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Abstract In this paper we are going to analyze the following difference equation
Tn—T7
T = n=20,1,2,...,
o 1+ zpn—1Tn—3Tn—s5 ’ '

where z_7,%_¢,_5,T—4,7_3,T—2,2_1,%0 € (0,00).
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1. INTRODUCTION

Difference equations appear naturally as discrete analogs and as numerical solutions
of differential and delay differential equations, having applications in biology, ecology,
physics.

Difference equations are used in a variety of contexts, such as in economics to model
the evolution through time of variables such as gross domestic product, the inflation
rate, the exchange rate, etc. They are used in modeling such time series because values of
these variables are only measured at discrete intervals. In econometric applications, linear
difference equations are modeled with stochastic terms in the form of autoregressive (AR)
models and in models such as vector autoregression (VAR) and autoregressive moving
average (ARMA) models that combine AR with other features.

Recently, a high attention to studying the periodic nature of nonlinear difference equa-
tions has been attracted. For some recent results concerning the periodic nature of scalar
nonlinear difference equations, among other problems, see the references [1-16].
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Cinar [2, 3] studied the following problems with positive initial values:
x _ Tp—1
n+1 1+ ATy T 1 )
o= Fnol
n+1 1+ ATy Ty 1 )
ATp—1
T =
KT + bTyTh—_1

forn =0,1,2,..., respectively.
De Vault et. al [16] studied the following problems
A 1

Tpi1 = — +
Tn Tn—2

for n =10,1,2,... and proved it has positive when A € (0, c0)
Stevic et. al. [15] studied the solvability of the following product-type system of
difference equations of the second order

2@ c
n n

Zntl = 3 > Wnpl = 7 5N S No,
n—1 Zn—1

where a,b,c,d € Z,z_1,z9,w_1,wqy € C.
Elsayed in a series of papers ( see [4]-[10]) studied the behavior of the solution of the
following difference equation:
bz, -1
T = aTp— —,, n=0,1,...,
n+1 n—1 1 Cl’ndl'n,Q
where the initial conditions z_sx_1,x¢ are arbitrary positive real numbers and a, b, c,d
are positive constants.
Simsek et. al. in a series of papers ( see [11-13]) studied the following problems with
positive initial values

x _ Tp—3
1= —
nr 1 + Tn-1
z o Tpn—5
1= —
" 1+ Tn—2
. - Tn—5
1=
mr 1+ Tp—1Tn—3
o Tp—3
Tpt+1 =

1+ 2,2n-12n—2
forn=10,1,2,... in [5,6,7, 8] respectively.
In this paper we are going to study the following nonlinear difference equation
Ln—7
l4+2, 1Tp_3Tn_5

, n=0,1,2,..., (1.1)

Tn+1 =

where @ _7, 2 _6,T_5,2_4,2_3,2_2,2_1,%9 € (0,00).
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2. MAIN RESULTS

Theorem 2.1. Consider the difference equation (1.1). Then the following statements are

true.

(a) The sequences (xgn—7), (Tsn—6), (Tsn—5), (Ten—4), (Zan—3), (Tsn—2), (Ten—1),
(x8n) are decreasing and there exist a1, as,as, aq,as, as,az, ag > 0 such that

lim g, 7 = ai, hm T8n—6 = A2, hm Tgn—5 = a3, hm Tgp—4 = 4,
n—oo

lim xg,_3 = as, hm T8n_2 = ag, hm Tn_1 = ar, hm T, = ds.
n—o0

(b) (al,ag,ag,a4,a5,a6,a7,a8, ...) is a solutzon of equatzon (1.1) having period
eight.

(¢) a1-asz-as-a7=0, az-ay-ag-ag =0.

(d) ng € N such that ©p41 < Xy_5 for all n > ng, then

lim z, =0.
n—oo

(e) The following formulas

n
1— L1235
T8n+1 = T -7 E H
1+z 12 30 54 1"'_1'227':521 3T2i—1

n
1— Io.%' 2L _4
Tgn+2 = T—6 E I |
1+ XTI _2X _ 4 1+ To;—

4T2;—2T2;
n 47+1
1— r_1T_— 31’ 7 1
Tgn+3 = T—5 E , H
1+2_12_37_ 5 i 1+ x0i_5T2;—3T2i—1

n 47+1
1— _ Tol_2T—6 Z
x8n+4 =T 4 H 9
—0 i= 1 +.’L‘21

1+ zor_o7_ 452 4T2—2T2;
n 4742
1— X_1T_5T_7 1
T8n45 = T3 E H
1+z 12 325 540 s 14 wo;_5w2;—3%2;—1
n 4j+2
1— 1701‘ 4T _¢
T8n4+6 = T2 E H 3
1+ zoz_x_ 7S fesle 1+902z 4T2;_2T2;
n 4j+3

1

1— _ T-3T_5T_7
T8n+7 = T—1 E : H
1+z_ 12 32— 5020 i1 1+ x9;_5T2,—3T2i—1

n 47+3
1— T 2T 4T —6
Tnt8 = To E H

1+ a0z o7 4 7S sl 1+£L’Qz 4T2i—2T2;

hold.

(f) If 2811 — a1 # 0, Zgpni3z — a3 # 0, Tgpns — a5 # 0, then g7 — 0 as
n — 00. If xgnyo — as # 0, Tgnys —> ag # 0, Tgnye — ag # 0, then xgpq8 — 0
as n — 0o.
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Proof. (a) Firstly, we consider the equation (1.1). From this equation, we obtain
Tn41 (1 + In—lzn—an—Ei) = Tn-7-

If 2 1Zp_32n—5 € (0,00), then (1+ Zp_12,-3Tn—5) € (1,00). Since zp41 <
ZTn—7, N € N, we obtain that there exist

lim xg, 7 = a1, lim 28, ¢ = az, lim g, 5 =as3, lim xg, 4 = ay,
n— oo n— o0 n—oo n— oo
lim xg,_3 =as, lim zg,_ o = ag, lim xg,_1 = a7, lim zg, = asg.
(b) (a1,a9,as,aq,as,a6,ar7,as, ...) is a solution of equation (1.1) having period
eight.

(¢) In view of the equation (1.1),

T8n—7

T8n+1 — .
1+ 281780 —3T8n—5

If the limits are put on both sides of the above equality

. Tgn—7
lim zg,11 =

n—00 1+ 28n-128n—3%sn—5
is obtained. Then,

al

a4 = ——— = a1 +a;-aszasar = a1 = aq - agasay = 0.
1+ arasas

Also, we obtain

T8n—6

Tgn42 = .
1+ 28, T8n—2T8n—4

If the limits are put on both sides of the above equality

lim x = T8n—6
8n+2 —
n—oo 1+ 28 Tgn—2T8n—1a
is obtained. Then,
a2
a] = ———————— = as + as - asagag = Ao = a9 - agagag = 0.
1+ agaqas

(d) no € N such that z,+1 < z,_5 for all n > ng, is existed; then,

a1 <az <as <ay<ajsincear-az-as-ar =0,

as < ayg < ag < ag < ag since as - ay4 - ag - ag = 0, the results are obtained above.
(e) Subracting z,_7 from the left and right-hand sides in equation (1.1)

1
1+ Tp—-1Tn—3Tn—5

is obtained and the following formula is produced below, for n > 2,

Tn+1l — Tp-7 ('r’ﬂ—l - l‘n_g)

n—2

_ — _ 1
T2n—3 = Tan—11 = (Il 56_7) 'Hl 1+x2i-5%2i—3T2i-1
i=

-1 ) (2.1)
Tan—z = Tan-10 = (2 = 20) 11 m—m =
L

holds. Replacing n by 45 in (2.1) and summing from j = 0 to j = n , we obtain:

)

n 4j

1
Tgpy1 — To7 = (T1 — I—?)ZH TR

7
i=0i=1 L2i—3T2i—1
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n
T8n+2 — T—6 = (T2 — T—6
nr = jZO 21_[ 1+ @oi_4T2i_ox2;
Also, replacing n by 4j+1 in (2.1) and summing from j = 0 to j = n , we obtain:
n 47+1 1
T8n+3 —L—5 = (T3 —T—5
" ( ;0 ]'_[1 14 @i 5T 3T2i 1

T8n+4 — T—4 = (334 —x— 4

+
1;[ L+ @942 —oT2;

gMﬁ

Also, replacing n by 4j+2 in (2.1) and summing from j = 0 to j = n , we obtain:

n 4742 1
Tgnts — T3 = (T5 — T_3) E H ’
oo ion L ®2i-sT2i-3T2i

n 4j+2
Tn+6 — -2 = (966 - $—2) Z H 1

00 im1 + @242 0T

Also, replacing n by 4j+3 in (2.1) and summing from j = 0 to j = n , we obtain:

n 45+3 1
T8n4+7 — T— 1*1177*I1 g H )
00 =1 1+ o 5T2;_3w2;1
n 4j+3
Tgnts — To = (Tg — To) E H
=0 =1 1+$2zf4$2172$21

Now, we obtained of the above formulas:

T_1T-3T—5
Tgpt1 =27 | 1 —

1+z 17 325 T L+ 22i 52237211

J)o.’L‘ 2T _4
Tgnt2 =T | 1 —

1]
o

1+ zoz_27_4 o 1_[1 1+ wo;_4we;_owa;

n 4j+1
1— r_1T— 3l‘ 7 1
T8n+3 = T—5 E H
1+z 92 30 5 ‘L 1+ xoi 5w 3721
7j=0 =1
n 4j+1

Lol _2X—6
T8n+4 = T—4

H )
14+ ToT—2T—4 =4 T 14+ x0i—ao;—2T2;

2
T al_sT_7

n 4j+ 1
ZTgnts = T3 | 1 — E H
1+z 92 30 5 =0 i 14 wo;_5w2;—372;—1

n 4j+2
1— TOX —4X _¢
T8nt+6 = T2 E I |

1+ 20T 274 4 1+x21 4T2;—2%2;




116

Thai J. Math. Vol. 1 (2022) /B. Ogul et al.

n 4543

T_3T_50_ 1
. . | _T3TosTo7 Z H
8n+7 — L—1
1+ov_ 12 _32_ 5 i 1+ z2;_5w9; 3721
n 4j+3
e
Ten+8 = 2o E: H
14 20T_0w_4 4030 1+$21 4T2;—2T2;

(f) Suppose that a; = as = a5 = ay = 0. By (e), we have

n

. . LT_1T-3T—5
lim zgp41 = lim z_7 | 1— E H )
n—00 n—00 1 +T_1x_3T_5 ].+£L'21_
] 0=

1 5L2;—3L2i—1
oo 47
X135
ap=z_7|1— g H
1+z 12 30 54 0is 1+9€2z—'9€21—3332z—
co 47
14212 _32_5
1 =0 LETTsTs ST . (22)
T_1T_3%_5 e 1+ 2o;_5w0;_3w9;—
Similarly
n 4j+1
, . _TT_3T_7 1
lim zgp4s = lim z_5|1— H
n—00 n=00 14+ z_12_32_ 5 1+ zoi_5w2;_372—1
oo 4j+1

1

XT— lx 37
as = T_5 1-— E H
14+2 47 37 5 3T_5 e 1+ T2_5T2;—3%2i—1

oo 4j+1

1 + T_1¥_3T_5 1
ag = 0= — 8T8 : 2.3
T_1T_3T_7 JZ:(:) };[1 14+ 29, 5T2;—3T2i—1 23)

From the equation (2.2) and (2.3);

oo 47

Lt S -
T_1Z_3T_5 sk 1+ 20572, —3T2i—1
0o 4j+1
14+ T_1x_3T_5 H 1
T_1T_3T_7 Z 1+ z2;_5w9; 3721
7=0 =1

1+ T_1X_3T_5 > 1+ T_1X_3T_5

)

T_1x_3T_5 T 1 _3Tx_7
1 1
> ;
T_1X_3T_5 X _1X_37x_7
L_1X_3%_7 > X _1X_3L_5 = T_7 > T_5.

n 4j+2

. . T 1T 577 1
lim xgp45 = lim z_3 [ 1— E | I
n—00 n— 00 1+:17 1X-3%_5 0 il 1+ zoi_5w2;—372;—1
Jj=0 i=




On the Recursive Sequence ... 117

0o 4j+2

a1 N s
5 =2T_3
1+x 13T 5 =0 i) 1+ @i _5T2i—3T2i—1 |
4542
l+z_12_32_5 > 1
4y =0 LIt ST . (24)
T_1T_5T_7 1+ zoi_5w2;_372;—1

7=0 i=1

From the equation (2.3) and (2.4);

oo 4j+1
T_1T_3T_7 — LL 1+ 29 5T2—3T2—1
7=0 i=1
oo 4j+2
l+2x_1x_32_5 1
T_1T_5T_7 Z_ L1+ T 5T2—3%2i—1
7j=0 i=1

l+x_1x_37_5 S l+r_1x_32_5

X1 _3T_7 T_1T_5T_7

1 1
>
T 13T 7 T 1T 5T _7

LT_1T_5L_7 > T _1X_3T_7 = T_5 > T_3.

n 4j+3

_ T_3T_5T_7 1
hm Tgper = lim 1 [ 1— E H
n-s n—00 1+z 12 _37_ 5120 i1 14+ z9;—5T2;—3%T2i—1

oo 4j+3
T_3T_5T_7 1
ar=x_1|1— E H )
1+ 2 10 30 5 5= i 1+ 29 5w2i 3721
o 45+3
1+I_1ZL'_3IL’_5 1
R Y| | (25)
T_3T_5T_7 =5 i 1+ 22 _5w2; 3721

From the equation (2.4) and (2.5);

oo 4j+2

T_1T_5T_7 "L 1+ woi_5T9 3721
7=0 =1

oo 4j+3
1"‘3)_111_333_5 Z H 1
T_3T_5T_ o 1+ x9;_5%9;_3Toi—
3T 527 3011+2’5213211

1+z 12 37 5 S 1+z 12 37 5
1T _5T_7 X3 _5T_7
1 1
>
r_ 1 _5T_7 r_3x_5T_7
T_3T_50_7>T_1T_50_7 = T_3>T_1.

We obtain z_7 > x_5 > x_3 > x_1. A contradiction supposing that a; =
az = as = a7 = 0 is produced. Similarly, for as = a4 = ag = ag = 0 we have
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T_g > T4 > T_o > x9. A contradiction completing the proof of theorem is

found.
n
3. NUMERICAL EXAMPLES
Example 3.1. Consider the following equation z, 41 = M—‘;H If the initial

conditions are selected follows:
z_7=09, x_6=082_5=0.7 24 =06, 2_3=05,2_9 =04, z_; =0.3, 29 =0.2.
The graph of the solution is given below.

x(n)

-0.5

FIGURE 1. x, graph of the solution.
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