Thai Journal of Mathematics
Volume 20 Number 1 (2022)
Pages 195-202

http://thaijmath.in.cmu.ac.th
ISSN 1686-0209

Generalized n-Derivations in Non-Archimedean
Banach Algebras

Bahman Hayati and Hamid Khodaei*

Faculty of Mathematical Sciences and Statistics, Malayer University, PO. Box 65719-95863, Malayer, Iran
e-mail : hayati@malayeru.ac.ir (B. Hayati); hkhodaei@malayeru.ac.ir (H. Khodaei)

Abstract We have a verification on the behavior of almost generalized n-derivations from non-Archimedean

Banach algebras into non-Archimedean Banach modules and give some applications of our results.

MSC: 12J25; 39B82; 46510; 47B47; 47510
Keywords: non-Archimedean Banach module; non-Archimedean Banach algebra; n-Jordan derivation;

n-derivation of order m

Submission date: 16.12.2018 / Acceptance date: 02.11.2021

1. INTRODUCTION AND PRELIMINARIES

A non-Archimedean valuation is a function | - | from a field K into [0, 00) such that
0 is the unique element having the 0 valuation, |rs| = |r| - |s| and the strong triangle
inequality holds, i.e., |r + s| < max{|r|,|s|} for all r,s € K. Any field endowed with
a non-Archimedean valuation is said to be a non-Archimedean field. Note that every
complete valued field is isomorphic to R or C or is non-Archimedean [1, Theorem 1].

In any such field we have |1| = | — 1| = 1 and |n x 1| < 1 for all n € N, where 1 is
the neutral element of the semigroup (K,), 1 x1=1and (n+1)x1=(nx1)+1 for
n € N.

A trivial example of a non-Archimedean valuation is the function | - | taking everything

except 0 into 1 and |0] = 0. Another example of a non-Archimedean valuation is the
1 -1
function | - |, from a field K into [0,00) with |0], =0, |r|, = = if » > 0 and |r|; = —
r r
if r < 0, for any r € K. Standard examples of such fields are fields of p-adic numbers
Qp. Let p be a prime, the set Q, is defined as a completion of the rational numbers Q
with respect to the norm |- |, from Q into R given by |0|, = 0 and |a|, = p~" if a # 0,
here a = p" 7 such that r,m € Z, n € N, and m and n are coprime to the prime number
p. The absolute value | - |, is non-Archimedean. There are also many other examples of

non-Archimedean fields (see for example [2]).
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Definition 1.1. Let X be a linear space over a field K with a non-Archimedean non-
trivial valuation | - | that is non-trivial (i.e., we additionally assume that there is an
ro € K such that |rg| # 0,1). A function || - || : X — [0,00) is said to be a non-
Archimedean norm if it is a norm over K with the strong triangle inequality (ultrametric),
ie., ||+ y|| < max{||z|,|ly|]|} for all z,y € X. Then the pair (X, || -||) is called a non-
Archimedean normed space.

By a complete non-Archimedean normed space or non-Archimedean Banach space we
mean a non-Archimedean normed space in which every Cauchy sequence is convergent.

Remark 1.2. If ||z|| # ||y|| then ||z + y|| = max{||z|, ||y||}. We may assume ||z| < ||y]|.
We need to show ||z +y|| = ||y||. If not, we have ||z +y|| < ||y|l. But ||y|| = |ly+z —z| <
max{|ly + z||, |||} < |ly||, a contradiction. Note that this is a crucial property which is
proper to the non-Archimedeanity of the norm.

Definition 1.3. Let (A, ||-||) be a non-Archimedean Banach algebra over K. This means
that the norm || - || of the Banach algebra satisfies the non-Archimedean property, i.e.,
lz+y| < max {||z||, |ly||} for all z,y € A (and if A is unital, ||1|] = 1). A non-Archimedean
Banach space X is a non-Archimedean Banach A-bimodule if X is an A-bimodule which
satisfies max{||zal|, ||az|} < ||a||||z| for all a € A and x € X.

There are many examples of such kind of spaces, see [3-5]. Let us consider some basic
examples of non-Archimedean Banach algebras.

Example 1.4. Let K be a non-Archimedean field and K™ := {x = (21,...,2,) : x; €
K, i=1,...,n}. Then K™ with a norm ||x|| = max, |z;| and usual pointwise summation
and multiplication operations, is a non-Archimedean Banach algebra over K.

Example 1.5. Let K be as above and ¢y := {x = {zn}nen: ©pn € K, lim,, 00 2, = 0}.
Then ¢y with a norm ||x|| = max, |z,| and usual pointwise summation and multiplication
operations, is a non-Archimedean Banach algebra over K.

In [6], the authors investigated the approximately additive mappings over p-adic fields.
The stability of the Cauchy and monomial functional equations in normed spaces over
fields with valuation was studied by Kaiser in [7, 8], see also [9, 10]. Interesting results
concerning almost derivations of non-Archimedean Banach algebras have been obtained
by many authors, see, e.g., [11, 12]). In the present paper we investigate the almost
n-derivations of order m from non-Archimedean Banach algebras into non-Archimedean
Banach modules and give some applications of our results.

2. MAIN RESULTS

Let A be an algebra. An additive mapping f : A — A is called an n-Jordan derivation
if f satisfying
n
fah) =) o' @)
i=1
for all x € A, where n > 1 is an integer. This is known as the nth power property (see,
among others, [13, 14]). For more details of the nth power property, n-Jordan derivations
and other applications, see, e.g., [14-18].
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Remark 2.1. The monomial f(x) = cz™ on real numbers is a solution of the functional
equation

oyfaz) = a™ 2oy f(x) + 2(a® = 1) (" f () = £f(y)) (2.1)
where a is an arbitrarily fixed nonzero integer different from —1 and 1, m is a positive
integer less than 5 and k = 0, if m # 4 and k = 1, if m = 4. Here o, f(x) denotes
oyf(z) = f(x+y)+ f(z —y). Every solution of the functional equation (2.1) is called an

m-mapping. The general solution of the functional equation (2.1) in vector spaces when
a = 2 obtained in [19] and when a € Z \ {0, £1} obtained in [20].

Definition 2.2. We say that an m-mapping f : A — A is an n-derivation of order m
if f satisfying

n n i—1 n

f (H%) = ZHwa(xl) H " (2.2)
i=1 i=11=1 v=i+1

for all z1,...,x, € A, where Hi:l-f—l ™ =1¢€ C with [ € {0,n}.

Putting m = 1 and replacing each x; by « in (2.2), we observe that f satisfies the nth
power property; that is, f is an n-Jordan derivation. Note that 2-derivations of order 1
are a derivation, in the usual sense.

Example 2.3. Let us consider the algebra of 3 x 3 matrices

0 a
A= 0 0 ~v|:aoBveK
0 0 O
Then the mapping f : A — A, defined by
0 a p 0 o? B2
Lo o0 vy ]]=]0 0 [,
0 0 O 0 0 0
is an 3-derivation of order 2, while is not an 2-derivation of order 3 and is not a derivation.
Proposition 2.4. [4] A sequence {x, }nen in a non-Archimedean normed space (X, || - ||)
is Cauchy sequence if and only if lim,, o ||Tp+1 — zp| = 0.

Note that, any non-Archimedean norm is a continuous function from its domain to real
numbers.

Proposition 2.5. Let E be a normed space and X be a non-Archimedean normed space.
Suppose f: E — X is a mapping and continuous at 0 € E such that f(azx) = a™ f(z)
for all x € E, where a # 1 and m are arbitrarily fized positive integers. Then, f = 0.

Proof. Since f is continuous at 0 € E and f(0) = 0, for all € > 0, there exists § > 0 that,
for all x € E with ||z]| <4,

[f(z) = FO) = [If(x)] <e.
Also for any x € F, there exists n € N that HQ%H < § and hence
1@l =|lamr (2] <

r(G)l =
a a”
for all € > 0 and all x € E. Therefore, f = 0. [

x
n
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From Remark 2.1 and Proposition 2.5, we deduce the following result.

Corollary 2.6. Let E be a normed space and X be a non-Archimedean normed space.
Suppose f: E — X is an m-mapping and continuous at 0 € E. Then, f = 0.

Notice that the argument above is a special case of a general result for non-Archimedean
normed spaces, that is, every continuous function from a connected space to a non-
Archimedean normed space is constant. This is a consequence of totally disconnectedness
of every non-Archimedean normed space (see [4]).

In the rest of this paper, unless otherwise explicitly stated, we will assume that RT is
the set of nonnegative real numbers, n is an integer greater than 1, m is a positive integer
less than 5, f : A — X is a mapping with f(0) = 0 whenever m =4, k = 0, if m # 4 and
k=1,if m =4, a # 0,%1 is an arbitrarily fixed integer, A is a non-Archimedean Banach
algebra and X is a non-Archimedean Banach A-bimodule over a non-Archimedean field
of characteristic different from 2 and a.

Definition 2.7. A function ¢ : R — R satisfying the equation ((zy) = {(z){(y) is called
a multiplicative function, and £ : RT — R™ satisfying the inequality &(zy) < &(x)E(y) is
called a submultiplicative function.

Definition 2.8. A mapping f : A — X is called an almost n-derivation of order m
if there exist functions w : A x A — RT and v : Ax---x A — RT such that
—_——

L . i n times
limk}%oo W(alalzv;i-, y) =0 = llmk%oo U(a (T;‘,mr:;kacnl (OI’ hmkﬁoo |a|mkw (%, c%‘) =0 =
limp oo (a]™™) v (2F, ..., 2p) ) and
Hcryf(ax) — am72ayf(z) — 2(a2 -1 (am72f( )—kf(y )H < w(zx,y) (2.3)
n n t—1
Hf(H:cZ)—ZHx f(x) H | <v(zg,...,2n) (2.4)
=1 =1 1=1 1=1+1
for all z,y,x1,...,2, € A, where n > 2. Also, f: A — X is called an (g, §)-n-derivation

of order m if there exist a non-negative real number ¢ and a submultiplicative function
€ such that (2.3) and (2.4) hold for w(z,y) = e (&([|=]) + £(|lyll)) := € (§ay + &jyy) and

(@1, xn) = e[y E(ll@ill) == e [Ty &jjayy for all 2, y, @1, ... 2, € A

We here present the following notion of n-derivations of order m on unital non-
Archimedean algebras.

Proposition 2.9. Suppose A is a unital non-Archimedean algebra, X is a unital non-
Archimedean A-bimodule and f : A — X is an n-derivation of order m. Then f is a
derivation of order m.

Proof. Since f satisfies (2.2), by setting each x; in (2.2) with 1 we have f (1™) = nf(1).
Thus, f(1) = 0. Substituting z; =1 for all t = 3,4,...,n in (2.2), we get

f(@r2) = <x1x2H1> Jag ™A 2 ()1 1 0 40

= f(z1)xy" + 27" f(22)

for all x1,z2 € A, so that f is a derivation of order m. n
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Example 2.3 shows that Proposition 2.9 does not hold in general.

Theorem 2.10. Let f: A — X be an almost n-derivation of order m and set

w (ajw,O)
|a|™

Q(ac)::sup{ : jENU{O}},(xEA).

Then there exists a unique n-derivation of order m, O, : A — X such that || f(x) —

Omn(2)| < g( )|f0rallx€A

Proof. Setting y = 01in (2.3) yields || f (az) — a™ f (z)|| < ©(2.0) o1 all 2, € A. Replacing «

2]
k41 k
by a*z in the inequality above and then dividing by \a|mk+m gives f(gik +I) — fga,,iv )

E

w(akx,O) w(akx,O

T2am®Fm ] for all z, € A. Combining the last inequality and limy_, e = 0, we obtain

k
that {f((;zc )} is a Cauchy sequence. Since the space X is complete, this sequence is
a

. f(akac)
convergent, and we define O,, ,,(x) := limy_ o prrz

Using induction, it is easy to prove that

J
‘< 1 max{w(ax,'O) : 0<j<k}

[2a™| |a|™d

akz
’f(lﬂ) - fC(Lmk )

for all k € N and all z € A. Letting ¥ — oo in this inequality, and using the fact that

J J
lim max{w(“x’_o): 0§j<k}=sup{°wz jeNU{O}},

ks 00 |a|™ |la|™7

Q(x
we see that || f(x) — O ()| < |2( )| for all x € A.
Substituting = a*z and y = a*y in (2.3), dividing by |a|™", taking k to approach
k k
infinity in the resultant inequality and utilizing limg_, oo W = 0, we find that
O, satisfies (2.1). So, by Remark 2.1, ©,, ,, is an m-mapping. Also, it follows from the
definition of ©,, ., and (2.4) that

n n i—1 n
O (H) S L0t TT o
=1

i=1 =1 1=i+1

1 n n 1—1 n

= o f<H “ “”E) 2 ey staten ]I @)
=1 =1 1=1 1=1+1
k k
viavry,...,a"T
< lim ( 1 ; n) :0’
ko0 (|a|mn)k

and so ©,, , satisfies (2.2). Therefore, ©,, , is an n-derivation of order m.



200 Thai J. Math. Vol. 20 (2022) /B. Hayati and H. Khodaei

Let us ﬁnally assume that ©;, , : A — X is another n-derivation of order m such that
1f(z) — Oy, (@) < S% for all x € A. Then for all 2 € A, we have
1Omn () — €% 1 (@)]| = lim —— [|Onn () — O, (92)]|
) m,n )50 \a|m3 ) m,n
1
< lim —— max{||®m n (@) = f ()|, Hf (d’z) — O, (ajx)H}
J—00 a|m] ’ )
i i w (ajx,()) <ok
= R S knne W ap SIS
1 1 w (alz,0)
=—— lim —— ———=: jeNU{0
‘2a7n| ]LI{.IO |a|7nj Sup{ |a|m] J { }}
1 w (ajx, O) .
= lim supd ————=: 3<j <00, =0,
T 20| oo |a|mi
and thus ©,, ,(z) = 65, (7). (]

From Proposition 2.9 and Theorem 2.10, we deduce the following result.

Corollary 2.11. If, under the conditions of Theorem 2.10, we assume in addition A is
a unital non-Archimedean algebra and X is a unital non-Archimedean A-bimodule, then
there exists a unique derivation of order m, Tp, : A = X such that ||f(z) — Tr(2)] <
Q(x)
|2a™|

Corollary 2.12. Let f : A — X be an (g, §)-n-derivation of order m, a > 1 be a constant
natural number and § be a submultiplicative function satisfying &, < |a|®, where o is
a fized real number in (m,oo). Then there exists a unique n-derivation of order m,

Omm : A — X such that || f(z) — Omn (@) < é'j;" rallz e A

Proof. Since \a\m§| | < | = |a]*™™ < 1, taking w(z,y) = € (&2 + §|y) and

alnl
(1, .. xn) =e[i g &jay for all z,y, 1, ..., 2, € A, we have
k
. v (k... dbay) la]
I T JapyE S R (R (1o )
= ILHOIO |G;‘ ammnk (.’171 ,.’Iln) =0,

. w(akw,aky) . 5 Ela| k -
and limg_, o — e < limg_soo w (z,y) = 0. Also,

Ta]™

Q () SHP{W RS NU{O}} =w(z,0) =)z,
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and

. . w (ajx, O) . . w (ajx, O) .
lim lim max{ ———=: 3<j<k+jyp=limsupy ———=: 7<j <
J— 00

=00 k—00 |a|m3 ‘a|m]
— lim w(a’x,0)
J—00 |a|7nj
. §al \’ B
<lim |——— | w(z,0)=0
7=00 \ |a|™
for all x € A. Hence, the result follows by Theorem 2.10. n

Remark 2.13. Let f: A — X be an almost n-derivation of order m and set

O (z) := sup {|a|% (ajﬁl,o) . jeNU {0}} , (z € A).

By limy_, o |a|™*w (a%, a%) = 0 = limy_ 00 (Ja|™™)*v (%7 ce i—g) and a similar method
to the proof of Theorem 2.10, one can show that there exists a unique n-derivation of
order m, @,y = limy_y00 a™* f (%) from A to X such that || f(z) — ®pn(2)|| < O (=)

12|
for all z € A.
For the case w(z,y) =€ (§u + §jyy) and v(z1, ..., 2y) =[] &)z, (Where a > 1
is a constant natural number and ¢ is a submultiplicative function satisfying & A <la|™®

and « is a fixed real number in (—oo,m)), there exists a unique n-derivation of order m,

.., such that [|[f(z) — By (@) < é'zi for all z € A.

Example 2.14. The classical example of the function £ in Corollary 2.12 (Remark 2.13)
is the mapping &(t) = tP, t € [0,00), where p > « (p < «) with the further assumption
that |a| < 1.

Here we present some conditions for an almost n-derivation of order m to be a derivation
of order m.

Theorem 2.15. If f : A — X is an almost n-derivation of order m, w(z,y) is replaced
by w(0,y) and |a| < 1, then f is an n-derivation of order m.

Proof. Letting = y = 0 in (2.3), we obtain ||2 (a™ + x(1 — a?) — 1) f (0)|| < w(0,0).
But since limy,_, o |a|~™*w (0,0) = 0, it follows that w(0,0) = 0. Thus, f(0) = 0. Setting
y = 0in (2.3) and using f(0) = 0, we get f(ax) = a™ f(x) for all z € A. So we will prove
by induction that f(a*z) = a™F f(x); that is,

1
f(@) = — f(aa) (25)
for allz € Aand k € N. On the other hand, by Theorem 2.10, the mapping ©,, ,, : A = X

k
defined by Oy, () 1= limy_ o0 % is a unique n-derivation of order m. Then it follows
from (2.5) that f = ©,, . Therefore, the mapping f is an n-derivation of order m. n

The following result is due to Proposition 2.9 and Theorem 2.15.

Corollary 2.16. If A is a unital non-Archimedean algebra, X is a unital non-Archimedean
A-bimodule, f : A — X is an almost n-derivation of order m, w(zx,y) is replaced by w(0,y)
and |a| < 1, then f is a derivation of order m.



202

Thai J. Math. Vol. 20 (2022) /B. Hayati and H. Khodaei

REFERENCES

[1] W. Schikhof, Banach spaces over nonarchimedean valued field, Katholieke Univer-
siteit Nijmegen, Report 9937, 1999.

[2] N. Koblitz, p-Adic Numbers, p-Adic Analysis and Zeta-Function, Springer, Berlin,
1977.

[3] I. Beg, M.A. Ahmed, H.A. Nafadi, (JCLR) property and fixed point in non-
Archimedean fuzzy metric spaces, Int. J. Nonlinear Anal. Appl. 9 (2018) 195-201.

[4] P. Schneider, Non-Archimedean Functional Analysis, Springer, New York, 2002.

[6] N. Shilkret, Non-Archimedian Banach algebras. Ph.D. Thesis, Polytechnic Univer-
sity, 1968.

[6] L.M. Arriola and W.A. Beyer, Stability of the Cauchy functional equation over p-adic
fields, Real Anal. Exchange 31 (2006) 125-132.

[7] Z. Kaiser, On stability of the Cauchy equation in normed spaces over fields with
valuation, Publ. Math. Debrecen, 64 (2004) 189-200.

[8] Z. Kaiser, On stability of the monomial functional equation in normed spaces over
fields with valuation, J. Math. Anal. Appl. 322 (2006) 1188-1198.

[9] A. Ebadian, R. Aghalary, M.A. Abolfathi, On approximate dectic mappings in non-
Archimedean spaces: A fixed point approach, Int. J. Nonlinear Anal. Appl. 5 (2014)
111-122.

[10] J. Shokri, D.Y. Shin, Approximate homomorphisms and derivations on non-
Archimedean Lie JC*-algebras, J. Comput. Anal. Appl. 23 (2017) 306-313.

[11] Y.J. Cho, C. Park, T.M. Rassias, R. Saadati, Stability of Functional Equations in
Banach Algebras, Springer International Publishing Switzerland, 2015.

[12] C. Park, M.E. Gordji, Y.J. Cho, Stability and superstability of generalized quadratic
ternary derivations on non-Archimedean ternary Banach algebras: a fixed point ap-
proach, Fixed Point Theory Appl.Article Number: 97 (2012) 8 pages.

[13] D. Bridges, J. Bergen, On the derivation of ™ in a ring, Proc. Amer. Math. Soc. 90
(1984) 25-29.

[14] C. Lanski, Generalized derivations and nth power maps in rings, Commun. Algebra
35 (2007) 3660-3672.

[15] M. Bresar, Jordan mappings of semiprime rings, J. Algebra 127 (1989) 218-228.

[16] M. Bresar, J. Vukman, Jordan derivations on prime rings, Bull. Austral. Math. Soc.
37 (1988) 321-322.

[17] J. Vukman, An equation on operator algebras and semisimple H*-algebras, Glas.
Mat. Ser. IIT 40 (2005) 201-206.

[18] J. Vukman, I. Kosi-Ulbl, A note on derivations in semiprime rings, Int. J. Math.
Math. Sci. 20 (2005) 3347-3350.

[19] J. Bae, W. Park, A functional equation having monomials as solutions, Appl. Math.
Comput. 216 (2010) 87-94.

[20] M.E. Gordji, Z. Alizadeh, H. Khodaei, C. Park, On approximate homomorphisms: a

fixed point approach, Math. Sci. Article number: 59 (2012) 8 pages.



	Introduction and Preliminaries
	Main Results

