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1. INTRODUCTION

After introducing the notion of hyperstructure in 1934 by F. Marty in [1], several re-
searchers were involved in this research area. Some worked on the theoretical part of
this area, where they generalized many algebraic structures’ concepts such as hyperfields,
hypervector spaces (see [2—6]). Other researchers worked on applications of this topic in
different fields of sciences (see [7]).

In [5], Roy et al. defined hypernorms on hypervector spaces over the real hyperfield. In
our paper, we extend their definition of hypernorms and consider hypernorms on hyper-
vector spaces over any valued hyperfield. The remainder part of this paper is constructed
as follows: After an Introduction, in Section 2 we present some definitions related to
hyperstructures and results related to both: hyperabsolute values of hyperfields and hy-
pervector spaces over hyperfields that are proved by the authors in [2, 3]. In Section 3,
we define hypernorms on hypervector spaces, investigate their properties and find a nec-
essary and sufficient condition for two hypernorms to be equivalent. Finally, in Section 4,
we discuss bounded linear transformation over hypervector spaces and find relationships
between bounded and continuous linear transformations.
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Copyright © 2022 by TJM. All rights reserved.
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%
Throughout this paper, R is the set of real numbers, K is a Krasner hyperfield, 0 is
the zero of the hypervector space V, 0 is the additive identity of K, |- | is the standard
absolute value of real numbers and /- / is hyperabsolute value of K.

2. PRELIMINARIES

In this section, we present some definitions related to hyperstructures and results re-
lated to both: hyperabsolute values of hyperfields and hypervector spaces over hyperfields
that are used throughout this paper.

Let H be a non-empty set. Then, a mapping o : H x H — P*(H) is called a binary
hyperoperation on H, where P*(H) is the family of all non-empty subsets of H. The
couple (H, o) is called a hypergroupoid. In this definition, if A and B are two non-empty
subsets of H and x € H, then we define Ao B = {J,capcpacd, 104 = {z}o0A
and Aox = Ao {z}. A hypergroupoid (H,o) is called: a semihypergroup if for every
x,y,z € H, we have x o (y o z) = (xz o y) o z; a quasihypergroup if for every x € H,
xo H = H = H oz (this condition is called the reproduction axiom); a hypergroup if it is
a semihypergroup and a quasihypergroup. A Krasner hyperring is an algebraic structure
(R, +, ) which satisfies the following axiom: (1) (R,+) is a commutative hypergroup; (2)
there exists 0 € R such that 0+« = {z} for all € R; (3) for every « € R there exists
unique ' € R such that 0 € z + 2’; (2’ is denoted by —z); (4) z € x 4+ y implies that
y€—x+zand x € z—y; (5) (R,-) is a semigroup having zero as a bilaterally absorbing
element, i.e., -0 = 0-x = 0; (6) the multiplication “.” is distributive with respect to
the hyperoperation “+”. Note that every ring is a Krasner hyperring. A subhyperring
A of a Krasner hyperring (R, +,") is a hyperideal of R if r-a € A (a-r € A) for all
a € A,r € R. A commutative Krasner hyperring (R, +,-) with identity element “1” is a
hyperfield if (R \ {0},-) is a group. Different examples of finite and infinite hyperfields
were constructed.

Example 2.1. Let S = {0, 1,2} and define (S, +) and (5, ) by the following tables:

+ 1011112 -1 0] 1| 2
0 0] 1] 2 0} 0] 0]O0
1 1 S 11012
2 218512 21021

Then (S, +, ) is a hyperfield.
We present the following examples of infinite hyperfields from [3, 9].

Example 2.2. (Triangle hyperfield) Let V be the set of non-negative real numbers
with the following hyperoperations:

a®b={ceV:|a—b <c<a+b},
and
a®b=ab.
Then (V, &, ®) is a hyperfield. Here, the additive identity 0 = 0 and —a = a for alla € V.
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Example 2.3. (Tropical hyperfield) Let T = R U {—oc} with the following hyperop-
erations:

| max{a,b}, if a # b;
a@b—{ {ceT:c<a}, ifa=0b. "~

and

a®b=a+b.
Then (T, ®,®) is a hyperfield. Here, the additive identity 0 = —oco and —a = a for all
a € V. Moreover, the multiplicative identity is 0.

In [2], the authors defined hyperabsolute values of hyperfields as a generalization of the
notion of absolute values of fields. They presented some results related to it and provided
some examples.

Definition 2.4. [2] Let K be a hyperfield and R>g be the set of non-negative real
numbers. A hyperabsolute value of K is a function
/' / K — RZO

satisfying the following conditions for all z,y € K:

(1) /=/ =0 if and only if z = 0;

(2) Jxy/ = /x//y/;

(3) sup/z/.cotry < /x/+ /y/. (Triangle inequality)
Proposition 2.5. [2] Let K be a finite hyperfield and /- / be a hypersbolute value of K.
Then / -/ is the trivial hyperabsolute value of K. i.e., for allx € K,

otherwise.

Example 2.6. [2] Let (V,®, ®) be the Triangle hyperfield and define /- / of V as follows:
For all z € V, /x/ = x. Then /- / is a hyperabsolute value of V.

In [6], Tallini defined hypervector spaces over fields and many authors used her defi-
nition to define new concepts such as basis, linear transformation, hypernorm and many
other. In [3], the authors presented a different definition of hypervector spaces. They

defined hypervector spaces over hyperfields, studied their properties and presented some
examples.

Definition 2.7. [3] Let K be a Krasner hyperfield. A canonical hypergroup (V,+)
together with a map - : K x V — V, is called a hypervector space over K if for all
a,b € F and z,y € V, the following conditions hold: (1) a-(z4+y) =a-z+a-y; (2)
(a+b)-z=a-z+b-2; 3 a-(b-z)=(ab)-z; (4) a-(—z) = (—a) -z = —(a-2z); (5)

r=1 x.
Example 2.8. [3] Let (K,+,-) be a hyperfield, E be a non-empty set and K be the

set of all functions from E to K. Then K¥ is a hypervector space over K. Where
x: K x K¥ — K¥ is defined as follows: For all f,g € K¥ k,z € K,

(f +9)(x) = f(x) + g(x) and (k* f)(x) = k- f(2).

Proposition 2.9. [3] Let K be a hyperfield and (V,+) be a hypervector space over K. A
non-empty subset W C V is subhyperspace of V if and only if a-z+b-y C W for all
z,y € W and a,b € K.
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Definition 2.10. [3] A subset S = {v1,va, - ,v,} of a hypervector space V over a
hyperfield K is said to basis for V if it is linearly independent and it spans V. We
say that V is finite dimensional if it has a finite basis. Otherwise, it is called infinite
dimensional.

3. HYPERNORMED VECTOR SPACES AND EQUIVALENT HYPERNORMS

Inspired by the definition of norm of a vector space, we define hypernorm of hypervec-
tor space, prove its properties and present some examples.
Throughout this section, V' is a hypervector space over a valued hyperfield K with hy-
perabsolute value /- /.

3.1. HYPERNORMED VECTOR SPACES

A hypernormed vector space is a hypervector space where each vector is associated
with a “length”.

Definition 3.1. Let K be a hyperfield and V' a hypervector space over K. A hypernorm
on V is a function
-]l V—R
satisfying the following conditions for all z,y € V, a € K:
(1) If ||z|| = 0 then x = ﬁ;
(2) llaz|| = /a/lx]];

(3) supl|zllzeaty < [lz][ + |[y]|- (Triangle inequality)
Moreover, (V, || -||) is called hypernormed vector space.

Proposition 3.2. Let K be a finite hyperfield and V' be a hypervector space over K. If
there exists v > 0 such that for all x € V:

[ et T

|l = o

0, ifx=20.

Then || - || is a hypernorm on V.

Proof. Tt is clear that if ||z|| = 0 then z = 7. Proposition 2.5 asserts that /k/ = 1 fgr>
all k € K_\> {0}. We get now that ||kz|| = r = /k/||ic>|\ Let z_)e r4+y fao=y=20
then z = 0 and hence ||z]| =0 <||z|| + ||y||- Tx # O or y # O then either ||z|| =0 or

|2l = 7. Thus, ||z[| < [l[| +[ly]] .
Example 3.3. Let K be a valued hyperfield. Define || - || on K¥ as follows: for all
feK”,

Il = sup{/f(z)/ - x € E}.
We show that || - || is a hypernorm on K. Let f,g € K¥ and k € K.

o If ||f]| = 0 then /f(x)/ = 0 for all x € E. It follows, from Definition 2.4, that
f(x) =0 for all z € E and hence, f is the zero of K¥.

o ||kfl| =sup{/af(z)/:x € E} =sup{/a//f(x)/ :x € E} = Ja/sup{/f(x)/ : x €
E} = /a/|f]]-

o ||f+gll =sup{/f(z) +g(z)/ :x € E} <sup{/f(z)/ :x € E} +sup{/g(x)/ :x €
E} =[£Il + llgll-
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Example 3.4. Let V be a finite dimensional hypervector space over a valued hyperfield
K and B = {ey,...,e,} be a basis for V. Define || - || on V as follows: for all v € V,

oIl = 1> cieil| = max{/e;/ : 1 <i < n}.
=1

Then it easy to see that || - || is a hypernorm on V.

Definition 3.5. Let K be a hyperfield and V' a hypervector space over K. A semi-
hypernorm of V is a function

-]l V—R
satisfying the following conditions for all z,y € V, a € K:
%
(1) IE[| O] = 0;
(2) llaz|| = /a/lx]];

(3) supl|z|leoty < ||| +[lyll. (Triangle inequality)

Example 3.6. Let K be a valued hyperfield, a € E and |E| > 2. Define || - || on K as
follows: for all f € K,

Al = /f(a)/.

Then it is clear that || - || is a semi-hypernorm on K¥ that is not a hypernorm.
Proposition 3.7. Let || - || be a (semi) hypernorm on V. Then
%

(1) [[0]] = 0;

@ ll-all=10ell:

(3) inf||kx — ky|[ = /k/inf ||z — y||;

(4) [|=]| = 0.
Proof.

. =d . —
e Proof of 1. Since Ov = 0 ([3]) for all v € V, it follows that || 0| = ||0v|| =
/0/|Jo]] = 0.

e Proof of 2. In [2], the authors proved that / — 1/ = 1 We get that || — z|| =
(=Dz[| = / = 1/[[z]| = ||2[I;

e Proof of 3. Let z € z —y, t € kax — ky such that ||z|| = inf|jz — y|| and
[|It|| = inf ||kx — kyl||. Since z € x — vy, it follows that kz € k(z — y) = kx — ky.
Thus, ||t|| = inf ||kz — ky|| < ||kz|| = /k/||#]|- Since t € kx — ky, it follows that
k=% € k=Y (kx — ky) = x — y. Thus, ||z|| = inf ||z — y|| < ||| = ﬁ”t”

e Proof _(})f 4.6> € —x + x for all x € V. The Triangle inequality implies that
0=1[10[l <] ==+ [lz|| = 2{|]]. =

Proposition 3.8. (Generalized Triangle inequality.) Let V be a hypervector space, n be
a positive integer greater than 1, || - || be a (semi) hypernorm on V and x; € V for all
1=1,2,...,n. Then

supl|zl|zeas tart. 4 < la]l + [z2l| + .o+ |2l

Proof. We prove by induction on the value of n. For n = 2, the proof follows from
Definitions 3.1 and 3.5, Condition 3. Suppose that sup||z||.cz,+zot.. 4wn_r < ||21]] +
llzal| + ... + ||xn—1|] and let ¢ € z1 + 22 + ... + Tp—1 + =,. Then there exists z €
r1+ 2o+ ...+ x,_1 such that t € z + x,,. Condition 3 in both Definitions 3.1 and 3.5,
asserts that [|2]] < [|t]] + [zall. Thus, [[2]] < llo1]| + lleall + . + sl + [lzall. =
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Proposition 3.9. Let V be a hypervector space, || - || be a (semi) hypernorm on V and
z,y € V. Then
inf|lzllzea—y 2 ||l = lylll.

Proof. Suppose that z € z —y. By using the definition of a hypervector space, we obtain
that * € z 4+ y and y € # — z. The Triangle inequality implies that ||z|| < ||z]| + ||y]]

and that [[y|| < [|lz|| + || = 2|| = [|z|| + [|2]|. We get that ||z|| — [ly[| < |[z|| and that
Iyl = llz]] < [lz[|. Thus, ||z[| = |[[=]| — [lyll]. =
Proposition 3.10. Let || -|| be a semi-hypernorm on V and define N as follows:

N={veV:|j|=0}
Then N is a subhyperspace of V.
Proof. Let u,v € N,a,b € K. Then 0 < |lau+bv|| < ||aul||+]||bv|| = /a/||u||+/b/||v|] = 0.

We get that ||au + bv|| = 0 and hence, au + bv C N. L]
Proposition 3.11. Let || - || be a semi-hypernorm on V and N = {v € V : ||v|| = 0}.
Define || -||" on V/N as follows:

[lv+ NI = [fo]]-

Then || - ||' is a hypernorm on the quotient hypevector space V/N.

Proof. We show that the conditions of Definition 3.1 are satisfied for || - ||’. Let u,v € V
and a € K.
e Condition 1. Let ||[v + N||' = 0. We get that ||v|| = 0, and hence, v € N. Thus,
v+ N =N.
e Condition 2. ||a(v+ N)||' = |lav + N||' = ||av|| = /a/|v|| = /a/||v + N||'.
e Condition 3. {sup|lz+ N||': 2+ N €u+N+v+ N} = {supllz|]| : z+n C
u 4+ v + n for some n,n’ € N}. The latter implies that there exists t € z +n’
such that t € u +v +n. We get now that z € t —n’ Cu+v+n—n'. Since

2]l < l|wll + [[ol] + [Inl| + [[2']| and [[n/|[ = [In]| = 0, it follows that ||z + NI <
[|[u+ NI|"+ [lv+ NJ|".
Therefore, || - || is a hypernorm on V/N. n

3.2. EQUIVALENT HYPERNORMS

Definition 3.12. Let V be a hypervector space and d : V x V. — R>q. Then (V,d) is
called hypermetric space if for all x,y,z € V, the following conditions are satisfied.

(1) d(z,y) = 0 if and only if x = y;
(2) d(z,y) = d(y, x);
(3) d(z,2) < d(x,y) + d(y, 2).

Example 3.13. Let V' be any hypervector space and define d : V xV — Rx( as follows:

|0, ifzx=uy;
d(z,y) = { 1, otherwise.

Then (V,d) is a hypermetric space.

Proposition 3.14. Let (V,||-||) be a hypernormed vector space. Defined on'V as follows:
d(z,y) = inf ||z — y/|.

Then (V,d) is a hypermetric space.
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Proof. Let x,y,z € V. We show that conditions of Definition 3.12 are satisfied.

e Having Teor—aforallzeV implies that d(z,z) = inf ||z — z|| = ||6>|| = 0.
Let d(z,y) = inf ||z — y|| = 0. Then there exists z € z — y such that ||z|] = 0.
The latter implies that z = 0 and having ﬁ € x — y implies that z = y.

o Sinceinf ||kz—ky|| = /k/inf ||z—y|| for all k € K (Proposition 3.7) and /—1/ =1,
it follows that d(x,y) = inf ||z — y|| = inf ||y — z|| = d(y, x).

e To prove that d(z, z) = inf ||z — z|| < d(z,y) +d(y, z) = inf ||z — y|| +inf ||y — z||,
we may use a proof that is similar to that of Theorem 3.4 in [5]. u

In what follows, the hypermetric space that we are using is that induced by the hyper-
norm on the hypervector space V, i.e., d(z,y) = inf || — y|| for all z,y € V.

Definition 3.15. Let (V,d) be a hypermetric space. We define the open balls, B,.(z) in
V' as follows: For z € V,r > 0,

B.(z)={y eV :d(z,y) <r}.
Open subsets in V are defined to be union of open balls in V.

Example 3.16. Let K be a finite hyperfield and (V,]| - ||) be the hypernormed vector
space over K that is defined in Proposition 3.2. Let z € V and s > 0. Then

Bs(az){ {a}, ifs<r

V, if s >r.
Thus, || - || induces the power set topology on V. (Every singleton set in V' is open).

Definition 3.17. Let V' be a hypernormed vector space and || - ||1, || - ||2 be hypernorms
on V. Then || - ||y and || - ||2 are equivalent hypernorms on V if they induce same metric
topology in V.

Lemma 3.18. Let ||-|| and ||-||" be hypernorms on V. If there are positive real numbers
A, B such that A||z|| < ||z||" < Bl|z|| for all z € V. Then || - || and || - ||" are equivalent
hypernorms on V.

Proof. Tt suffices to show that open balls in (V.|| - ||) are open subsets in (V,]| - ||') and
vice-versa. Let z € V and r,s > 0, B.(z) = {y € V :inf ||z — y|| < r} is an open ball in
(V|- |) and Bi(z) ={y € V :inf ||z — y||’ < s} is an open ball in (V||| -||"). We need to
show that B,(x) is open in (V,||-[|') and that B](z) is open in (V|| - ||). Since ||z|| < 7
implies that ||z||" < r, it follows that inf ||z — y|| < & implies that inf ||z — y||" < 7.
Thus, any open ball around z in (V,|| - ||') contains an open ball around z in (V|| - ||).
We deduce that any open ball in (V,||-||’) is an open subset in (V,||-|]). In a similar
manner, we prove that any open ball around z in (V, || - ||) contains an open ball around

@ in (V[ -"). .

Lemma 3.19. Let K be a hyperfield with non-trivial hyperabsolute value, V be a hy-
pervector space over K and || -||,]| - ||" be equivalent hypernorms on V. Then there are
positive real numbers A, B such that Al|z|| < ||z||" < Bl|z|| for allx € V.

%
Proof. LE;G [l -1],]] - ||" be equivalent hypernorms on V. Then B;( 0) is open in (V.|| - ||")
and B1(0) is open in (V, || -||). We get that there exist r, s > 0 such that

eV ol <rt C{veV || <1} =B(0),
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and
weV:|v||<stC{veV:|| <1} =B (0).

Having /- / a non-trivial hyperabsolute value on K implies that there exist v € K with
/v/ # 1. If Jy/ <1 then /y71/ = ﬁ > 1. Thus, there exists v € K such that /v/ > 1.
One can easily see that /y/™ — oo as n — oo and /v/" — 0 as n — —oo (as
/v/ > 1). We deduce that every positive real number is either equal to /v/™ for some
n € N or between /v/™ and /v/"*! for some n € N. Let v € V. Then there exist n € N
such that

" < el <

We get that ||,Yn%v|| = WHUH <s.Since {v eV ||| <stC{veV: v <1},it

follows that Hﬁv”’ < 1. The latter implies that |[v||" < /4" T/ = /v//v/" < /Zf/HvH

Thus, B = % In a similar manner, we find A = /Z—/ ]

Theorem 3.20. Let K be a hyperfield with non-trivial hyperabsolute value, V be a hy-
pervector space over K. Then ||-||,|| - || be equivalent hypernorms on V if and only if
there are positive real numbers A, B such that Al|lz|| < ||z||" < B||z|| for allz € V.

Proof. The proof results from Lemmas 3.18 and 3.19. n

Corollary 3.21. The relation ||-||1 ~ || |l2 < || |l1 and ||-||2 are equivalent hypernorms
on V', is an equivalence relation.

Proof. The proof is straightforward by using Theorem 3.20. ]

4. BOUNDED LINEAR TRANSFORMATIONS

In this section, we define bounded linear transformation over hypernormed vector
spaces, use the definitions of Cauchy and convergent sequences and find the relation-
ships between them and bounded (continuous) linear transformations.

Definition 4.1. [3] Let U,V be two hypervector spaces over a hyperfield K and T : U —
V. Then T is a linear transformation if for all x,y € U and a € K: (1) T(z 4+ y) =
T(x) +T(y); (2) T(ax) = aT(x).

Proposition 4.2. [3] Let U,V be two hypervector spaces over a hyperfield K and T :
U— V. Then T is a linear transformation if and only if T (ax + by) = oT'(x) + T (y) for
allz,y €U and a,b € K:

PropositioE> 4.3. [3] Let T : U — V be a linear transformation. Then ker(T) = {z €
U:T(x)= 0} is a subhyperspace of U.

Definition 4.4. [5] Let B be a hypernormed vector space, || - || be a hypernorm on V'
and (z,) be a sequence in V. Then (z,) is said to converge to z € V (x,, — x) if the
following assertion holds:

For every € > 0, there exists a natural number N such that inf ||z, — z|| < € for all
n > N.
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Definition 4.5. [5] Let B be a hypernormed vector space, || - || be a hypernorm on V
and (z,) be a sequence in V. Then (z,) is said to be Cauchy if the following assertion
holds:

For every € > 0, there exists a natural number N such that inf ||z, — z,|| < € for all
m,n > N.

Example 4.6. Let V be a hypernormed vector space, || - || be a hypernorm on V' and
2z € V. The constant sequence () is convergent. This is because d(x,z) = inf ||z — z|| =
0<e.

Proposition 4.7. [5] Let V' be a hypernormed vector space, || - || be a hypernorm on V.
Then every convergent sequence in V is Cauchy.

Proposition 4.8. Let V be a hypernormed vector space, ||-|| be a hypernorm on V. Then
every convergent sequence in V' has a unique limit.

Proof. Let z and y be two limits for (x,) and let ¢ > 0. Then there exists a natural
number N such that inf ||z, — z|| < €/2 and inf ||z, — y|| < €/2 for all n > N. Since
inf ||z — y|| < inf||x, — z|| + inf ||z, — y|| <€, it follows that there exists z € x — y such

that ||z|]| = 0. We get that 0 =z € x — y. Thus, z = y. u

Definition 4.9. [5] Let V' be a hypernormed vector space, || - || be a hypernorm on V.
A sequence (z,,) in V is said to be bounded if there exists M > 0 such that ||z,|| < M
for all n € N.

Proposition 4.10. [5] Let V' be a hypernormed vector space, ||- || be a hypernorm on V.
Then every convergent sequence in V' is bounded.

Proposition 4.11. [5] Let V' be a hypernormed vector space, ||- || be a hypernorm on V.
Then every Cauchy sequence in V is bounded.

We present an example of a bounded sequence in a hypernormed space that is not
convergent.

Example 4.12. Let F = {a,b} and S = {0,1,2} be the hyperfield defined in Example
2.1. Let f,g : E — K be defined by: f(a) =0, f(b) = 1,g(a) = 1,9(b) = 0. Define
the hypernorm || - || defined in Example 3.4 on K¥ = {0, f,g,2f,2g9, f + g, f + 29,2f +
9,2f +2g}. Let {f,g,f,g,...} be asequence in K¥. It is clear {f, g, f,g, ...} is bounded
as ||fll = |lgl| = 1. To prove that it is not convergent, it suffices to show that it is not
Cauchy. The latter is clear as inf || f — g|| = 1.

Proposition 4.13. Let V,W be hypervector spaces over K and L(V,W) be the set of all
linear transformations from V to W. Then L(V,W) is a hypervector space over K.

Proof. One can easily see that the properties of hypervector space presented in Definition
2.7 are satisfied for L(V, W). (]

Definition 4.14. Let (V|| - |1), (W,]| - ||2) be hypernormed vector spaces over K and
T € L(V,W). Then T is a bounded linear transformation if there exists M > 0 such that
[|IT(x)]|2 < M||z||; for all z € V.

Proposition 4.15. Let (V|| - ||1), (W, ]| - ||2) be hypernormed vector spaces over K and
BL(V,W) be the set of all bounded linear transformations from V to W. Then BL(V, W)
is a subhyperspace of L(V,W).
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Proof. Let S,T € BL(V,W), z € V and a,b € K. Then there exist M > 0 such
that ||T(z)||2,|]S(z)|]2 < M. We need to show that aS + bT € BL(V,W). ||(aT +
bS)(x)||2 = ||aT (x) + bS(x)||2. Since (W, || -|]2) is a hypernormed vector space, it follows
that [|(aT +bS)@)l|2 < /a/ [T (@)ll2 + /B/IS@)ll2 < (Ja/ + [b/)M. Thus, a + bT is
bounded. [

Definition 4.16. Let (V|| - |1), (W,]| - ||2) be hypernormed vector spaces over K and
T € BL(V,W). The norm of T is defined as follows:

71l = sup 1T 5 e v (T,

Proposition 4.17. Let (V|| -|1), W, || - |l2) be hypernormed vector spaces over K and
T:V — W be a bounded linear transformation. Then ||T|| = sup{||T(z)||2 : ||z|l1 =
1 and x € V}. Moreover, ||T|| = min{M > 0: ||T(z)||2 < M||z||1 for all z € V}.

Proof. The proof is straightforward. n

Proposition 4.18. Let T, S be a bounded linear transformations such that SoT is defined.
Then ||S o T|| < [|S[[||T}]-

Proof. Let T : (U, ||"|l1) — (V,1ll2), T : (V]|]l2) — (W, ||:||3) and « € U. We have that
S oT(x)l|s = [|S(T(x))lls < [[SIT(x)|]2 < [ISIT[|||z]]1. Thus, [[SoT|| < [|S||T|]. =

Definition 4.19. Let (V,||-|]1), (W,||-||2) be hypernormed vector spaces over K, g € V
and T : V — W. Then T is said to be continuous at xq if for all € > 0 there exist § > 0
such that the following holds:

||z = zol| <6 = [|T(z) = T(zo)[| <e.
Theorem 4.20. Let T be a linear transformation. Then T is bounded if and only if T is

., —
continuous at 0 .

Proof. If T is the zero transformation, we are done. We suppose that T is not the zero
transformation so that ||T|| # 0. Let T be a bounded linear transformation, v € V' and
€>0. Take 0 = gy > 0. If [|v|]1 < & then ||T(v)|]2 < e.

%
Let T be continuous at 0. Then for every € > 0 there exists ¢ > 0 such that |[v||; < ¢

implies ||T'(v)||2 < e. Let u = QHUII Then [|u|l; = § <6 and
2||v||1 2¢
IT@)l = IT ()l < Il
2|| | 6
We obtain that ||T|| < 2¢ and hence, T' is bounded. u

Theorem 4.21. Le_t)T be a linear transformation. Then T is continuous if and only if
T is continuous at 0 .

Proof. If T is continuous then T is continuous at 0
Let T be continuous at 0 0 >0 and y € V such that inf ||z — y||; < J. We have that
I7@) = T)ll2 = 11T~ 9)llz = (Tl < 2 € 2 —y}. Since inf [z — ylly <, it follows

that there exist z € x — y such that ||z||; = inf ||z — y||1 < . Having T continuous at 0
implies that ||T(2)]|2 < e. Thus, inf ||T(z) — T(y)|l2 < ||T(2)]]2 < €. L]

Theorem 4.22. Let T be a linear transformation. Then the following are equivalent:
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(1) T is continuous; .
(2) T is continuous at O ;
(3) T is bounded.
Proof. The proof results from Theorems 4.20 and 4.21. [

Proposition 4.23. Let T : V — W be a continuous linear transformation and (x,) be
a Cauchy sequence in V. Then (T(xy,)) is a Cauchy sequence in W.

Proof. If T is the zero transformation, we are done. We assume that T is not the zero
transformation so that ||T|| # 0. Since T is a continuous linear transformation, it follows
that T is bounded. Let (x,) be a Cauchy sequence in V and € > 0 such that inf ||z, —
Tl < mrr- We get that inf ||T(xn) — T(xm)|l2 = inf |T(zn, — zm)||2 < ||T|inf ||z, —
Tl <e. (]
Theorem 4.24. Let T : V — W be a linear transformation and (x,) be a sequence in
V. Then T is continuous if and only of the following holds:

Ty — ¢ = T(x,) — T(z).
Proof. Let T be a continuous linear transformation, z € V, ¢ > 0 and =, — x in V.
For every ¢ > 0, there exists N € N such that inf ||z, — z||; < § for all n > N. Since

T is continuous at z, it follows that inf ||T(z,) — T(z)||2 < € for all n > N. Thus,
T(zy,) — T(x).

Let y € V and z, — © = T(x,) — T(z). Suppose, to get contradiction, that T is
not continuous at y. Then there exists € > 0 such that for every 6 > 0, the following
holds

inf|lz —yl) <§d = inf||T(z) — T(y)|| > e
By setting 6 = 1, we get that

. 1 .
inf ||z, —y|1 < - = inf ||T(x,) — T(y)|| > e
The latter contradicts our hypothesis. [ ]

Definition 4.25. Let T : V. — W be a linear transformation and M be a subhyperspace
of V. M is said to be closed subhyperspace if (x,) C M and z, — x then x € M.

Proposition 4.26. Let T : V. — W be a continuous linear transformation. Then
Ker(T) is a closed subhyperspace of V.

Proof. Proposition 4.3 asserts that Ker(T) is a subhyperspace of V. Let (z,,) C Ker(T)
such that x,, — z. Since T is continuous, it follows by Theorem 4.24 that 0 = T'(z,,) —
T(z). And having ﬁ — 6), we get by using the uniqueness of limits (Proposition 4.8)
that T'(z) = 0. Thus, z € Ker(T). L]
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