey ooy rny )y S™ (1,815 -3 80y )y e ooy S™ (nys S15- - -5 Sy )
= fi(S"i(Tl,S”i(tl,sl,...,sm),...,S"i(tni,sl,...,sni)),...,
S™ (T, ST (E1, 81 -y Sny )y e s S (Enyy S5+ -5 Sny)))
= fi (S™ (S™(r1,t1, o stn,)y S1yevySny)seees (S (b1, ooy tny)s 81y -5 8ny))
= Sm(fi(sm(’l“l,tl,...,tm)7...,Sni(rni,tl,...,tni)),sl,...,sm)
= S (S™ (fi(r1ye s Tny )y by vy tng )y S1ye -y Sny)- n

An algebra M := (M, S™) of type 7 = (n+1) is called a Menger algebra of rank n if M
satisfies the condition (SASS) [7]. Then by Theorem 2.4, cloneg(y,,y,)(7) is an example
of a Menger algebra of rank n;.

The freeness of this algebra will be presented in the next theorem. It is observed that
cloneg(y, v,)(T) is generated by

F WS Y) » —{fl( az(1)7"'7$ai(m)) |i€I,a¢€S(ﬁi,Yi)}.
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Let VS(7:Y4) be the variety of type 7 = (n; + 1) generated by the superassociative law
(SASS). Now, let Fyseivy ({Yi | 1 € J}) be the free algebra with respect to VS(%:Ys),
freely generated by an alphabet {Y; | I € J} where J = {(4, ;) | i € I ,o,; € S(7;,Y3)}.
The operation of Fy ser.vi) ({Y; |1 € J}) is denoted by S™. Then we have:

Theorem 2.5. The algebra cloneg(y, y,)(T) is isomorphic to Fysw.vo({Yr | 1 € J})
and therefore free with respect to the variety VS(%Y:) and freely generated by the set
{fi(xai(l)7 R ,xai(m)) | 1€l,a; € S(ﬁl,n)}

Proof. We define the mapping ¢ : Wf(m’m)(Xm) — Fysonvy ({Y1 ] 1 € J}) inductively
as follows:

() (fl( Lo(1)ye -+ ai(m)) = Y(@i,ai)s

( ) (.fl( a;(1)s-+>» al(nz))) :Snl(y(z,ab)aw(tl)v790(tnz))

Since ¢ maps the generating system of clone S(1:,Y; )(’7’) onto the generating system of
Fysonvy({Yi |1 € J}), it is surjective. We prove the homomorphism property

e(S" (to t1y -y tn,)) = S™ (p(to), p(t1), - - - o(tn,))
by induction on the complexity of an n;-ary S(n;, Y;)-term t.
If to = fi(Ta,(1)s - > Ta;(n,)) Where o € S(n;,Y;), then
O(S™ (fi(Tai(1)r -+ > Tas(ny)) s s+ -+ 5 ;)
= @(filta,1)s -+ s tas(n)))
= 5" (Y P(t), -5 @(tn,))
= S"(o(filTay1)s -1 Tai(n)), P(E1)s - - s p(tn,))-
If to = fi(r1,...,mn,) and assume that
(5™ (ris b1, -y b)) = S (0(re), o(t1), - -+, o(tn,))
for all 1 < k < n;, then
e(S™M(fi(re, )ty tny))
(fi(S™ (r1,t1, o ytn,)se ooy S (Fnystiy ooy tny)))
" (Y(inn,) s cp(S”i(rl,tl,.. tn )),---,<P(S"i(7~'n,;,f1,~~,tni)))
(y(z 1, Sn (@(Tl)v <,0(t1), B @(tni))ﬂ ce, ST ((P(Tni>v ‘p(tl)’ B @(tnz)))
= S”’(S(y@ 1%) s o(r1)s -5 0(rn,)), e(ta), - - -, @(tn,)
= Snl( (filre,... 7rm))a e(t1),---, W(tm))~
Thus ¢ is a homomorphism. The mapping ¢ is bijective since {yga,) | @ € I, o; €
S(ni,Y;)} is free independent set. Therefore, we have
Y(i,a0) = Y(,ay) = (zﬂal) = (4, aj)
=i=j o =q;.
So fi(Ta,(1)s-+>Tas(ny)) = fi(®a;(1)s-++>Ta;n,)).- Thus ¢ is a bijection between the
generating sets of clonegs, v;)(7) and Fysorvy({Y: | 1 € J}) and therefore ¢ is an
isomorphism. =

CQ! CQ:‘G

3. THE MONOID OF S(n;, Y;)-HYPERSUBSTITUTIONS

The concept of a hypersubstitution is the main tool used to study hyperidentities and
hypervarieties. In this section, the monoid of S(1n;, ¥;)-hypersubstitutions will be studied.
Next, we give the definition of a S(7;, Y;)-hypersubstitution and introduce some properties
of S(n;, Y;)-hypersubstitutions.
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Definition 3.1. A S(n;,Y;)-hypersubstitution of type 7 is a mapping o from the set

{fi | i € I} of n;-ary operation symbols of type 7 to the set Ws(n“y)( X)

S(n,Y;)-terms of type 7, i.e., o: {f1|Z€I}—>WT(n“ )(X).

of all n;-ary

For a S(n;,Y;)-term ¢, we need the S(n;,Y;)-term tg, arising from ¢ by replacement
a variable x,,(;) in ¢t by a variable x4, (4,(;)) for a mapping §; € S(n;,Y;). This can be
defined as follows.

Definition 3.2. Let 7 = (n;),.; and f; be an ns-ary operation symbol, t,t1,...,t,, €
Wf(ﬁi’yi)(Xm) and «;, 8; € S(n;,Y;). Then we define the n;-ary S(n;,Y;)-term t¢g, by
the following step:

(i) Ift = fi(xa,;(l)a - 71'%(7”)), then tg, := fi(xﬁi(ai(l))a RN "Eﬁi(ai(ni))).

(11) Ift = fi(tla e ,tni), then tﬁi = fz((tl)ﬁ” ey (tnl)gl)

It is observed that if ¢ is an n;-ary S(n;,Y;)-term of type 7, then tg, is an n;-ary
S(n;,Y;)-term of type 7 for all 8; € S(n;,Y;). Any S(n;,Y;)-hypersubstitution ¢ induces
a mapping & defined on the set Wf("“m(X ;) of n;-ary S(n;,Y;)-terms of type .
Definition 3.3. Let o be a S(n;,Y;)-hypersubstitution of type 7 and «; € S(n;,Y;).
Then ¢ induces a mapping

& WYX, ) — WETY) (X, )

7

by setting

() A[fi(xal(l s Lag(ng) )] = (U(fi))aiQ
( ) [fl(t17--- )] _Snl( (fi)’a-[tl}v"'aé'[tm])'

The set of all S(1;, Y;)-hypersubstitutions of type 7 will be denoted by HypS(%:Yi) ().
It is easy to see that (Hyp (7Y (1) 0y, aid) is a submonoid of (Hyp(7);on, 0id).
The following lemma shows the property of a term t,, and the extension &.

Lemma 3.4. Let t,ty,...,tn, € Ws(n“y)( Xn,). Then

S ( [ (1)] A[tal(m)]) = Sni(tai,é'[tﬂ,...,&[tni])
for all a; € S(1;,Y5).
Proof. If t = fi (%g,1),- -2 (n,)) Where B; € S(n;,Y;), then for all oy € S(n;,Y;), we
have
Sm(t(}[tai(l)},...,(}[tai(ni)]) A A
= S"(fi(@pi1)s -+ T (n))s Oltay ()]s -5 Oltas(n)])
= fl(a[tal(ﬁl(l))L’O—[toh([ﬁ(nq))]) R .
= §ni (fi(‘rai(ﬁi(l))’ s 7x0¢¢(5i(ni)))7 U[tl]v ceey U[tni])
= Smi (taia &[tl}v sy &[tm])
If t = fi(s1,...,Sn,) and assume that
Sm (5k76[toc,:(l)]» ceey &[tozi(ni)]) =" ((Sk)an [ aq(l)} &[t(m(ni)])
for all 1 < k <n; and o; € S(n;,Y;), then

Sni(t 6'[ a,(l)} a'[tocb(m)})
( (317" ) [ab(l)] '7&[ta1(m)])
= fi(S™ (s1, ‘7[ } [ ai(ng) ]) (Snw&[tai(l)]v' .. 7&[toci(ni)]))
= fi(S" ((81)a;, 0 [ sees 6t S (3n,Jass O lE1)s - 2t )
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= S5"(fil(s1)ass -+ (5ni)as), 6lta]s -, O tn,])
= 8" (ta,, 8Tt1], . 6t ). -

Theorem 3.5. For o € Hyp®("Yi) (1), the extension
6 WYX, ) — WY (X, )

7

is an endomorphism on the algebra cloneg(y, v, (T).

Proof. Tt is clear that 6’ cWEY) (x, ) — WEY) (X, ) is well defined. Let
to,t1y .-y tn; € WSt Yi) (Xn,;). We will show by induction on the complexity of ¢y that
¢

[ to,tl, e ,tn)] = Sn1 (J[to],U[tl], .. ,&[th)

If to = fi(Ta,(1)s - > Ta;(n,)) Where o € S(n;,Y;), then
6’[Sni(t0,t1,...,tni)] = 5—[ (fl(xai(1)7'~wx(xi(ni))atla"'vtni)]

= &[fi(tai(l)a s 7t0¢i(ni))]
=8"(a(fi),0ltay)], -+ 0ltain)])

= Sni(&[to]a (}[tlL ceey a—[tnw])
If to = fi(r1,...,7n,) and we assume that
G[S™ (ri,t, ..y tn,)] = S™(6[rk], 01t1], - - - Oltn:])

for all 1 < k < n;, then
G[Sm™i (to,tl, coortny)]

o[S™ (fs

= g[fz(S
— Sn

_gm sm(a(fi),&[m,...,a'[};i}),&[tl],..., [tm]
_ 57 (6(to), 6[t1), .. ., G ltm])-

We complete this section by studying the connection between S(7;, Y;)-terms and the
extension of a mapping which maps fundamental term to any S(n;, Y;)-terms.
As mentioned, the algebra cloneg(y, y,)(7) is generated by the set

FWTS(@:YI‘)(XM) = {fl (xai(l)v o 71‘041-(71.;)) | 1€1,a; € S(ﬁu}/z)} )
Therefore, any mapping

n:F WS Yl)(X )—>W_§(ﬁﬂyl)(Xm)

called S(n;, Y;)-clone substitution, can be uniquely extended to an endomorphism
i WEORYD (X, ) — WY (X,, ).
Let Substg(y,y;)(T) be the set of all S(n;,Y;)-clone substitutions. Together with a
binary composition operation ® defined by; for all 91,72 € Substs(,s, v,)(7),
M O N2 1= 11072

where o is usual composition of functions and with the identity mapping idr . .,
W T (X )

on wa(ﬁi

Y (x,. )" ﬂ) forms a monoid.
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Consider ¢ € Hyp®"Y)(1) and by Theorem 3.5, we have & : WTS(m’Yi)(Xn,) —

i

S(r1,Y; . . .
WS )(Xm) is an endomorphism. Since F scr;.v; ) generates cloneg s, v;)(7), we

(X
have 6| is an S(1n;, Y;)-clone substitution with
o sem,vi)
wy (Xn;)
o) = 0/\-'
wr YD (x

Define a mapping ¢ : Hyp®(%:Y) (1) — Substg(s,,v;)(T) by
Y(o) =6

Fsomy, :
wZ YD

We have that 1 is a homomorphism. In fact : Let oy, 09 € Hyp®(™Y?) (7). Then

w(o_l oy, 0—2) = (0—1 Op, 0—2) ’wa(ﬁ'i’y’;)(xni)
= (o1 0 02)|wa<nfi,yi)(xni)

=01

/\2|
F 92| 5
w0

w2 Yi) (x,

=(01) o P(02)
=1(o1) © P(02).

Clearly, v is an injection. Hence we have the following corollary.

Y (X )

Corollary 3.6. The monoid (Hyps(’f’”m)(T); oh,aid) can be embedded into the monoid
(Substs(n—i’yi) (1); 0, idFWSm

Y (xXp)

4. S(n;, Y;)-HYPERIDENTITIES AND CLONE IDENTITIES

In this section, we examine the relationship between a variety V of type 7 and the
identity in the cloneg(y,,v;) (7).

Let V be a variety of type 7 and let IdV be the set of all identities of V. Let IdS(™: YV
be the set of all s &~ t of V such that s and ¢ are both S(n;,Y;)-terms of type 7, that is,

~ B 2
[d5 Y)Y = (Wf("“m(Xni)) nlIdv.

It is well-known that IdV is a congruence on the free algebra F,(X). However, in gen-
eral this is not true for Id°(Y?)V . The following theorem shows that IdS(Y)V is a
congruence on cloneg(y,.yv,)(T)-

Theorem 4.1. Let V be a variety of type 7. Then Id5" YDV is a congruence on the
cloneg (s, v,) (7).

Proof. We will prove that from r ~ t, 1, ~ t, € Id5" YDV k =1,2,...,n,, it follows
that S (r,71,...,7n,) &= S™ (t,t1,... tn,) € IdSTTHYDV,

Firstly, we prove by induction on the complexity of a term t € W, (m’Yi)(Xni) that for
every i € I from t, ~ 1y, € IdS(" YDV, k =1,2,...,n,, it follows that S™ (¢,t1,...,t,,) ~
S™i(t, 11, T, € TdS0THYOV

Ift= fi(xai(l), c ,Iai(m)),i el,q; € S(ﬁz, }/1)7 then

Smi (fi(l‘ai(l), . ,l‘ai(ni)), ti,. .y tn,)
= filta,;(1)s - > tay(n)
R fi(Ta,(1)s -+ Tai(ni)
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= S" (fi(Za,(1)s -+ 1 Tai(ng))s T1s e+ 1 Tny) € 1d5(mY)y
since IdV is compatible with the operation f; of the absolutely free algebra F,(X) and
by the definition of n;-ary S(n;,Y;)-terms.
Ift=fi(ly,...,ln,) € Wf("i’n)(Xni) and assume that
8™ (s tyy oy tn,) = S (lgy 71, ..y 1,) € Td3PHYIY
for all 1 < k < n;, then

S™M(fillyy ooy ln) sty o ytn,) = fi(S™ (it o ytng)y oo, S™ (Iny by oyt )

fi(Sni(ll,’l“h e ’rm)’ .. .,Sni(lni,Tl, e ,Tni))
= S (filly, . ln,)y 1y T,) € TASRYIY

Q

Now, we prove the implication
tar e I3V = S™(try, . 1) & 8™ (ry e, r,) € TdSTTYDY

This is a consequence of the fully invariant of IdV as a congruence on the absolutely
free algebra F,.(X) and the definition of an n;-ary S(n;,Y;)-term. Assume now that
txrty ~r, € I1d5YDV | Then

S™i(tty, .y t,) R STty b)) R ST, T,) € TASTRYDV. m

By using the concept of a S(n;, Y;)-hypersubstitution as we presented in Section 3. We
will define S(r;, Y;)-hyperidentities in a variety of type .

Let V be a variety of type 7. An identity s ~ t € Id5(""Y)V is called a S(n;,Y;)-
hyperidentity of V if 6[s] =~ ¢[t] € IdV for all ¢ € Hyp®(™Ys) (7). Moreover, the variety
V is called S(n;,Y;)-solid if the following hold:

Vs ~ t € Id° YDV Yo € HypSY (1), 6[s] = 6[t] € IdV.

The following lemma give a sufficient condition for the S(n;,Y;)-hyperidentity of a
variety V.

Lemma 4.2. Let V be a variety of type 7. If IdS" YV s a fully invariant congruence
on cloneg s, v,)(T), then V is S(n;, Y;)-solid.
Proof. Assume that Id*("-Y)V is a fully invariant congruence on cloneg(s, y;)(7). Let
s~ t e Id°"Y)V and o € HypS(™Y) (1), By Theorem 3.5, ¢ is an endomorphism of
clones (i, v;)(7). Hence 6s] ~ 6t] € Id5"YDV  that is, V is S(n;, Y;)-solid.

For a variety V of type 7, Id*("Y)V is a congruence on cloneg(, v;)(T) by Theorem
4.1. We can form the quotient algebra

cloneg(y, v,)(V) := cloneg(s, v, (T)/Ids(m’Yi)V.

This quotient algebra belongs to the class of a Menger algebra of rank n;. Note that
we have a natural homomorphism

natgson.vyy : cloness, v, (1) — clonegg, v;) (V)
such that
natygsen vy () = [Hrgsemvov- ]

Finally, we prove the following connection between S(7;, Y;)-hyperidentities of a variety
V" and clone identities.
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Theorem 4.3. Let V be a variety of type 7. If s ~ t € Id3("Y)V is an identity in
cloneg(s, v,)(V), then s = t is a S(n;,Y;)-hyperidentity of V.
Proof. Assume that s ~ t € Id5""Y)V is an identity in cloneg(y, v,) (V). Let o €
Hyp®(":Y) (7). Then & : clones (s, v;)(T) — cloneg(s, v,)(7) is an endomorphism by
Theorem 3.5. Thus
nat pgser. vy © 0 1 cloneg g, y;) (1) — clones(g, v;)(V)
is a homomorphism. By assumption,
(nat;gsom vy ©6) (8) = (natgson, vy © ) (£).
That is
nat g sor;, vy (6[s]) = natgser, vy (6[t]).

Thus

[&[SHIdS(’fi»Yi)V = [&[tﬂlds("’i"’ﬂvv
and hence B

&[s] =~ 6[t] € 1a5T YV,

Therefore, s ~ t is a S(n;, Y;)-hyperidentity of V. n
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