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1. INTRODUCTION

Let H(U) be the class of analytic functions in the open unit disk U = {z € C: |z| < 1}.
Also let P be the class of Carathéodory functions in U. Forn € N={1,2,...}, and a € C,
let

Hla,n) = {f € HU): f(2) = a+ anz" + aps 12" +...},
and let Ho = H[0, 1]. We denote by A the class of functions of the form

f(z)=z+ Zakﬂzkﬂ, (1.1)
k=1

which are analytic in the open unit disk U. For two functions f and F', analytic in U,
we say that the function f is subordinate to F, and write f(z) < F(z), if there exists a
Schwarz function w, analytic in U with

w(0) =0 and |w(z)| <1, zeU,

such that f(z) = F(w(z)). Furthermore, if the function F' is univalent in U, then we have
the following equivalence (cf. [1]):

f(z) < F(z) < f(0)=F(0) and f(U)cC F(U).
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Let f € A, where f is given by (1.1) and g is defined by
9(z) =z + Z bk+1zk+1, zeU,
k=1
then the Hadamard product (or convolution) f * ¢ of the functions f and g is defined by
(f*9)(2) =2+ arpabez*™ = (9= f)(z) 2€U.

k=1

Note that f*xg € A.
The generalized Bessel function of the first kind w = wp . is defined as the particular
solution of the second-order linear homogeneous differential equation [2, 3]

220" (2) + bzw'(2) + (c2® — p* + (1 = b)p)w(z) = 0, (1.2)

which is natural generalization of Bessel differential equation. This function has the
representation

_ _ (=1)"e" z\2ntp
w(z) = wppe(2) = ; Wl (p & + B0 (5) ; (1.3)

where b, p, ¢,z € C and ¢ # 0 and T stands for the Euler-Gamma function.
The series (1.3) permits the study of Bessel, modified Bessel and spherical Bessel
functions in a unified manner. We note that,

(i) For b = ¢ = 1 in (1.3), we have the familiar Bessel function of the first kind of
order p defined by (see [1] and also [3])

o) (_1)n 2\ 2n+p
Tp(2) = wp11(2) =) nC(p+n+1) (5)

n=0

, z €C,

(ii) For b=1 and ¢ = —1 in (1.3), we obtain the modified Bessel function of the first
kind of order p defined by (see [1] and also [3])

o 1 2\ 2n+p
WA =) =3 iy ) 0 €O

n=0

(iii) For b= 2 and ¢ = 1in (1.3), the function wy; () reduces to v/2j,(z)//7, where
Jp is the spherical Bessel function of the first kind of order p defined by (see [3])

e
. T (=)™ (z>2n+17
= = — RS A — C
JP(Z) Wp,2,1 2 7;) n'F(p+n+ %) 2 5 zel,

Recently, Baricz et al. [5], Deniz et al. [6] and Deniz [7] (see also [2, 3, 8-14]) consid-
ered the function wuppc(2) : U — C defined, in terms of the generalized Bessel function
Wp,p,c(2), by the transformation

b+1 _p
() = 2°T (p n 2) By o(V3). (14)
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By using the well-known Pochhammer symbol (or the shifted factorial) (a),, defined, for
a,n € C and in terms of the Euler I'-function, by

o T(a+n) 1, n=0,a € C\{0},
" T(a) ala+1)...(a+n—1), n#0,aeC

we obtain for the function w4 . the following representation

nen Zn+1
Up,be(2 Z+Z 4n — (1.5)
n=1 :
where K = p + b# #0,—1,—2,.... For convenience, we write uy ¢(2) = upp(2). This

function is analytic on C and satisfies the second order linear differential equation
422" (2) +2(2p + b+ 1)z (2) + czu(z) = 0.

Now, we introduce a new operator B : A — A, which is defined by the Hadamard
product

_ _ o~ (=) g 2
Bn,c(f)(z) - un,c(z) * f(Z) =z+ ngl 4“(’4)n n! . (16)
It is easy to verify from the definition (1.6) that
2(Br2.e(f)(2))" = (5 + 1) Brs1,e(f)(2) = £Bri2.e(f)(2). (1.7)
In fact, the function B, .(f)(z) is an elementary transform of the generalized hypergeo-
metric function defined by (see [15-19]; also [20, 21])

- (al)nw”’(aq)”zn
Fo(ag,...,aq81,...,8s;2) = (B1) ... (B n!
q (1 qﬁl ﬂ ) ;(ﬁl)nav(ﬁ.s)n !
(s €C; B €C\Zy; q<s+1; ¢,s eNU{0}; i=1,2,...,¢; 1 =1,2,...,5).

That is, we have

c
By o(f)(2) = 20 F1 (KZ; —1z> * f(2).
We observe that, for suitable choices of the parameters b and ¢, we obtain some new
operators:

(i) For b = ¢ = 1 in (1.6), we have the operator J, : A — A related with Bessel
function, defined by

Ipf(2) = wp,1,1(2) * f(2) = [Q’T(P + 1)21*”/2J (V2)] = f(2)

- 3 T
4"p+1 n!

(ii) For b =1 and ¢ = —1 in (1.6), we obtain the operator Z, : A — A related with
Bessel function, defined by

T f(z) =wp1,-1(2) * f(2) = [2pf(p + 1) P21 (V2)] * f(2)
Gt n+1
=a Z n p-—:_- D nl
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(iii) For b = 2 and ¢ = 1 in in (1.6), we get the operator S, : A — A related with
Bessel function, defined by

Suf(2) = wpaa(e) 1) = w3240 (4 3 ) 520,03 4 1)

=z —— .

which satisfies the recurrence relation

A, f G = (04 5) S0 = (4 5) Sy

2
In the present paper, by making use of the differential subordination results of Miller
and Mocanu [1], we determine certain subclasses of analytic functions and obtain some

subordination of analytic functions associated with the B, .-operator defined by (1.6).
To prove our main results, we need the following definition and lemmas.

Definition 1.1. Let 0 < n < 1 and p,b,¢c € C be such that ¢ # 0, Kk = p + HTl =+
0,—1,—2,... and let S¢(k,n, h) be the class of functions f € A satisfying the condition

1 (Z(Bw(f)(Z))’

—n)%h(z), 0<n<1l,heP.

1—=n\ Buc(f)(2)
For simplicity we write
1+ Az
C - — C _ < < .
S <K’77’1—|—Bz) S¢(k,m, A, B), 1<B<A<I1
Lemma 1.2. [22] For 8,y € C let h be conver univalent in U with h(0) = 1 and

R (Bh(z) +v) > 0, if p is analytic in U with p(0) = 1, then

Bp(2) +
implies that p(z) < h(z).

p(z)+ = FE e,

Lemma 1.3. [23] Let h be convex univalent in U and w be analytic in U with R w(z) > 0.
If p is analytic in U and p(0) = h(0), and
p(2) + zw(2)p'(2) < h(2),
then p(z) < h(z).
Lemma 1.4. [24] Let p be analytic in U with p(0) =1 and p(z) # 0. Suppose that there

ezists a point zg € U such that

s
|arg p(z)| < Ea, lz| < |zo0l,

and
T
|arg p(z0)| = 5% 0<a<l,
then we have

20p' (20)
p(Zo)

= 180,
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where
1 1
s> 3 (a—i— a) , when argp(zg) = ga,
1 1
s < ~5 (a—i— a) , when argp(zo) = —%a,
where
1 .
p(z0)* = +ia, a>0.
Lemma 1.5. [25] The function

(1-2)" =exp(ylog(l —z)),  v#0,
is univalent if only if v is either in the closed disk |y — 1| < 1 or in the closed disk
lvy+1 <1

Lemma 1.6. [20] Let g be analytic in U and let O(w) and ¢(w) be analytic in a domain
D containing q(U) with ¢p(w) # 0 when w € q(U). Set

Q(2) = 2¢'(2)¢(q(2)), h(z) = O(q(2)) + Q(2),
and suppose that

(1) Q is starlike; either
(2) h is convex;

(3) R (55) =w (9(/(?(25 - ’) > 0.
If p is analytic in U with p(0) = ¢(0) and p(U) C D, and
O(p(2)) + 21/ (2)(p(2)) < O(q(2)) + 2¢'(2)b(gq(2)) = h(2),

then p(z) < q(z), and q is the best dominant.

2. MAIN RESULTS

Theorem 2.1. Let f € A, he P,0<n<1,ce C withc#0, p,b € R be such that
k > —1 and suppose that

R((1—n)h(z) + n+ k) > 0.

Then the subordination condition

1 Z(Bm+17c(f)(z)>/ _ z
i G ) e

implies that

1 (z(Bm+2,c(f)<Z))/ _ 77) < h(z),

1-n Bﬁ+2,6(f)(z)
where Byta.(f)(2) #0 for z € U.
Proof. Let

b= 1 (z(;?:IQQ,;C((J{))((j))) ‘”) = hlz)
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where p is an analytic function with p(0) = 1. By using the equation
2 (Bus2.ol £)(2) = (5 + DBusrolf)(2) = kBusac( (), 2 €U. (2.1)

we have

(k4 1) Bri1.c(f)(2)

1—n)pz)+n+k= 2.2
= mete) Brrael 1)) 22
Differentiating logarithmically derivatives in both sides of (2.2) and using (2.1) we have
zp'(2) 1 (Z (Brr1,e(f)(2) )
p(z) + = : -n), 0=n<l
T @ e Toa\ B

Since R ((1 —n)h(z) + n+ k) > 0, applying Lemma 1.2, it follows that p(z) < h(z), that
is

1 (2(But2c()2) )
= (R ) <
This completes the proof. [ ]

Theorem 2.2. Let0 < p <1, v# 1, c € C withc # 0, p,b € R be such that k > —1
satisfying either |2(k + D)yp — 1] < 1 or |2(k + D)yp + 1| < 1. If f € A satisfiees the
condition
Bri1..(f)(2)
3%<1++"" >1—p, zel, (2.3)
Bn+2,c(f)(z)

then

(" BesaeNE) < 00) = ey

where g1 s the best dominant and 2"By1o o(f)(2) #0 for z € U.
Proof. Denoting p(z) = (2" By+2.(f)(2))7. It follows that

S s
Combing (2.3) and (2.4), we find that
2p'(2) 1+ (2p—1)z
Lt (k+ 1)yp(z) 1—z 7 (25)

if we set O(w) =1, ¢p(w) = m, and ¢1(2) = m, then by the assumption of
the theorem and making use of Lemma 1.6, we know that ¢; is univalent in U. It follows
that

2pz

1-2’

Q(2) = 2q1(2)$(a1(2)) =

and

h(2) = Olan(2) + Q(z) = 2D

If we consider D such that
aU) = {w: jwt 1] <|uwt], €=29(x+1)p} C D,
then it is easy to check that the conditions (i) and (ii) of Lemma 1.6 hold true. Thus, the

desired result of Theorem 2.2 follows from (2.5). [
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Taking into account the above result, we have the following particular case. Choosing
fG) =1, p=3.p=-3b=c=1(k=-%)andp=—3,b=c=1 (k= 3), in the
above theorem we obtain for kK > —1 and z € U the following results

1 siny/z\” 1
and
zsin/z 1 siny/z — v/zcosy/z\ 1
1 - _

§R< +3(sinﬁ—\/5cos\/5)>>2:>(3 z <(1_z)%“f

Here we used the relations
T 1 T _1 sin /z

U_111= \/;zzlJ_;(\/E) =cosvz, up g = \/gz i (Vz) = N

and
o [T __m _ o (sinVz  cosyz

Theorem 2.3. Let h be convex univalent function in U and

R(pw+n+(1—nh(z)) >0, zeU.
If f € A satisfies the condition

1 (2(Brs1,e(f)(2) )
: —n | < h(2), 0<n<l,

= (e )

then
1 (2(Brs1,e(Fu(f))(2)) )
: —n| < h(z), 0<n<1,

= (R )

where Fy, is the Bernadi integral operator defined by
+1 (%
BN =12 [ et (2.6)
z 0

Proof. From (2.6), we have

Z(B~+1,C(Fu(f))(2)>l = (b + 1)By1,e(f)(2) = uBit1,e(Fu(f))(2)- (2.7)
Let

1 (2(Brt1,e(Fu(f))(2)) )
p(z) = : -nl, 2.8
=15 (B 29
where p is analytic function with p(0) = 1. Then, using (2.7) we get
Bt1,c(f)(=
pn (- () = (p 4 1) ke (29

BnJrl,c(FM(f))(Z) '
Differentiating logarithmically in both sides of (2.9) and multiplying by z, we have
o(2) zp' () _ 1 <Z(BR+1,c(f)(Z))/ B 77) '
ptn+@=mp) 1-1\ Beri(f)(z)
Since R(p + 1+ (1 —n)p(z)) > 0 thus by Lemma 1.2, we have
L (2(Betre(Fu(f))(2)) )

= ! —n | < h(2).

= (R *

p(2)
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This completes the proof. [ ]

Theorem 2.4. Let f€ A,0<6<1,0<y<1,ceC withc#0, p,b €R be such that
k>—1. If

ar Z(BnJrl,c(f)(z))/ _ Ia

g( Bit1,6(9)(2) ’Y) = 27
for some g € S¢(k+ 1,1, A, B). Then

ar Z(Bn+2,c(f)(z))/ _ Ia

g( Bit1,6(9)(2) W) = 2

where a (0 < a < 1) is the solution of the equation

a + 2 arctan — acosihy - , B# -1,
5— ™ [EEIEEY] 12},1;14) +y+rtasin 5ty 7& (210)
a, B = -1,
where
2 . (1-7(A-B) >
t1 = — arcsin . 2.11
= 2w (AT ) 10
Proof. Let

_ 1 <4mHAﬁ@w_7>
1—xn Bﬂ-i-l,c(g)(z) .

Using (1.7), it is easy to see that

(L =)p(2) +7) Bir2,c(9)(2) = (5 + 1) Brs1,e(f)(2) = £Brrae(f)(2).  (2.12)
Differentiating (2.12) and multiplying by z, we obtain

(1 =7)2p'(2) Br2,e(9)(2) + ((1 = 1)p(2) +7) 2(Brera,e(9)(2))

= (8 + 1)2(Br1,e(f)(2)) — £2(Bri2,(f)(2))  (2.13)

Since g € S°(k + 1,1, A, B), by Theorem 2.1, we have g € S¢(k + 2,1, A, B). Let
_ 1 [(2(Begac(9)(2) )
0= (T )
Then by using (1.7) once again, we have

Biy1,.(9)(2)

p(2)

g2)(1—y)+v+r=(K+1 . 2.14
(2)(L=7)+~ ( )BK+2,c(g)(z) (2.14)
From (2.13) and (2.14), we obtain
zp' () 1 (Z(erl (f)(z)) )
+p(z) = ’ - .
G-+ P15 Thaoe 7
Since ¢(z) < ng (-1 < B < A<1), we have
1—-AB A—-B
q(z) — TR < TR ,2z€eU, B+# -1, (2.15)
and
1_A§3?q(z) ,z€U, B=—1. (2.16)

2



Diffrential Subordination and Generalized Bessel Functions 289

Therefore, from (2.15) and (2.16), we obtain

Q(Z)(1_7)+7+“_%—7—K3 <w7 B+# 1.

For B = —1, we have

1-— 1-A

R(g(z)(1—7) +v+r) > %+’y+n.
Let q(z)(1 — ) + 7+ x = rexp(i%), where

(1-701-A4) (1-7)(1+4)

LSt PA S’ ATV T A B# -1, —t; <®

-5 Fy+r<r< 1+ B +v+k, # -1, —t1 < ® < ty,

and ¢7 is given by (2.11), and

1-— 1-A

(7)2#+7+m<r<oo7 B=-1, —t1 < ® < t;.

We note that p is analytic in U with p(0) = 1, so by applying the assumption and Lemma
1.3 with
1
w(z) = ,
S E ) ER R
we have t w(z) > 0. Set
1 (Z(Bnﬂ,c(f)(z))’
1- Y Bn+1,c(g) (Z)

At first, suppose that p(zo)= = ia(a > 0). For B # —1 we have

Q(2)

—7), 0<~y<L

o zop' (20)
arg(Qe)) = arg (e )

T 18Q
= —a+arg <1+ (ex
2 T

IV

s
§a -+ arctan -

T
@ cos —t1

-0+ 4)
1+ B

Y

zoz + arctan
2 .
+'y—|—/-€—|—ozs1n§t1
™
==9
2 )
where § and t; are given by (2.10) and (2.11), respectively.
Similarly, for the case B = —1, we have

Q.

arg(Q(2)) = arg (q 200 (20) +p(20>) > g

(z0)(1 =) +v+~k

These results obviously contradict the assumption.
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Next, suppose that p(zo)é = —ia (a > 0), B # —1 and zy € U. Applying the same
method we have

_ zop'(20)
ong(Qe)) = arg B0y

, —1
%ﬂa + arg (1 — isa <7" exp <Z;T<I)>) )

LT
- sasm§(1—¢>)
< —a — arctan pm
r + sa cos 5(1 — D)
i
. QU CcoS ?tl
< —a — arctan A 7
2 (hiB—l—fy—&—m—i—asingtl
-7
=—20
2 )
where § and t; are given by (2.10) and (2.11) respectively.
Similarly, for the case B = —1, we have
zop' (20) ) -
arg(Q(z zarg< +p(20) | < —a,
QEN = G-+ 1n TH)) =5

which contradicts the assumption of Theorem 2.4. Therefore, the proof of Theorem 2.4
is completed. =
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