Thai Journal of Mathematics
Volume 20 Number 1 (2022)
Pages 177-194

http://thaijmath.in.cmu.ac.th
ISSN 1686-0209

Banach Contraction Theorem on Extended Fuzzy
Cone b-metric Space

Vishal Gupta':*, Surjeet Singh Chauhan? and Ishpreet Kaur Sandhu3

1 Department of Mathematics, Maharishi Markandeshwar (Deemed to be University), Mullana, Ambala,
Haryana, India
e-mail : vishal.gmn@gmail.com; vgupta@mmumullana.org

2 Department of Mathematics, UIS, Chandigarh University, Gharuan, Mohali, Punjab, India
e-mail : surjeetschauhan@yahoo.com

3 Department of Mathematics, Maharishi Markandeshwar (Deemed to be University), Mullana, Ambala,
Haryana, India
e-mail : ishpreetkaursandhu@gmail.com

Abstract In this paper, a generalization of b-metric space is introduced named as extended fuzzy cone
b-metric space. A new contractive mapping, extended fuzzy cone b-contractive mapping is defined and a
modified form of Banach Contraction Theorem is proved for single and pair of mappings which is termed
as extended fuzzy cone b-Banach Contraction Theorem. The derived results are applied on Fredholm

Integral Equations to obtain a unique solution.
MSC: 47H10; 47H09; 54H25; 54E15; 54E35; 54A40
Keywords: fixed point; b-metric space; fuzzy metric space; fuzzy cone metric space; fuzzy cone b-metric

space; extended fuzzy cone b-metric space

Submission date: 27.11.2018 / Acceptance date: 22.09.2021

1. INTRODUCTION

Maurice Frechet initiated the concept of metric space [1] in 1906. A generalization of
Metric Space i.e. b-metric space was introduced by I. A. Bakhtin [2] which was further
utilised by Czerwick [3, 4] for establishing many results and examples [5—8]. This space
moves to metric space by taking b=1. Huang and Zhang [9] introduced the concept of
cone metric space in 2007 by replacing real numbers by ordered Banach space. A lot
of research has been done in the field of cone metric spaces that can be seen in [10-19].
Further, a generalisation of b-metric space was introduced by Tayyab Kamran et.al, which
is termed as extended b-metric space in 2017 [20].

The concept of fuzzy set theory was laid by Zadeh [21] in 1965. Using fuzzy sets, a
new metric space i.e. fuzzy metric space was originated by Kramosil and Michalek [22]
in 1975 which was redefined in a stronger version by George and Veeramani in 1994 [23].
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Later on, a combination of cone metric and b-metric was introduced by Hussain and Shah
[24] in 2011 which is termed as cone b-metric space. By introducing fuzziness to cone
metric space, Oner et al. [25] in 2015, defined fuzzy cone metric space and proved some
fixed point results under this space that can be viewed in [19, 26-30]. Then, using the
concept of b-metric space in fuzzy cone metric space, a new space is developed named as
fuzzy cone b-metric space by T. Bag [31] and then modified by Posul et. al [32] in 2019
and some basic fixed point results are proved in [33, 34].

2. PRELIMINARIES

Some basic definitions and terminology that helps in creating the new generalised
metric space i.e. extended fuzzy cone b-metric space, are mentioned below:

Definition 2.1. [3] Let M be a non empty set and given A >1 be a real number. A
function d: MxM—[0,00) is a b-metric on M if for all x,y,z € M, the following conditions
hold:

(B1) d(x,y) =0 x =y;
(BQ) d(X’Y) = d(YaX);
(Bs) d(x,2) < A [d(x,y)+d(y.z)].

Then, the triplet (M,d,\) is denoted as b-metric space.

Definition 2.2. [20] Let X be a non empty set and 6 : Xx X — [1,00). A function dy
: Xx X — [0,00) is called an extended b-metric if for all x,y,z € X, it satisfies;

(1) dp (xy) =0 x=1y;
(2) dg (va) = dp (Y7X);
(3) do (x,2) < 0(x,2) [dg (x,y) + dp (v,2)].

The pair (X,dg) is called an extended b-metric space.

Definition 2.3. [35] The binary operation x : [0,1] x [0,1] — [0,1] is triangular norm
(t-norm) if it satisfies the following conditions, for all a,b,c,d € [0,1];

(1) axb="D>bxa;

(2) ax*1=a;

(3) ax(bxc)=(ax*xDb)x

(4

) Ifa<candb <d, thena*b<c*d

Example 2.4. Some commonly used t-norms are defined as follows;
(1) a A b = min{a,b} ;
(2) a-b = ab i.e. usual multiplication in [0,1] ;
(3) a* b =max{a+b—1,0}.

Definition 2.5. [23] The triplet (X, N, %) is said to be a fuzzy metric space if X is an
arbitrary set, * is a continuous t-norm and N is a fuzzy set in X x X x [0,00) such that
for all x,y,z € X,

(1) N(x,y,0) = 0;
yt) =1 x=y forallt > 0;

N(x
N(x,y,t) = N(y,x,t), for all t > 0;

N(x,z,t+s) > N(x,y,t) * N(y,z,s), for all t,s > 0;

N(x,y,") : [0,00) —> [0,1] is left continuous and lim;_, . N(x,y,t) = 1.

)
(2)
(3)
(4)
(5)
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Definition 2.6. [36] Let X be a non empty set. Let b > 1 is a given real number and
* be a continuous t-norm. Then, N, a fuzzy set on X x X x [0,00) is said to be fuzzy
b-metric if for all x,y,z € X, the following conditions hold;
(1) N(x,y,0) = 0;
(xyt) =1 x=y, forallt > 0;
(x,5,t) = N(y,x,t), for all t > 0;
(x,2,b(t+s)) > N(x,y,t) * N(y,,8), for all t,s > 0;
(x,y,) : [0,00) —> [0,1] is left continuous and lim;—, . N(x,y,t) = 1.

Definition 2.7. [37] Let X be a non empty set. Let § : X x X — [1,00) and * be a
continuous t-norm. Then, Ny, a fuzzy set on X x X x [0,00) is said to be extended fuzzy
b-metric if for all x,y,z € X, the following conditions hold;

( ) Ne( ayao) - 0

(2) No(x,y,t) =1 < x =1y, forall t > 0;

(3) Ny(x,y,t) = No(yx,t), for all t > 0;

(4) Ng(x,z 0(x,2)(t+8)) > Ny(x,y,t) * Ny(y,z,8), for all t,s > 0;

(5) Nyp(x,y,") : [0,00) — [0,1] is left continuous and lim;_, ., N(x,y,t) = 1.

In this paper, we will use B for denoting Banach space and ¥ for the zero of Banach
space.

Definition 2.8. [9] Let H be a subset of B. Then, H is a cone if;

(1) H is closed, non empty, and H # ¢ ;
(2) If a,b € [0,00) and u,v € H, then au + bv € H;
(3) If both u and -u are in H, then u = 9.

For a given cone H C B, a partial ordering < on B via H is defined by u < v if and only

if v- u € H. Here, u < v stands for u > v and u # v, whereas u < v stands for v - u €
int(H). Throughout this paper, we will assume that each cone has nonempty interior.

Definition 2.9. [25] Let X be a non empty set and H be a cone on B. Consider * be
a continuous t-norm and N be a fuzzy set on X x X x int(H) satisfying the following
conditions, for all x,y,z € X and t,s € int(H);

(1) N(x,y,t) > 0and N (x,y,t) =1 & x =y;

(2) ( XY, ) - (Y7X t)7
(3) N(xz,t+s) > N(x,y,t) * N(y,z;s);
(4) N(x,y,-) : int(H) — [0,1] is continuous.

Thus, the triplet (X,N,x) is said to be Fuzzy Cone Metric Space.

Definition 2.10. [25] Consider a fuzzy cone metric space (X,N,x) and let x € X and
{z,} be a sequence in X. Then,

(1) {z,} is said to converge to x if for t > ¢ and « € (0,1), there exists a natural
number n; such that N(z,, , x,t) > 1 - a for all n > n;. It is denoted as lim,,—,
Ty = X;

(2) {z,} is said to be cauchy sequence if for o € (0,1) and t > 1, there exists natural
number nq such that N(z,, , ,, t) > 1 - « for all n, m > nq;

(3) (X,N,*) is said to be complete fuzzy cone metric space if every Cauchy sequence
is convergent in X
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(4) {z,} is said to be fuzzy cone contractive if there exists @ € (0,1) such that

1 1
—1<al————=—-1) forallt > ¥, neN.
N(xn+1a‘rn+27t) <N(xn7xn+1vt) )
Definition 2.11. [33] Let X be a non empty set and * be a continuous t-norm, N is a
fuzzy set on X x X x int(H) where H is the cone of B (Real Banach Space). A quadruple
(X,N,*,b) is said to be fuzzy cone b-metric space if the following conditions are satisfied,
for all x,y,z € X and t,s € int(H) and b > 1;

FCNBI1: N(x,y,t) > 0 and N(x,y,0) = 0;

FCNB2: N(x,y,t) =1 & x =y;

FCNB3 ( XY, ) - (Y5X7t)a

FCNB4: N(x,z,b(t+s)) > N(x,y,t) * N(y,2,8);

FCNB5: N(x,y,) : int(H) — [0,1] is continuous and lim;_ ., N(x,y,t) = 1.
Definition 2.12. [33] Consider a fuzzy cone b-metric space (X,N,*,b) with b > 1 and

let x € X and {x,} be a sequence in X. Then,

(1) {xn} is said to b-converge to x if for t > ¥ and « € (0,1), there exists a natural
number n; such that N(z,, , x,t) > 1 - a for all n > n;. It is denoted as lim,,
Tp = X;

(2) {x,} is said to be cauchy sequence if for o € (0,1) and t > ¢, there exists natural
number nq such that N(z,, , ,, t) > 1 - « for all n, m > nq;

(3) (X,N,#,b) is said to be complete fuzzy cone b-metric space if every Cauchy se-
quence is b-convergent in X;

(4) A self mapping R: X — X is said to be fuzzy cone b-contractive if there exists

a € (0,1) such that W—l <a <W1> for all t > ¥, n € N,
where « is known as contraction constant of R;

(5) {x,} is said to be fuzzy cone b-contractive if there exists o € (0,1) such that

1 1
-1<a|————1)forallt > 9%, neN.
N(xn+1axn+27t) (N(x’mxn+17t) )

3. MAIN RESULT

We now introduce extended fuzzy cone b-metric space which is one of the generaliza-
tions of b-metric space. In this definition, last condition of fuzzy cone b-metric (Definition
2.8) has been reformed in new manner.

Definition 3.1. Let X be a non empty set with x as continuous t-norm, 6 : X x X —
[1,00), Ny be a fuzzy set on X x X x int(H) where H is a cone of B, the real banach
space. A quadruple (X, Ny, *, 0) is said to be extended fuzzy cone b-metric space if the
following conditions are satisfied, for all x,y,z € X and t,s € int(H) and

(EFCbM1) Np(x,y,t) > 0 and Ny(x,y,0) = 0;

(EFCbM2) Ny(x,y,t) =1 < x =y;

(EFCbMS) Ny(x.y.t) = No(yxt);

(EFCbM4) Ny(x,2,0(x,2)(t+s)) > No(x,y,t) * Noy(y,2,8);

(EFCbMS5) Ny(x,y,) : int(H) — [0,1] is continuous and lim;—, Np(x,y,t) = 1.

Example 3.2. Let E = R? and H = {(r1,72);71,72 > 0} is a normal cone with normal
constant k = 1.
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Let X = C ([a, b] , R) be the space of all real valued continuous functions defined on [a,b].
It is an extended fuzzy cone b-metric space by considering Ny : X x X x int(H) — [0, 1]
defined as;

D, g l2(7) — ()
No(z,y,t) =e 1] for all z,y € X and t > 0.
where 0(x,y) = |z(7)| + |y(7)| + 2.

(EFCbM1)
2
SUPr¢[a,b] lz(7) — y(7)]
- 1
Ng(.’]ﬁ,y,O) =e ||OH —e P =_"—=0
00
and Ny(z,y,t) > 0,t > 0.
(EFCbM2) Ny(z,y,t)=1forallt >0 2=y
ie. for all T € [a,b],z(7) = y(7)
SUP. ¢y [2(r) — y(7)I’
- 1
_ t — _
Ne(x,y,t)—e || || _670_1
(EFCbM3)
D, g lo(r) ()
No(z,y.t) = ¢ Il
SUPelq) [Y(T) — (7))
—e 1]
D, g () — ()]
—e 1]
= NO(yaxvt)’
(EFCbM4)
t+ s <0(xz,2)(t+s) for (z,2) > 1
Since, t <t+sand s<t+s
=t<0(x,z)(t+s),s <0(z2)(t+s)
and hence, [[t]| < [|0(z, 2)(t + )| and [|s]| < [|0(z, 2)(t + s)|
e+ 9y B2+
1] sl
Now, |z —2]* = [(z —y) = (z =) < |z —y|* + ]z -y
= o=y +ly — 2|
= o =2 <o -yl + |y — 2/
0 t 0 t
o e el )]

I¢] Il
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2 2 10(z, 2)(t + s)|

|2||9($,Z)(t+8)|\

O e Isl
_ 2 _ 2 _ 2
L ==~ Z_Myljyd
10(z, 2)(t + )|l Il [Isl
_ 2 _ 2 _ 2
T, - O =2OF | falr) =) ly(r) = 2()
ot 2+ s~ T Bl 2
_Supre[a,b]|9f(7) — 2(7)] _Supre[a,b]|9f(7) —y(7)| B SUPTe[a,bHy(T) — (7))
IR i 2 5] 2
7bupT€¢1b| x(7) — 2(7)| Supfepumlx(T)**y(T)l 7SHPTe[mbﬂy(7)**Z(T)
= 10(z, 2)(t + s) || [l e lls]

>e
Hence, Ny(x,2,0(x,z)(t+s)) > Np(x,y,t) * Ng(y,z,s).

(EFCbM5)

Define f : int(H) — (0,00) as f(t) = ||t]] = Vr1? + 22 and g: (0,00) — [0,1] as g(s)
SUPrela,b] |.T(T - y<T |

—c s )

Then, Ny(x,y,") : int(H) — [0,1] is composition of the both functions f and g. Since,

both f and g are continuous. Therefore, Ny(x,y,") is also continuous and

[V

2
~ SUPr€[a,b] [2(7) — y(7)|
lim Np(z,y,t) = lim e Il
t— o0

t—> o0

2
_SupTE[a7b] ‘37(7') - y(T)|

=— =1

Hence, it satisfies all the conditions of Definition 3.1 and is an extended fuzzy cone b-
metric space.

Definition 3.3. Consider an extended fuzzy cone b-metric space (X,Ny,*,0) where 6:X
x X — [1,00) and let x € X and {x,,} be a sequence in X. Then,

(1) {z,} is said to converge to x if for t > 9 and « € (0,1), there exists a natural
number n; such that Ny(z,, , x,t) > 1 -« for all n > n;. It is denoted as lim,,—,
Tp = X;

(2) {x,} is said to be cauchy sequence if for a € (0,1) and t > ¢, there exists natural
number ny such that Ny(z,, , Zm, t) > 1 - « for all n, m > ng;

(3) (X,Np,*,0) is said to be complete extended fuzzy cone b-metric space if every
Cauchy sequence is convergent in X;

(4) {z,} is said to be extended fuzzy cone b-contractive if there exists a € (0,1) such
1 1

that -l <ol —————
N N9($n+175€n+2,t) o (N9($n,$n+1,t)

Definition 3.4. Let (X,Np,*,0) be an extended fuzzy cone b-metric space and R:X —
X be a self mapping. Then, R is said to be an extended fuzzy cone b-contractive if there

— 1) for all t > ¢, where n €
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exists a €(0,1) such that
1 1

m -1 S «Q (]\W — 1) fOr all t > 79 (19 denotes the Zero Of B), n e N,

where « is known as contraction constant of R.

Definition 3.5. Let (X,Ng,*,0) be an extended fuzzy cone b-metric space and P, Q : X

— X are self mappings. Then, P and Q are said to be extended fuzzy cone b-contractive

if there exists o €(0,1) such that
1

1
— -1 <a | ————
Ng(Pl’7Qy,t) N (Ne(ir?yut)
where « is known as contraction constant of both P and Q.

- 1) for all t > ¢ (¢ denotes the zero of B), n € N,

Theorem 3.6. Extended Fuzzy Cone b-Banach Contraction Theorem: Let (X,Ng,x,0) be
complete extended fuzzy cone b-metric space in which extended fuzzy cone b-contractive
sequences are Cauchy and S,T:X — X be extended fuzzy cone b-contractive mappings
where S(X) C T(X). Then, S and T have unique common fized point.

Proof. Let xg € X. Consider a sequence {x,} defined as xa,+1 = Sxopn,Tanto = Txopy1
forn = 0,1,2,...
At first, we will show that the subsequence {xa,} of sequence {x,} is Cauchy.

1 1
— 1= -1
No(z2n+1, Tant2,t) No(Swopn, Txont1,t)

1
@ -1
<N9($2n,x2n+17t) >

IA

1
-1
“ <N9(5’332n1,T$2mt) )

1
<a-« -1
- (Ne(xznhl"zmt) )

1

1
= -1<a? ( - 1)
No(@2n+1, T2n+2,1) No(22n-1,T2n, 1)
1 1
1< a2n+1 ( _ 1)

No(Tan+1,T2nt2,t) No(wo,1,t)
Thus, {x2,} is a Cauchy sequence in X. Therefore, {zs,} converges to some y in X.
Then, by Theorem 2.10 of [25], we have

1

Continuing in the same way, we get =

1
-1 <« 1) <a|———-1
N9(5$2n>1T392n+1,t) - No(22n41, Tant2,t) > - (Ne(y,y,t) >
=1

No(Sz2n, Trani1,t)

Swon = Twapt1

Sy =Ty as n— 0.

Thus, y is a coincidence point of S and T. Now, we will prove y to be a fixed point of S

and T.
1

1
—_ 1 <a|l——"-—-1
NG(Sy,T332mt) o (Ne(ywr?nat) )
as Top — y and Txe, = xop41
1

— 1< «
N9(5y7m2n+1vt) N

1
— 1
Nﬁ(y7y7t) )
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1
- 1<
No(Sy, on+1,1) -
=Sy =1y.

Uniqueness of fixed point: Let u is also a fixed point of S and T. Then, Su = Tu = u.

1 1 1
— 1= (——————-1)<a[——-—1
(7 )~ (wmms ) == (e )
1
1-« —— 1] <0
( ) <N9(yauat) > N
= .Ng(y7 u, t) =1
=>y=u
Thus, y is a unique fixed point of S and T. ]

Corollary 3.7. Let (X,Ny,*,0) be complete extended fuzzy cone b-metric space in which
extended fuzzy cone b-contractive sequence is Cauchy and T:X — X be an extended fuzzy
cone b-contractive mapping. Then, S and T have unique common fixed point.

Proof. If we put S = T in Theorem 3.6, then the obtained result will give us extended
fuzzy cone b-Banach contraction theorem. ]

Definition 3.8. Let (X,Ny,*,0) be an extended fuzzy cone b-metric space. A self mapping
T: X— X is called V-contraction if it satisfies the following conditions:
L 1 < 1 1)+ 1
- a _ -
NQ(TI7Tyat) - NQ(IvTxat)*NQ(vaxat) NQ(vayat)

1
k -1
* <m1H(N9($,Ty,t),Ng(y,TJ?,t)) )

for all x, y € X wherek > 0,ab € [0,1) anda + b < 1 witha < 1-k.
Theorem 3.9. Let (X,Ny,*,0) be an extended fuzzy cone b-metric space. A self mapping
T: X— X is a V-contraction given by
L 1 < 1 1)+ 1
- _ a _ - _
N@(Tvayat) B N9(£7Txat)*N9(vaxat) N@(y7Tyat)

1
k —-1). 3.1
* <m1n(N9($,Ty7t),Ng(:l/,T.Z‘,t)) > ( )
Then, T has a unique common fixzed point in X.

Proof. Let z¢ € X. Define a sequence {z,} by z, = Ta,_1 for n > 0. Then, by given
contraction (3.1) for t > 0 and n > 1,

1 1 1
S —E S Y (.
No(Tz,Ty,t) - a(Ne(x,Tx,t)*Ne(y,Tx,t) >+ (Ne(y,Ty,t) )

1
k —-1]).
<H11H(N9($,Ty7t),Ng(y,TJ?,t)) )
We have,
1 1

- -1 = _
N@(x’ru xn+17 t) N9<T:L"I’L717 T.Z'n, t)
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1
< -1
o a(N@(fL'n1,T$n1,t)*N9($n7Txn1,t) >

1
b —————1
* (Ne(iﬂmTﬂfmt) )
1

k - -1
(mln(NQ(xn—la Ty, t), Ng(l‘n, Txp-1, t)) )

1 1
= —— -1 < -1
Ne(xnaxn+1vt) - a(NQ(wn17mnvt)*N0(xn7xnvt) )

1
b -1
(NQ(xnyxn—&-lat) )

1
k —1].
N <nnn<A@<xn_1,xn+1,ﬂ7A@<xn,xn,w> )

1 1 1
= — - 1<ag|l——--——-1)4+b|———"———1 |+ k(0
Nﬂ(xn7$7z+1at) (NG(In—lyxnat) ) (Nﬂ(xn7$n+1at) ) ( )
N ! 1) (1-1) < < ! |
- - @@ _ _ ol —m8M8
Ne(ivmanrht) - Na(xnflaxnvt)

1 a 1
5 (— 1)< -1
<N9($n7$n+1,t) ) o (l_b) <N9($n1,$n,t> >
Take h = =0 asa+ b < 1impliesa < 1-b.

This implies

1 1 1
_ 1) <h|l————-1| <A | ——mm— — 1.
(NH(xn71'n+17t) ) - (Na(l‘n—l,fn,t) > - (Ne(fo,dfht) )

Since, {z,} is an extended fuzzy cone b-contractive sequence and we get,
lim, oo No(@p,xne1,t) =1 for t > 0.
Now, for m > n > ny,

N9($n7$m7t) !
< (1_1>4_< ! _1>-+”.
- Ne(l'n, :En+1; t) N0($n+17 xn+2> t)
-
NO(xmflaxmvt)
< 1

1
o — L +4m+1<_1>+.“
(NG(IOJCht) ) Ny(zo,21,1)

1
+hm—1<_1>
Ny(zo,21,1)

1
= (h"+h"+1+...+hm1)( t)l)*) 0asn— oo

No(xo, 21,
lim, o0 No(zp,u,t) =1 and lim,_,o x, = ufort > 0.
1 1

— 1 = — 1
No(zpi1,Tu,t) No(Tzp, Tu,t)
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IN

1
-1
a(Ng(xn,T;vn,t)*Ne(u7Txn7t) )

1
— 1
o (Nem,Tu, ) )
1

k -1
(min(Ng(xn,Tu, t), No(u, Tz, t)) )
( : )

a —1
N9<xn)xn+17t) *Ne(uaxn+17t)

1
o (W )

1
—-1].
k (min(Ng(xn,Tu, t), No(u, py1,t)) )

Applying n — oo,

1 1
1 = -1
No(u, Tu,t) “ (Ng(u, u,t) * Ng(u,u,t) )

#(Sorares )
F (min(Ne(m Tu,lt)7 No(u,u, 1)) 1)

= O+b(W—1)+k(0)

1 1
=>————-1 = b|——+——-1]) fort>0.
No(u, Tu,t) (Ng(u,Tu,t) ) ort=
As b < 1since, a + b < 1. Thus, u is a fixed point of T.

Uniqueness of fixed point: Let v is another fixed point of T.

1 1

No(u,v,t) ~ Np(Tu,Tw,t)

IN

1
-1
@ <Ng(u7Tu,t) * No(v, Tu,t) )

1
— 1
0 (Nm,Tv,t) )
1

b (min(Ng(u,Tv,t),Ng(v,Tu,t)) - 1)

1
_ 1
“ (Ng(u,u,t) * Ng(v,u,t) )

1
o (N9(07U7t) - 1)
1

k (min(Ng(u,v,t),Ng(v,u,t)) - 1)




Banach Contraction Theorem on Extended Fuzzy Cone b-Metric Space 187

1 1 1
-1 < a1 — 1
= No(u,v,t) = @ (N(-)(’U,u7t) ) +0+k (Ng(u,v,t) )

1
= No(u,v,t) -1 < (a+h) (Ng(v,u,t) B 1) '

Asa<l-k=>a+k<l
= No(u,v,t) =1=u=w.

Hence, u is a unique fixed point of T. ]

4. APPLICATION

Here, we are going to apply our proved results on Fredholm Integral Equations (FIE’s).
Let U = C([0,0], R) be the space of all real valued continuous functions on [0,4] where 0
< 0 € R. Thus, the Fredholm Integral equations are;

)
b(r) = /0 k(7. 5, 6(s))ds (4.1)

5
b(r) = / o, 5,1(s))ds (4.2)

for all ¢, ¥ € U, where 7 € [0,0] and kq, k2:[0,d] x [0,0] x R — R. Thus, the induced
metric dg: U x U — R be defined as;

do(d,0) = sup |p(1) —v(7)* = [l¢ — ¢ (4.3)

T€[0,6]

where 6: U x U — [1,00) defined as 0(¢,1) =1+ ¢ + 9.

The binary operation * is defined as ¢ x d = c¢d, for all ¢, d € [0,0]. An extended fuzzy
cone b-metric Ny : U x U x (0,00) —> [0,1] is given by

t

for t > 0, for all ¢, € U. As it can be easily verified that Ny satisfies all the properties of
extended fuzzy cone b-metric space and hence, a complete extended fuzzy cone b-metric
space.

No(¢,1,t) (4.4)

Theorem 4.1. Given two Fredholm Integral Equations are

)
b(r) = / k(7. 5, 6(s))ds (4.5)

)
b(r) = / o, 5,1(s))ds (4.6)
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where 7 € [0,1] and ¢,v € U. Assume that K1, Ks : [0,1] x [0,1] x R — R are such that
Ay, By € B for every ¢,v € B where

§
Ag(r) = [ (s os)ds (4.7)
5
Ay(r) = [ halrvs)is (4.8)
If there exists 8 € (0,1) such that for all ¢, € U,
[Ag — Ayl < BM(T, ¢,¢) (4.9)

where

M(T, ¢,¢) =max{lly — Tyl |z — Tyl|, ly — Tx|,
tle =Tl + tly = Tal| + ||z — T|| - ly — Ta| }

2 (4.10)

Then, the two integral equations defined in (4.5)-(4.6), have a unique common solution

in U.
Proof. Define T: E — E by
T(¢) = Ap, T(¥) = Ay (4.11)

The FIE in (4.5)-(4.6) have a common solution if and only if T has a fixed point in U.
Now, we have to show that Theorem 3.9 is applied to the integral operator T.

Then, for all ¢, € U, we have the following four cases:

Case 1: If M(T,¢,v) = |ly — Ty|| in (4.10), then from (4.4) and (4.9), we get

1 1
No(To.T9.8) i -
t+ dg(T¢, T?/))
_ b dg(T$, Ty)
/
t
_ dg(Ag, Ay)
t
< ﬁM(T;, b, )
_ Blly = Tyl
o t

1

1 Blly — Tyl
Y NTeTen S 1 (4.12)



Banach Contraction Theorem on Extended Fuzzy Cone b-Metric Space 189

Now,
1 B 1
Nﬁ(yv Tya t) t
t
_ do(y, Ty)
t
_ lly =Tyl
t
1 ly — Tyl
Ne(ya Tya t) 3 ( )
Thus, from (4.12) and (4.13), we get
1 1
—_ 1< _— -1 4.14
NO(T(ZSaTwat) B ﬂ (NG(:%Tyat) ) ( )

for ¢ > ¢ and for all ¢,9 € U such that T¢ # Ti. It is clear that the inequality (4.14)
holds if T¢ = Te. Thus, the integral operator T satisfy all the conditions of Theorem 3.9
with 8 = b and a = k = 0 in V-contraction and have a fixed point i.e. (4.5)-(4.6) have a
common solution in U.

_ e =Tal| +tly = Tl + [l — Ta|| - ly = Tzf|

Case 2: If M(T,¢,v) = 2 in (4.10), then
from (4.4) and (4.9), we get
1 1
NoTo.ToD) t !
t+do(To, TY)
_ (T4, T¥)
t
_ dg(Ag, Ay)
t
_ BM(T,,0)

- t
_ (e =Tzl + tlly = Ta|| + [l — T|| - ly — Tz
_y 2

1 tle — Tzl +tly — Tz| + ||z — Tx|| - ly — T
5 ————1<
No(T9, T, t) =0 ( t?
(4.15)
Now,

1 1
—1= ~1

No(x,Tx,t) * No(y, Tz, t) (t vy Ex’ Tx)) (t T+ dg Ey, T:c))
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(t+ do(z, Tx))(t + do(y, Tx))

= -1
12

td9<x7 TJ?) + td@(ya TQ?) + d9($7 T.’L‘)d@(y, TJZ)

N 1 _q = Uz =Tl +tly — Tz +[lz — Tl - lly — Tz|
No(z,Tz,t) * Ng(y, Tx,t) t2 '
(4.16)
Thus, from (4.15) and (4.16), we get

<3 ! 1 (4.17)
Ny(Top, T, t) ~ "\ Ng(z, Tz, t) * Ng(y, T, t) '

for ¢ > ¢ and for all ¢,9 € U such that T¢ # Ti. It is clear that the inequality (4.17)
holds if T¢ = T1. Thus, the integral operator T satisfy all the conditions of Theorem 3.9
with 8 = a and b = k = 0 in V-contraction and have a fixed point i.e. (4.5)-(4.6) have a
common solution in U.

Case 3: If M(T,¢,v) = ||z — Ty|| in (4.10), then from (4.4) and (4.9), we get

1 1
- =
N0<T¢a vat) t
t
_ do(Ag, Ay)
t
_ BM(T.,v)
- t
_ Blo—Tyl
t
1 Bllz — Tyl
_ < - 4.1
T NI Ty S 4 (4.18)
Now, if min(Ng(x, Ty, t), Ng(y, Txz,t)) = Ng(x,Ty,t), then
L 1= ; 1
min(Ny(z, Ty, t), No(y, Tx,t)) o No(z,Ty,t)
_ dg(l',Ty)
t
-y
t
1 |z — Tyl
1= —. 4.1
= min(No(z, Ty, 0), No(y, T,1)) t (4.19)
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Thus, from (4.18) and (4.19), we get

1 1
= ——-1< —1 4.20
Ng(T(;S,T?/J,t) =# (miH(Ng(l’,Ty,t),Ng(y,T:ZZ,t)) ) ( )
for t > 1 and for all ¢,¢ € U such that T¢ # Te. It is clear that the inequality (4.20)
holds if T¢ = Te. Thus, the integral operator T satisfy all the conditions of Theorem 3.9

with 8 = k and @ = b = 0 in V-contraction and have a fixed point i.e. (4.5)-(4.6) have a
common solution in U.

Case 4: If M(T, ¢,v) = ||y — Tx|| in (4.10), then from (4.4) and (4.9), we get

1 1
- 1= 1
NO(T(ba Twat) ¢
t
oA Ay)
t
_ BM(T6.)
- t
_ Blly- Tz
t
1 Blly — T||
_ 1 < 4.21
T N(T6 TN T i (21
Now, if min(Ng(z, Ty, t), No(y, Tz, t)) = No(y, Tx,t), then
! 1= 71 1
min(NH(xaTyvt)aNﬂ(vaxvt)) B Ne(vaxvt)
_ de(vax)
t
g7zl
t
1 ly — Tz
R i 4.22
- miH(Ng(.’E,Ty,t),Ng(y,T.l‘,t)) t ( )
Thus, from (4.21) and (4.22), we get
IO S TY ! 1 (4.23)
NO(T¢7 T¢7t) - min(Ng(m,Ty,tLNg(y,T;v,t)) .

for ¢ > ¢ and for all ¢,9 € U such that T¢ # Ti. It is clear that the inequality (4.23)
holds if T¢p = T1p. Thus, the integral operator T satisfy all the conditions of Theorem 3.9
with 8 = k and @ = b = 0 in V-contraction and have a fixed point i.e. (4.5)-(4.6) have a
common solution in U.

Hence, combining the results of all cases, the given Fredholm Integral equations have
a solution in U.
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Uniqueness of solution: Let us consider that u is common solution of given integral
equations under T in U i.e. u is fixed under T, implies T(u) = u. Let v be another fixed
point under T i.e. T(v) = v.

For uniqueness,

1 1
B T —
No(u,v,t) No(Tu,Tv,t)

IN

1
-1
“ (Ng(mTu,t) * No(v, Tu,t) )

T
No(v,Tv,t)
1

T (min(Ng(u, To.4), No(0, Tu, 1)) 1)

= a(Ng(u,u,t)iNg(v,u,t) 1)
(550 )
o <min(Ne(u,v,1),N(,(v,u,t)) - 1)
- (wmw 1) 0+ (5ams )
- o9 (e )
1

1
~ Nowon LS <a+’f>(zve<u,m1>

Asa<l-k=a+k<l

= Nyg(u,v,t) =1=u=w.

Hence, u is a unique fixed point of T which implies the uniqueness of solution of given
integral equations. [
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