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Abstract The main purpose of the present paper is to introduce and study the notion of intuitionistic
fuzzy b-metric spaces (shortly, IFbMS). In this way, we generalize both the notion of intuitionistic fuzzy
metric spaces and fuzzy b-metric spaces. Further, the formulation and proof of intuitionistic fuzzy b-
metric versions of some conventional theorems regarding fixed points via intuitionistic fuzzy sets are
presented. In order to show the strength of these results, some motivating examples are established as

well.
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1. INTRODUCTION

Fixed point results provide tremendous circumstances in the study of mathematical
analysis under which the solutions of linear and non-linear operator equations can be
approximated. The theory itself is a beautiful mixture of analysis, topology, and geometry.
As a result, the theory of fixed points has been revealed as a very powerful and important
tool in the study of nonlinear phenomena. In particular, fixed point techniques have been
applied in such diverse fields as biology, chemistry, economics, engineering, game theory,
and physics.

In 1922, the Polish mathematician Stefan Banach formulated and proved a theorem
which ensured the existence and uniqueness of a fixed point in a complete metric space X
of the self map f on X with contractive condition d(fz, fy) < « d(x,y), where o € (0, 1).
This result is known as Banach’s fixed point theorem. In 1962 Edelstein used the compact
metric space with contractive condition d(fz, fy) < d(z,y) to show the existence of unique
fixed point. Since contractive condition deduces the uniform continuity of an operator
f, so it was a natural question to raise the concern about existence of fixed point in the
absence of continuity of f. In 1968 Kannan answered this question by the introduction of
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Kannan contractive condition. Dhompongsa and Kumam [1], gave an elementary proof
of the Brouwer fixed point theorem in 2019.

Fuzzy sets were introduced by Zadeh [2] in 1965 to represent/manipulate data and
information possessing nonstatistical uncertainties. It was specifically designed to mathe-
matically represent uncertainty and vagueness and to provide formalized tools for dealing
with the imprecision intrinsic to many problems. In 1975 Kramosil and Michalek [3]
have introduced and studied the notion of fuzzy metric space with the help of continuous
t-norm, which is modified by George and Veeramani [4] in 1994 in order to generate a
Hausdorff topology induced by fuzzy metric. Ljubisa D. R. Koéinac [5] defined subspaces
of fuzzy metric spaces and introduced some boundedness properties in connection with
fuzzy metric to investigate selection principles in these spaces (see also [6]). Abdullahi et
al. [7] and Gupta et al. [8], found L-fuzzy fixed points and fixed point results in V-fuzzy
metric space respectively. Gregori et al. [9], worked on fixed point theorems in extended
fuzzy metrics.

The concept of b-metric was introduced by Bakhtin [10]. The class of b-metric spaces
is larger than that of metric spaces. Shoaib et al [11] formulated and proved fixed point
theorems for fuzzy mappings in a b-metric space. Kumam [12], Phiangsungnoen et al.
[13, 14] worked on fixed point theorems for fuzzy mapping in b-metric spaces. Chaiporn-
jareansri [15] and Konwar and Debnath [16], established and proved fixed point and co-
incidence point theorems for expansive mappings in partial b-metric spaces. Mukheimer
[17], formulated and proved some common fixed point theorems in complex valued b-
metric spaces. Recently in 2016 Nadaban [18] introduced the concept of fuzzy b-metric
space and agreed that the study of operators in fuzzy b-metric spaces will obtain a lot of
applications both in Mathematics as well as in Engineering and Computer Science. Many
wonderful and valuable fixed point results in b-metric spaces and fuzzy metric spaces
have been established and proved (see [12-14, 19-23]). Moreover, some valuable fixed
point results in extended fuzzy metrics [9], V-fuzzy metric spaces [3] and parametric and
fuzzy b-metric spaces [24] have been formulated and proved. Singh et al. [25], worked on
n-tupled coincidence and fixed point results in partially ordered G-metric spaces. Hussain
et al. [24], established fixed point results for various contractions in parametric and fuzzy
b-metric spaces. In 2004, Park [20], using the idea of intuitionistic fuzzy sets, defined the
notion of intuitionistic fuzzy metric spaces with the help of continuous t-norm and con-
tinuous t-conorm as a generalization of fuzzy metric space due to George and Veeramani
[4, 27]. In 2006, C. Alaca, D. Turkoglu and C. Yildiz [28] extended fixed points theorems
in intuitionistic fuzzy metric spaces. Konwar and Debnath [29], fomulated coincidence
point results for contractions in intuitionistic fuzzy n-normed linear spaces. In this paper
we have established some conventional fixed point theorems in the setting of complete
intuitionistic fuzzy b- metric spaces. The structure of the paper is as follows:

After the preliminaries, in section 3, the notion of intuitionistic fuzzy b-metric spaces
has been defined and this concept is explained with the help of a comprehensible example.
The conceptual definitions of convergent sequence, Cauchy sequence and topology induced
by an intuitionistic fuzzy b-metric space are presented as well. In section 4 we formulate
and prove our main results concerning fixed point theorems of contractive mappings in
IFbMS and establish some non-trivial examples to justify the validity of our results.

2. PRELIMINARIES

For the reader’s convenience, some definitions and results are recalled.
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The concept of b-metric space was introduced by I. A. Bakhtin [10] and extensively
used by S. Czerwic [30].

Definition 2.1 ([30]). Let X be an arbitrary non empty set and s > 1 be a given real
number. A function d : X x X — [0,00) is a b-metric on X if, for all z,y,z € X the
following conditions are satisfied:

(b1) d(z,y) =0 <=z =y;

(b2) d(z,y) = d(y,z);

(bs) d(z, 2) < s[d(x,y) + d(y, 2)].
The triple (X, d, s) will be called b-metric space.

Example 1 [31]: The space [,,(0 < p < 1),

I, ={(zn) CR: Z |z, P < oo},
n=1

together with a function d : I, x I, = R

d(w,y) = (D len —yal") 7,

B =

where x = (z,,), ¥y = (yn) € [, is a b-metric space. By an elementry calculation we obtain
that

d(z,2) < 2v [d(z,y) + d(y,2)].

Heres:Q% > 1.

Example 2 [31]: The space L,(0 < p < 1), of all real functions z(t),¢ € [0, 1] such that
fol |z(t)|Pdt < oo, is b-metric space if we take

1 1
d(z,y) = | / l2(t) — y(0)|Pdf] 7,

for each =,y € L.

Remark: Note that a (usual) metric space is evidently a b-metric space.

However Czerwik [30, 32] has shown that a b-metric on X need not be a metric on X.

Definition 2.2 ([2]). Let X be an arbitrary non-empty set. A fuzzy set in X is a function
with domain X and values in [0,1]. If A is a fuzzy set and = € X, then the function-value
A(z) is called the grade of membership of x in A. F(X) stands for the collection of all
fuzzy sets in X unless and until stated otherwise.

Definition 2.3 ([33]). Let X be a non-empty set. An intuitionistic fuzzy set is defined
as:

A={zeX:(ua(z),va(z))},
where pa : X — [0,1] and v4 : X — [0, 1] denote the degree of membership and degree
of non-membership of each element = to the set A respectively such that

0 <pa(r)+valz) <1, VrelX.
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Definition 2.4 ([28]). A binary operation * : [0,1] x [0,1] — [0, 1] is called continuous
triangular norm (t-norm) if it satisfies the following conditions:

1. x is associative and commutative;

2. % is continuous;

3. ax1=a,Va € [0,1];

4. if a < cand b < d with a,b,¢,d € [0,1], then axb < ¢ d.

Example: Three basic t-norms are defined as follows:
(1) The minimum t-norm, a *; b = min(a, b),
(2) The product t-norm, a %2 b = a.b,
(3) The Lukasiewicz t-norm, a *3 b = max(a +b—1,0).

Definition 2.5 ([28]). A binary operation < : [0,1] x [0, 1] — [0, 1] is called continuous
triangular conorm (t-conorm) if it satisfies the following conditions:

1. < is associative and commutative;

2. { is continuous;

3. a0 = a,Va € [0,1];

4. ab < ¢dd, whenever a < c and b < d Va,b,c,d € [0,1].

Example: Three basic t-conorms are given below:
(1) ad1b = min(a + b, 1);
(2) ad2b=a+b— ab;
(3) asb = maz(a,b).

Definition 2.6 ([3]). (Kramosil and Michalek) The triple (X, M, ) is said to be fuzzy

metric space if X is an arbitrary set, * is a continuous t-norm and M is a fuzzy set on
X2 x [0,00) such that Vz,y, 2 € X we have:

) xy,)—O;

(ML) M(

(M2) M(z,y,t) =1,Vt > 0 iff z = y;

(M3) M(z,y,t) = M(y,x,t) V1> 0;

(M) M(z, 2+ 5) > M(z,y,1) « M(y, 2,8),¥ £, 5 > 0;

(M5) M(x,y,.) : [0,00) — [0, 1] is left continuous and lim; ,oo M (z,y,t) = 1.

Lemma ([34]). Let (X, M, *) be a fuzzy metric space. Then M(zx,y,.) : [0,00) — [0,1] is
non-decreasing, Vx,y € X.

Example [1]: Let (X, d) be a metric space and axb = ab (or axb = min(a,b)),Va,b € [0,1]
and let My be fuzzy set on X2 x [0, 00), defined as follows:

—t — if t>0
My(z,y,t) =  tHd@y) !
a(@y,1) {0, it =0

This metric is called standard fuzzy metric induced by a metric d.

Definition 2.7 ([5]). (Subspace) If (X, M, ) is a fuzzy metric space and Y C X, then
(Y, My, %), where My = M[Y? x (0,00), is also a fuzzy metric space and it is called the
fuzzy metric subspace (or shortly fm-subspace) of (X, M, ).

Definition 2.8 ([18]). Let X be a nonempty set. Let s > 1 be a given real number and
* be a continuous t-norm. A fuzzy set M on X x X x [0,00) is called fuzzy b-metric if,
for all z,y, z € X the following conditions hold:

(bM1) M (z,y,0) = 0;
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(bM2) M(z,y,t) =1,Vt > 0 if and only if z = y;
(bM3) M (z,y,t) = M(y,z,1t),Vt > 0;
(bM4) M(x z, s(t+u)) > M(z,y,t) * M(y, z,u),Vt,u > 0;

(bM5) M(x,y,.) : [0,00) — [0, 1] is left continuous and lim; oo M(x,y,t) = 1.
The quardruple (X, M, x, s) is said to be fuzzy b-metric space.

Remark: The class of fuzzy b-metric spaces is larger than the class of fuzzy metric
spaces, since a fuzzy b-metric space is fuzzy metric space when s = 1.

Example [18]: Let (X,d,s) be a b-metric space and a * b = min(a,b), Ya,b € [0,1] and
let My be a fuzzy set on X2 x [0, 00), defined as follows:

—t — if t>0
My(z,y,t) = { Fa@y
a(@y,1) {0, it =0

Then (X, My, *, s) is standard fuzzy b-metric space.
Theorem ([18]). Let (X, M, x*,s) be a fuzzy b-metric space. Forx € X, r e (0,1),¢t>0,
an open ball is defined as:
B(z,rt)={ye X : M(z,y,t) >1—r}.
Then
vy ={UCX:xzeU iff 3t>0, re(0,1): B(z,r,t) CU}
is a topology on X, where P(X) is the power set of X.

Definition 2.9 ([18]). Let s > 1 be a given real number. A function f : R — R will be
called s-nondecreasing if t < u implies that f(¢) < f(su).

Proposition ([18]). Let (X, M, x*,s) be a fuzzy b-metric space. Then M (z,y,.) : [0,00) —
[0,1] is s-nondecreasing, Vz,y € X.

3. INTUITIONISTIC FUZZY B-METRIC SPACE

Definition 3.1. A 6-tuple (X, M, N, *, <, s) is said to be an intuitionistic fuzzy b-metric
space (IFbMS), if X is an arbitrary set, s > 1 is a given real number, * is a continuous
t-norm, <) is a continuous t-conorm, M and N are fuzzy sets on X2 x [0,00) satisfying
the following conditions: For all z,y,z € X,

(a) M(z,y,t) + N(z,y,t) < 1;

(b) M(z,y,0) = 0;

(¢) M(z,y,t)=1,¥Yt >0 iff x=uy;

(d) M(z,y,t) = M(y,z,1),V ¢ > 0;

(e) M(z,z,s(t+u)) > M(z,y,t) * M(y,z,u),¥ t,u > 0;

(f) M(z,y,.): [0,00) — [0,1] is left continuous and lim;_, o, M (z,y,t) = 1;
(g) N(z,y,0) = 1;

(h) N(z,y,t) =0,Vt>0 iff z=y;

(i) N(2,9,6) = N(y,21), 1 > 0

() Nz, 2, 5(t + ) < N(@, g, )ON (g, 2 ), ¥ £, u > 0;

(k) N(z,y,.): [0,00) = [0,1] is right continuous and lim;_,~, N(z,y,t) = 0.
Here, M(z,y,t) and N(x,y,t) denote the degree of nearness and the degree of non-
nearness between x and y with respect to ¢ respectively.
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Example 3.2. Let (X,d, s) be a b-metric space and a * b = min(a,b), adb = max(a,b)
Va,b € [0,1] and let My , Ny be fuzzy sets on X2 x [0, 00), defined as follows:

—t _ if t>0
M z, ,t — ) t+d(z,y)’
4@y t) {0, it t=0,

and

t+d(z,y)’

dowv) i >0
Ny(x,y,t) =
(@9 ?) {1, it =0
We check only axioms (e) and (j) of definition (3.1), because verifying the other conditions
is standard. Let x,y,z € X and t,s > 0. Without restraining the generality we assume

that
Md(‘r,yﬂf) < Md(y,Z,U) and Nd(xayat) > Nd(y,Z,U)

Thus
t u d(z,y) d(y, z)
< d > ,
t+dey) ~utdy,s) o trdey) T utdy,)
i.e., td(y, z) < ud(x,y). On the other hand,
s(t 4 u)
M =
- s(t+u)
~ s(t+u) +sld(z,y) + d(y, 2)]
t+u

Cttu+d(z,y) +d(y,2)

Also,
d(zx, 2)
s(t+u) +d(x, 2)
sld(z,y) + d(y, 2)]
= s(t+u) + s[d(z,y) + d(y, 2)]
d(z,y) + d(y, 2)
t+u+dxy)+dy,2)

Ny(z,z,s(t+u)) =

We will prove that
t+u > t
t+u+d(zy)+dly,z) ~ t+d(z,y)

and

d(@,y) +dly,2)  _ _dz,y)
t+u+d(zy) +dy,2) ~ t+d(z,y)
Hence we will obtain that
Md(x7 2, S(t + U)) > Md(x7yat) = Md(x7y7t) * Md(ya Z,U)
and

Nd(xazas(t =+ U)) < Nd(xvyat) = Nd(%yat)QNd(Z/;Z,u)-
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what had to be verified. We remark that
t+u > t

t+u+d(zy) +dly,z) — t+d(z,y)

12 4+ ut 4 td(z,y) + ud(x,y) > 2 + ut + td(z,y) + td(y, 2)

< ud(x,y) > td(y, 2),
which is true. Also,

d(@,y) +dly,2)  _ _dz,y)
t+u+dzy) +dy,z) ~ t+d(z,y)
& td(x,y) +td(y, 2) + d(z, y)d(y, 2) + (d(z,y))*
< td(z,y) + ud(z,y) + d(z,y)d(y, 2) + (d(z,y))?

< td(y, z) < ud(z,y),

which is true. Hence (X, My, Ny, %, {, s) is (standard) intuitionistic fuzzy b-metric space.

Definition 3.3. Let s > 1 be a given real number. A function f: R — R will be called
s-nondecreasing if t < u implies that f(t) < f(su) and f is called s-nonincreasing if t < u
implies that f(t) > f(su).

Proposition 3.4. In an intuitionistic fuzzy b-metric space (X, M, N,*,{,s), M(z,y,.) :
[0,00) — [0,1] is s-nondecreasing and N(z,y,.) : [0,00) — [0,1] is s-nonincreasing for all
z,y € X.

Proof. For 0 < t < u, we have
M(z,y,su) = M(z,y,s(u—t+1)
> M(z,z,u—t)* M(z,y,t)
=1xM(z,y,t)
= M(z,y,t).
Also,
N(z,y,su) = N(z,y,s(u—t+1)
< N(z,z,u—t)ON(z,y,t)
= 0ON(z,y,1)
= N(z,y,1).

Definition 3.5. Let (X, M, N, *,<,s) be an intuitionistic fuzzy b-metric space.

(a) A sequence {z,} in X is said to be convergent if there exists x € X such that
lim,, oo M (2, 2,t) =1 and lim,, 00 N (2, 2,t) = 0,V ¢ > 0. In this case x is called the
limit of the sequence {x,} and we write lim,_, . z, = x, or x,, — x.

(b) A sequence {z,} in (X, M,*,<,s) is said to be a Cauchy sequence if for every
e € (0,1) , there exists ng € N such that

M(zp, Tm,t) >1—¢ and N(Tp,Tm,t) <€, Ym,n >ng and t > 0.

(c) The space X is said to be complete if and only if every Cauchy sequence is conver-
gent and it is called compact if every sequence has a convergent subsequence.
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Definition 3.6. Let (X, M, N,*,<{,s) be an intuitionistic fuzzy b-metric space. We
define an open ball B(z,r,t) with center x € X and radius r, 0 <r < 1, ¢ > 0 as

B(I’,T,t) :{yGX:M(:c,y,t) >177’7N(1'7y7t) <T’}.

Definition 3.7. Let (X, M, N, x,<$, s) be an intuitionistic fuzzy b-metric space and A be
a subset of X. A is said to be open if, for each x € A, there is an open ball B(x, r, t)
contained in A.

Theorem ([26]). Every open ball is an open set.

Result: Let (X, M, N, *, <, s) be an intuitionistic fuzzy b-metric space. Define mas y as:
N ={ACX:zcAiff3t>0andre (0,1) : B(z,rt) C A},

then 7y n is a topology on X, where P(X) is the power set of X.

4. F1XeEDp POINT THEOREMS

Theorem 4.1. (Intuitionistic fuzzy b-metric Banach contraction theorem)
Let (X, M,N,x,$,8) be a complete intuitionistic fuzzy b-metric space. Let T : X — X
be a mapping satisfying

M(Tz, Ty, kt) > M(z,y,t), (4.1)

N(Txz, Ty, kt) < N(z,y,t). (4.2)
for all x,y € X where 0 <k < 1. Then T has a unique fixed point.

Proof. Let xg € X be an arbitrary element and let {z,} be a sequence in X such that,
xp =T"x (n € N). Then

M (2, i1, kt) = M(T™ 2o, T" 2o, kt)

(Tn_2,Tp_1,t/k)
e > M(l‘o,.’lﬁl,t/k‘n_l).
Clearly, 1 > M (zy, Tny1, kt) > M(z0,21,t/k""1) — 1, when n — oo. Thus

Limn—)ooM(xn, Tn41, kt) =1
and

N(zp, Zpir, kt) = N(T"xo, T ag, kt)

(
< N(T™ Yoy, Tz, t)
= N(Zp_1,%n,t)
< N(T™ 220, T" Y20, t/k)
= N(zp—2,Tn-1,t/k)

.. < N(xo,x1,t/k" 1),
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for all n and ¢ > 0. Clearly, 0 < N(xy,, Tp11,kt) < N(xg,71,t/k" 1) — 0, when n — oc.
Thus

Limy, oo N (Zp, Zpnt1, kt) = 0.

Let 7,,(t) = M (zpn, Tnt1,t), pin(t) = N(zp, Tni1,t) for all n € NU{0},¢ > 0.
Next we show that the sequence {x,} is a Cauchy sequence. If it is not, then there exists
0 < € < 1 and two sequences p(n) and ¢(n) such that for every n € NU {0}, ¢t > 0,

p(n) > q(n) = n,

M(ij(n), l‘q(n), t) < 1—¢€ and N(l‘p(n), Iq(n)» t) > €

and
M (Zpny—1,Tqm)-1,t) > 1 — €, M(Tpm)—1,Tgn),t) > 1 —¢€
and
N(xpn)y—1,Tgn)—1,t) < € N(Zpm)—1,Tgn),t) < €
Now,

1—€e> M(xp(n)v Lq(n), t)
> M(Scp(n),l, Tp(n)> t/2s) * M(l‘p(n),l, Zy(n) t/2s)
> Tp(n)—1(t/28) * (1 —€),

€ S N(xp(n)7 xq(n)7 t)
< N(l'p(n)—la Tp(n)s t/QS)ON(xp(n)—l, Lg(n)» t/25)
< )1 (/25)0c.

Since Tp(,)—1(t/25) = 1 asn — oo and ppn)—1(t/25) — 0 as n — oo for every t, therefore
for n — oo, we have

1—€e> M(xp(n),xq(n),t) > 1 —k,
€< N(xp(n%xq(n)at) <e€.

Clearly, this leads to a contradiction. Hence x,, is a Cauchy sequence in X. Since X is
complete so there exist a point y in X such that

Now,
M(y, Ty, t) > M(y, Zni1,t/28) * M(xn11, Ty, t/25)
= M(y7 Tn+1, t/QS) * M(Tl‘,.“ Ty’ t/QS)
> M(y, Tpt1,t/28) x M(zy,y,t/2sk).

The case when n — oo, we have

My, Ty,t) > 1x1=1
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and
N(vayvt) N(yvanrlvt/QS)ON(anrlvaat/zs)
= N(y, Tni1,t/28)ON(Txy, Ty, t/25)
< N(y,pi1,t/28)ON (2, y, t/2sk).

On n — oo, we have
N(y,Ty,t) <050 = 0.
By (c) and (h)of definition (3.1), we have,
y="Ty.

For uniqueness of fixed point, let y, z be two fixed points of the mapping T', then, y = Ty
and z = Tz and

1> M(y,z,t)

M(Ty,Tz,t)
(y, 2, t/k)
(
(y

Y

Ty, Tz t/k)
L2, /K%

I
Eii

vV IV v

My, z,t/k"™) = 1,as n — oo.
Also,
0 < N(y,2t)

N(Ty,Tz,t)
(y, 2, t/k)
(
(y

IN

Ty, Tz, t/k)

N
N
N(y, z,t/k%)

ININ TN

N(y,z,t/k”) — 0,as n — 0.
By (c) and(h) of definition (3.1),
Y=z
n

Corollary. Let (X,d) be a complete metric space andT : X — X be a map which satisfies
the following condition for all x,y € X and 0 < k < 1:

d(Tx, Ty) < kd(z, ) (4.3)
Then T has unique fixed point in X .

Proof. We consider the corresponding intuitionistic fuzzy b-metric space (X, M, N, *, {, s)
where

d(z,y)

M = — .

t
b N -
) and (z,y,t)

(4.3) = (4.2)
d(Tz,Ty) < kd(x,y)
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7d(Txk, Ty) < d(z,y). (4.4)

Note that for a, b, c,d > 0, if % < < then b_%a < d%_c. It follows that,
d(Tz, Ty) < d(z,y)
kt +d(Tz, Ty) — t+d(z,y)

Hence N(Tz, Ty, kt) < N(z,y,t).
(4.3) = (4.1) From ineq. (4.4)

k 1 kt t
> >
ATz, Ty) = dzy)  k+dTzTy) -~ t+dzy)
Hence M (Tz, Ty, kt) > M(z,y,t). [

In support of above theorem we furnish the following example.

Example 1: Let X = [0,1] and M, N : X? x [0,00) — [0, 1] be fuzzy sets on X? x [0, 00).
For all z,y € X and ¢ € [0, 00), define

—, if t>0
M(z,y,t) = { Fla=vl
@y.1) {0, it t=0

and
Al i >0
N(z,y,t) = { tHle—vl’
(@y.%) {1, it t=0
Clearly, (X, M, N, *,<,s) is a complete intuitionistic fuzzy b-metric space, where a * b =
min(a,b), adb = max(a,b) Ya,b € [0,1]. Let T : X — X be such that
Tx=Z%.
8

Then for k = i,
t

£ : _ i
M(TxaTyvl)_ i+|Tx—Ty| - %4» \Igm

and
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Hence T satisfies the contractive condition of Theorem 4.1 to obtain a fixed point.

Theorem 4.2. Let (X, M, N,x, <, s) be a complete intuitionistic fuzzy b-metric space with
* t-norm and < conorm defined as a xb = min{a,b} and adb = max{a,b} respectively.
Also suppose that M (x,y,.) is strictly increasing and N(x,y,.) is strictly decreasing re-
spectively. Let A : X — X be a self map which satisfies the following conditions for all
z,y e X

M(Ax, Ay, kt) > M (x, Az, t) x M (y, Ay, t) (4.5)

N(Az, Ay, kt) < N(z, Az,t)ON(y, Ay, 1), (4.6)
wheret >0 ,0< k < 1. Then A has a unique fized point.

Proof. Let g € X be an arbitrary point. Consider a sequence z,, = Ax,_1 of points in
X. Then

M(xp, Tpt1, kt) = M(Ax,_1, Axy, kt)
> M(xp—1,Axp_1,t) * M(xz,, Ax,,t)
- M(xnflaxnvt) * M(xn,xn+1,t),

Since M (z,y,.) is strictly increasing function, kt < ¢ and if
min{ M (zp—1,Tn,t), M(zp, Tni1,t)} = M(Xp, Tpi1,t),
then we reach to a contradiction
M(zp, Xpi1, kt) > M (2, Ty, t).
Therefore,

M(zy, Tpy1, kt)

Y

(Tn—1,Zn, t)

(Azp—o, Axp_1,1)

(Tp_1, Azp_1,t/k) * M(xp_o, ATp_o,t/k)
(

(

Tp— 17In;t/k')*M(zn 25 Lp— 17t/k)
Tpn—2,Tn— 17t/k)

v
S EEEXEK

> M(xo,z1,t/E" ).
Clearly, 1 > M (zp, Tpi1, kt) > M(zg,21,t/k" 1) — 1, when n — co. Thus
Limy oo M (2y, Tnyr, kt) = 1.

Now,

N(pn, Tnt1, kt) = N(Ax,—1, Az, kt)
N(.%‘n,l, A.ﬁn,l, t><>N(.'17n, Al‘na t)
N(xn—hxnyt)oN(xTwxn-i—lyt)'
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Since N(z,y,.) is strictly decreasing function, kt < ¢, by the same arguement
N(zp, Tni1, kt) < N(Zpn, Tpy1,t) is not possible. Therefore,

N(zp, Tpa1, kt) < N(xp_1,Tp,t)

= N(Azy_2, Axp_1,t)

< N(zp-1,Azp_1,t/k)ON(xp_2, Axp_o,t/k)
N(
N(

Tn—1,Tn, t/k)QN(xnf% Tn—1, t/k)
Tn—2,Tnp—1, t/k)

S N(Io, Il,t/knil).
Clearly, 0 < N (2, Tnt1, kt) < N(zo,21,t/k" 1) — 0, when n — oco. Hence
Limy oo N (X, Tpy1, kt) = 0.

Let 7,(t) = M(xp, Xnt1,t) and p,(t) = N(zy, 2py1,t) for all n € NU{0}, t > 0. Clearly,
lim; oo 7, (¢) = 1, and limy— oo pn(t) = 0. Next, we show that the sequence {z,} is a
Cauchy sequence. If it is not, then there exists 0 < € < 1 and two sequences {p(n)} and
{q(n)} such that for every n € NU{0}, t > 0, p(n) > q(n) > n, M(xp@), Ten),t) <1 —¢€
and N (p(n), Tq(n),t) > € and

M(xp(n)—hxq(n)—lvt) >1—c¢ M(xp(n)—hxq(n)vt) >1—e

and
N(Tpn)=1, Tg(n)—1:1) < & N(Tpm)—1,Tq(n), ) < €.
Now,
1 —e> M(2p(n), Tq(n), t)
> M(Zp(n)—1, Tp(n), t/28) * M(Tp(n)—1, Tq(n), t/25)
> Tpm)—1(t/28) * (1 —¢€)
and

€ < N(Zp(n); Tg(n), )

< N(@p(n)—15 Tp(n), 1/28) ON (Tp(n) 1, Tg(n)  1/25)

< /J,p(n),l(t/QS)Qe.
Since 7,(ny—1(t/25) — 1 as n — oo and fuy(n)—1(t/2s) — 0 as n — oo for every t. It
follows that

1—€e> M(xp(n),xq(n),t) >1—¢€
and
e< N(xp(n),:vq(n),t) <e.

Clearly, this leads to a contradiction. Hence x,, is a cauchy sequence in X. Since X is
complete so there exists y € X such that

lim z, =y.
n—oo

Assume that y # Ay, then there exists ¢t > 0 such that M (y, Ay, t) # 1 or N(y, Ay,t) # 0.
For this t > 0,
M(Ax,, Ay, kt) > M (x,, Ax,,t) x M(y, Ay, t),
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by contractive condition (4.5). That is
M (zpy1, Ay, kt) > M(xp, xpi1,t) * M(y, Ay, t).
In limiting case as n — oo,
M(y, Ay, kt) > M(y, Ay,1).

As M(y, Ay, t) # 1, the above inequality yields a contradiction to the fact that M (z,y, .)
is strictly increasing. Moreover,

N(Awzy, Ay, kt) < N(zn, Azn, t)ON(y, Ay, t),
by contractive condition (4.6). That is,
N(znt1, Ay, kt) < N(2n, Tni1, 1) ON(y, Ay, t).
In limiting case as n — oo,
N(y, Ay, kt) < N(y, Ay, t).

As N(y, Ay, t) # 0, the above inequality yields a contradiction to the fact that N(z,y,.)
is strictly decreasing. Hence,

y=Ay.
For uniqueness, let y and z be two fixed points of A. So, y = Ay and z = Az. Then
My, Ay,t) = 1, M(z, Az, t) =1
and
N(y,Ay,t) =0,N(z, Az, t) =0;V t > 0.
Now,
1> M(y,z,t) = M(Ay, Az, t) > M(y, Ay,t/k) « M(z, Az, t/k)
—1x1=1,
0 < N(y,z,t) = N(Ay, Az,t) < N(y, Ay, t/k)ON(z, Az, t/k)
=000 =0.
From (c) and (h) of definition 3.1, we have
z=y.
n

Corollary. Let (X, d) be a complete metric space and T : X — X be a map which satisfies
the following condition for all x,y € X and 0 < k < 1:

k
d(Tz, Ty) < Sld(z, Tx) + d(y, Ty)] (4.7)
Then T has unique fixed point in X .

Proof. We consider the corresponding intuitionistic fuzzy b-metric space (X, M, N, x, {, s)
where,

—t _if t>0
M 1'7 7t == t+d(m’y)7 '
@3,%) {0, i t=0
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and

Nz, y.t) = {%a if t>0

1, it t=0.

Replacing A with T' in inequalities (4.5) and (4.6).
Now, (4.7) = (4.5). If otherwise, then from (4.5), for some ¢ > 0,

M(Tx, Ty, kt) < min{M (z,Tx,t), M(y,Ty,t)},
i.e.,

t . t t

t+ +d(Tx, Ty) = mm{t +d(x,Tz)" t+d(y, Ty)

This implies that

}

1
t+ Ed(Tx, Ty) >t +d(z,Tx)
and

1
t+ Ed(Tx, Ty) > t+d(y,Ty)

- %d(Tx,Ty) > [d(w, Tz) + d(y, Ty))

A(T,Ty) > Sld(e, o) + d,Ty)

which is contradiction to (4.7).
Now (4.7) = (4.6)

(T, Ty) < g{d(m,T:v) +d(y, Ty)} < %maw{d(m,Tx),d(y,Ty)}
< kmaz{d(z,Tx),d(y, Ty)}

d(Tz, Ty)

. < max{d(xz,Tx),d(y, Ty)}.

Without loss of generality, we assume that max{d(xz,Tz),d(y,Ty)} = d(z,Tz). This

implies that
d(Tz, Ty)

- <d(z,Tzx)

0
d(Tz, Ty) < d(z,Tx)

kt - t
and
d(Txz, Ty) < d(x,Tx)
kt+d(Tz,Ty) ~— t+d(z,Tx)
Then,
d(Tz, Ty) < maz d(x,Tx) d(y, Ty) )
kt +d(Tz, Ty) — t+d(z,Tz) t+d(y, Ty)"
Hence

N(Tz, Ty, kt) < maz{N(x,Tz,t), N(y,Ty,t)}.



156 Thai J. Math. Vol. 20 (2022) /A. Azam and S. Kanwal

In support of theorem 4.2 we establish an example.

Example 2: Let X = [0,1] and M, N : X2 x [0,00) — [0, 1] be fuzzy sets on X2 x [0, c0).
For all z,y € X and ¢ € [0, 0), define
Lt if t>0
M(z,y,t) = vl
@) {Q if t=0
and
vl i >0

Na.y.t) = | D
(@) {L it t—0.

Clearly, (X, M, N, *,<,s) is a complete intuitionistic fuzzy b-metric space, where a * b =
min(a,b), adb = maz(a,b) Va,b € [0,1]. Let T : X — X be such that

Tx = %
Then for k = %,
2t z z
M(Tvaya 7) = 2 = .
3/ T E e Tyl T+ (e —4l)/30

Now, as =,y € [0 1]

an—|—y|S 1.3z 3y

< zlor o

<S55I+ \

3., — 29x
2 —= 1. 4.8
SIS <1551+ (43)

Note that if a, b, ¢ > 0,2a < b+ ¢, then a < Max{b, c}. Otherwise 2a > b+ c. It follows
that

29:0 29y
or
2 30
Without loss of generahty assume that z > vy, then
. t t
min , =
t {t+2??()z t+29y} t+291
and
29z 29y 29x
max{ = —
307 30 30
29:10
2 30
1 1
= >
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N t S t
3|z—y| = 29
t+3 x3oy| t+ 3030
2t
3 t t
3 > min{ }

= ;
24Tz —Ty| ~ t+ |z —Tz| t+ |y — Ty

= M(Txz, Ty, kt) > M(x, Tz, t) * M(y, Ty,t).

Moreover,

|M
30

x

From inequality (4.8),
—y 2 29z 29y
< Z el
=50 1= gm0
As it is assumed that z > y, therefore,
—y 2 29x
| | < 2(%5)
30 3" 30
3, x—y 29z
5 ) < %
24 30 30

t t
1+ 5 - >1+@

270l 30

T

s+t | S+t
§(|w|) = 29z
2 30 30

2+ Tz — Tyl o t+ |z —Tx|
[Tz —Ty| — |z—Tz

|Tz — Ty < |x — T
2y |Te—Ty| ~ t+|z—Txl

N(Tz, Ty, kt) < N(z, Tz, t)ON(y, Ty, t).

Hence T satisfies the contractive conditions of Theorem (4.2) to obtain a fixed point.

Theorem 4.3. Let (X, M, N,x,{,s) be a complete intuitionistic fuzzy b-metric space
with x t-norm and < conorm defined as a * b = min{a,b}, adb = maz{a,b}, M(z,y,.)
and N(z,y,.) are strictly increasing and strictly decreasing functions respectively. Let
A: X — X be a self mapping on X. If for all z,y € X, 0 < k < 1/2s, A satisfies the

following conditions:

M(Awz, Ay, kt) > M(x, Ay, t) « M(y, Az, t)

N(Axz, Ay, kt) < N(z, Ay, t)ON(y, Az, t),

where t > 0. Then A has a unique fized point.

(4.9)

(4.10)
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Proof. Let xy € X be an arbitrary point, such that x,, = Az, is a sequence in X.
M(xp, Tpy1, kt) = M(Azy,—_1, Ay, kt)
> M(zp—1,Axy, t) « M(xy, Azp_1,t)
= M(xp_1,Tni1,t) * M(2p, Tp,t).
Since M (zy, xn,t) = 1. So,
M(xp, Ty, kt) > M(zp—1,Tpni1,t).
By using (e) of definition (3.1), we have
M(zy, Tpy1, kt) > M(xp—1,2n,t/28) * M(xy, Tpi1,t/25).
Since M (z,y, .) is strictly increasing function and kt < ¢/2s. If
min{M (zp—1,%n,t/28), M(xpn, Tpi1,t/28)} = M(xp, Tpy1,t/25)
then we reach to a contradiction
M(xp, Xpi1, kt) > M (2, Zni1,t/28).
Therefore,
M(xp, Tpy1, kt) > M(zp—1,xn,t/25),
continuing this process, we have
M (xp, Tpyr, kt) > M(zo,21,t/(25)"E" ).
Clearly, 1 > M (2, Zny1, kt) > M(xo,21,t/(25)"k" 1) — 1, when n — oco. Thus,
Limy oo M (2, Tpir, kt) = 1.
Moreover,
N(xp, Tpi1, kt) = N(Axp_1, Az, kt)
< N(zp—1, Az, t)ON(p, Azp_1,t)
= N(xpn-1,Znt1, ) ON(p, T, t).
Since N(zy,,zn,t) =0 So,
N(@p, Tnt1, kt) < N(Tp-1, Tni1,t).
By using (j) of definition (3.1), we have
N(zp, Tpa1, kt) < N(xp_1,Tn, t/28)ON(Tpn, Tnt1,t/28).
Since N(z,y,.) is strictly decreasing function, kt < t/2s, by the same arguement
N(zp, Tpt1, kt) < N(xp, Tpa1,t/28)
is not possible, Therefore,
N(p, Tpt1, kt) < N(xp_1,Tn,t/25),
continuing this process, we have
N (T, Tny1, kt) < N(zo,z1,t/(25)"E" ).
Clearly, 0 < N (2, Tni1, kt) < N(z0,71,t/(28)"k" 1) — 0, when n — oo. Thus,

Limn—ﬂan(xn; Tn+1, kt) =0.
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Let 7,(t) = M(2pn,Zny1,t) and pp(t) = N(xn, pi1,t) for all n € NU {0} and ¢ > 0.
Clearly, lim; o0 7, (t) = 1, and lims—, oo pir, (¢) = 0. Next, we show that the sequence {z,}
is a Cauchy sequence. If it is not. Then there exists 0 < € < 1 and two sequences p(n)
and ¢(n) such that for every n € NU {0}, t > 0, p(n) > g(n) > n,

M(xp(n)a Tg(n)> t) <1-¢ and N(xp(n)a Lg(n)> t) > €

and
M (Zpny—1,Tqm)—1,t) > 1 — €, M(Tp)—1,Tqn),t) > 1—¢€
and
N(Tpin)—1,Tgn)—1,1) < € N(Tpn)—1,Tqn);t) < €.
Now,
1—€e> M(C(:p(n), Zy(n) t)

> M(Zp(n)—1, Tp(n)s t/28) % M(Zp(n)—1, Tq(n)- t/25)

> Tp(n)—1(t/28) * (1 —€)
and

€ < N(@p(n) Zg(n), 1)

< N(@pn) 1 Zp(n): 1/28)ON (Zp(n) -1, Tg(n): 1/25)

< ,up(n)_l(t/25)<>€.
Since Tp(p)—1(t/25) = 1asn — oo and ppn)—1(t/25) — 0 as n — oo for every t, it follows
that,

1—e> M(xp(n),xq(n),t) > 11—k,
e< N(xp(n),:vq(n),t) <e.

Clearly, this leads to a contradiction. Hence z,, is a cauchy sequence in X. Since X is
complete so there exist y € X such that

lim z, =y.
n—oo

Assume that y # Ay, then there exists ¢ > 0 such that M (y, Ay,t) # 1 or N(y, Ay,t) # 0.
For this t > 0,
M(Azy, Ay, kt) > M (2, Ay, t) * M(y, Az, t),
by ineq. (4.9). That is
M(zpi1, Ay, kt) > M (2, Ay, t) « M (y, Azp,t).
In limiting case as n — oo,
M(y, Ay, kt) = M(y, Ay, t)  M(y, Ay,t) = M(y, Ay,t).

As M(y, Ay, t) # 1, the above inequality yields a contradiction to the fact that M (x,y,.)
is strictly increasing. Moreover,

N(Az,, Ay, kt) < N(x,, Ay, t)ON(y, Az, t),
by ineq. (4.10). That is
N(xpt1, Ay, kt) < N(xy,, Ay, t)ON(y, Az, t).
In limiting case as n — oo,
N(y, Ay, kt) < N(y, Ay, )ON(y, Ay, t) = N(y, Ay, t).
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As N(y, Ay, t) # 0, the above inequality yields a contradiction to the fact that N(x,y,.)
is strictly deccreasing. Hence
y=Ay.
For uniqueness, let y, z be two fixed points of A. So, y = Ay and z = Az. Then
M(y, Ay, t) =1, M(z, Az, t) =1
and
N(y, Ay,t) =0, N(z,Az,t) =0, Vt>0.
Now,
1> M(y,z,t) = M(Ay, Az, t) > M(y, Az, t/k) x M(z, Ay, t/k)
y,z,t/k) * M(z,y,t/k)
Y, 2, t/k)
Ay, Az, t/k)
y, Az, t/k%) « M(z, Ay, t/k?)

I
SXEE%

vV IV IV

My, z,t/k") = 1,as n — co.
and

y, Az, t/kK)ON (2, Ay, t/k)
Y, 2 t/k)ON(z,y,t/k)

< N(y, z,t/k") = 0,as n — oc.
Now from (c) and (h) of definition (3.1), we have
z=y.
"

Corollary. Let (X, d) be a complete metric space and A : X — X be a map which satisfies
the following condition for all x,y € X and 0 < k < 1:

d(Ar, Ay) < Sld(r, Ay) + d(y, Az) (4.11)
Then A has unique fixed point in X .

In the following, Zamfirescu [35] type result in a fuzzy b-metric space has been estab-
lished. A special case (Banach contraction theorem) of this immenent result has been
desired by Nadaban [18]. We believe that it is right to say in [18] that this kind of work
may be of interest for researchers working in the fields belonging to computer science
and information technology, communications, computational intelligence methods and
advanced decision support systems.
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Theorem 4.4. Let (X, M, x,s) be a complete fuzzy b-metric space. Let T : X — X be a
mapping on X. If for x,y € X and t > 0, any one of the following is satisfied:
(i) M(Tx, Ty, kt) > M(x,y,t) for 0 <k <1 and * is any continuous t-norm;
(i) M(Tx,Ty,kt) > M(x,Tx,t) * M(y,Ty,t) for 0 < k < 1,¢t >0, axb =
min{a,b},Va,b € [0,1] and M(z,y,.) is strictly increasing function;
(iit) M(Tx, Ty, kt) > M(x,Ty,t) * M(y,Tz,t) for0 <k <1/2s,t>0, axb=
min{a,b},Va,b € [0,1] and M(x,y,.) is strictly increasing function;
Then T has a unique fized point in X.

Proof. (i),(it) and (iii) are respectively special cases of Theorems 4.1, 4.2 and 4.3. (]
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