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Abstract In this paper we establish simple recursion formulas for Bernoulli numbers, for instance,

n

3 ()

and
n

4n + 4
(—1)k22k B =n+1
1;)<4k+2) 4k+2

in Theorem 1.1. Furthermore applying a Lucas sequence V,,, we obtain

n

8n + 4 _
Z ( Sk )(—1)k22k ' Ba Vin—ak+2 = nVint2
k=1

and
n

8n + 8
> (Sk 4)(*1)k22k38k+4v4n74k+2 =—(n+1)Vinys
k=0 +
in Theorem 1.2.
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1. INTRODUCTION
Let N be the sets of positive integers. The Bernoulli numbers {B,,} defined by By = 1,

By = ,%’ By = %7 B3=0, By = —3g7 etc., and
n—1
<n>Bk =0 (n>2).
im0 \F

It is well known that

ad " T
B,— = < 2m).
S = oy (el<n)
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In 1911 Ramanujan [l, 2] discovered some recursion formulas with gaps for Bernoulli
numbers. In particular, he proved that if n is odd, then

% ifn =1 (mod 6),

6
= (e
k=3 (mod 6) % if n=3,5 (mod 6)
and
g (Ly+1)  ifn=5,7 (mod 10),
n n )
Z (k) (L +1)Bp_p = 10 (Lp—1—3) ifn=1 (mod 10),
k=5 (mod 10)
% (Lp_s—2) ifn=3,9 (mod 10),

where {L,,} is the Lucas sequence given by Lo =2, Ly =1 and L, ;1 = L,, + L,,—1. From
the above Ramanujan’s identities we see [3] that
n—1
6n + 3>
> Ben—6x = 2n
= <6k +3
and

n—1
10n +5
L 1) Bion—10k = 2n (L1on 1).
1;)<10k+5>( 10k+5 + 1) Bion—10k = 2n (L1on+5 + 1)

Based on this inspiration we decide the main theme of this article, that is, our aim is to
obtain some recursion formulas for Bernoulli numbers for example, similar to Ramanujan’s
result [2]

5] o+ 2
4k +2

3

)(1)k2n2k32n_4k =(-DEln+1)  forn>0,
k=0

where [-] denotes the greatest integer function, moreover resembling

< (4n +4
> (4l<: - 2) (—1)F2H (242 — 1) By = 20+ 1
k=0

in [3]. Here we perform the analogous method of Z.H. Sun’s mathematical skill in [3] to
get as follows :

Theorem 1.1. For n € N we have

(a)
z”:(4n+2) 1)F9P1B, — .
(

=3
~—

L (4n +4

Ak + 2) (—1)k22kB4k+2 =n+1.

>
Il
o
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Theorem 1.2. Let Vo =V =2 and Vyop1 = 2V, + Viuoy (n > 1). Then for n € N we
have

(a)

"L /8n+4 _
( Sk )(—1)k22k 'BsiVin—akt2 = nVinsa,
k=1
(b)
" /8n+8
Z (Sk " 4)(1)k22kB8k+4V4n—4k+2 =—(n+1)Vints.
k=0

2. PROOFS OF THEOREM 1.1 AND THEOREM 1.2

In order to obtain some recursion formulas for Bernoulli numbers, we consider the
following proposition which is the powerful fundamental identities :

Proposition 2.1. ([3, Theorem 4.1]) Form € N, n € {0,1,2,...} andt € {0,1,....,m—1}

let
(m) _ Z oik1t2kot tmbm 1
an - e m )
K+t o =mn (2ky + 1)!- -+ (2K, + 1)!

Then

n 2km+2t—1
Z (m) 22F T2 Bop ot

Ok 1
k=max{0,1—t} (ka + Qt)

e (i ) e
m
kit ke =mntt =1 H(2kr + 1!
r=1
In particular, for t =0 we have
n 22kmle m
> o e = nal (1), (22)

pt (2km)! "

In advance we set
n

Ty =Y (Z) (2.3)

k=0

k=r (mod m)
then we can find Zhi-hong Sun’s results in [4, 5] as
Tiy =Tiuy =2""7%  ifn=0 (mod4), (2.4)

2n—1 4 (—1)[%]2l3]
2 b

Ty = if n =2 (mod 4), (2.5)

on—1 _ (_1)[%]2[%]
Tjy = (2 2 =2 (mod 4), (2.6)
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T, = 2 - (;1)[%]2[%] , ifn=3 (mod 4), (2.7)
and
T3y = T (;1)[%]2[% . ifn=3 (mod 4). (2.8)
Similarly we can see that
Ty — Togy = (—1)"F 2°T Vaa,  if n =3 (mod 8) (2.9)
and
S — Togy = ()5 2T Vaa,  ifn =7 (mod 8). (2.10)

Proof of Theorem 1.1. (a) By the definition of ai™ in Proposition 2.1 we have

.k 2k
i1tk

1

a®

>

k1+ko=2n

(2k1 + 1)!(2ky + 1)
1

k1+ko=2n
2n

1

Z (_1)k1+2k2 (2]€1 + 1)

1(2ky + 1)!

k1=0

(4n +2)!

> (=nh 2k + DI(2(2n — k1) + 1!

1

2n
= (D G i e T 1

k?l =0
2n

2n

~ (dn+2)! = 2ky + 1
k1=0 (mod 2)
1 4"z+:1 (4n +2
(4n+2)! = K
K=1 (mod 4)
! 4”252 dn +2
- (4n+2)! K

K=0
K=1 (mod 4)

1 dn + 2
= —1)k
o 0 (ot

)

>_
>

)

(4n + 2)!

i <4n+ 2>
P 2k1 +1
k1=1 (mod 2)

()
()

4n+1

D

K=1
K=3 (mod 4)

4n—+2

>

K=0
K=3 (mod 4)
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so by (2.3), (2.5), and (2.6) the above identity can be written as

1
(2~ (pant2 An+2
On " = (4n +2)! (T1(4) — Ty )
1 1
— - 24n+1 _1 TL221’L+1 _
(4n+2)!{2( +(=1 )
(_1)n22n+1
(4n + 2)!
Then by (2.2) and (2.11) we obtain

1 n22n+1 24k: lB
n((4)+2>' *TLO( Z 2) 4 Pak
n !

DN | =

(241 — (—1)”22"“)} (2.11)

n k22(n k)+1 24k_1B4k

Z ky+2)!  (4k)!

=1

and so
B (4n + 2)' n ( 1)n k22 n—k)+1 . 24k—lB4k
(12Tt 2« (A k) 121 (4k)!
= 4n +2)!
22k 1 ( B
g (4(n — k) + 2)1(ak)y "
Z 22k 1 <4n4z 2> B4k-

(b) If t =1 and m = 2 in Eq. (2.1), then we observe that

zn: a(z) 24k+1B4k+2
=k (4k + 2)!

k=0
2
= % Z e%m‘% (Z kre_zmg) g 1
k1+ka=2n+1 r=1 H(2k L
r=1
R Al TRy ) 1
2 k1+ko=2n+1 (2k'1 =+ 1)'(2k2 + l)l
1 1
=3 —1) (ki + K
2 k1+k;n+1( e 2) (2k1 + D!(2ko + 1)!
2n+1 .
5 (2n+1-—2k
g:o 2 2k +1)!1(2(2n +1 —ky) + 1)!
2n+1 1
2 2 -1 k1
. )k1z=:0( S B+ DIE T 1= k) T 1)
2n+1 .
- Z (2k1 + 1)(—1)’“1

= 2k +1)!2(2n+ 1 —kq) + 1)!
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n-+1 2”“ 4dn + 4
4TL+4 ' 2k1+1
- f’f (4n + 3)! 1
= 2k1 NC2E2n+1—k)+ 1) (4n+3)!
n+1 2”“ 4n + 4 Q"il dn +3
(4n+4)! 2%, +1 4n+3' 2%k,

and so by (2.4), (2.7), and (2.8) we have

ZO‘ 9y 2% By s
nk (4 + 2)0

_ n+1 2"z+:1 dn + 4 szl dn + 4
- (4TL + 4)' h1=0 2]451 +1 =0 2]€1 +1
k1=0 (mod 2) ki1=1 1(mod 2)
- 1 2§1 dn + 3) B Q’f (4n + 3>
2 (4n + 3)! P Pt 2k,
k1=0 (mod 2) k1=1 (mod 2)
a1 4”2“ 4n + 4 4"z+:4 4n + 4
= n 1 4)! K K
K=0 K=0
K=1 (mod 4) K=3 (mod 4)
- 1 4§3 dn + 3) - 4”523 <4n + 3)
2 ntal| & 2 K
K=0 (mod 4) K=2 (mod 4)

_ n+l dnt4 dn+4 An+3 An+3
= Gn+ o) (Hi - ) - 5 @n+3)! (6 - i)

n+1 An+2 An+2
" (dn+4)! (257 =2

]‘ ]‘ (24n+2 ( 1)n22n+1) _ 1 (24n+2 + (71)7122714’1)
2. (4n + 3)! 2

B (_1)n22n
~ (4n+3)V

which concludes that

n (_1)n22n

Z 2 21 Byis

k=0

Yk Tqk 12 (dn+ )

(2.12)
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Finally combining (2.11) and (2.12) we obtain

(_1)n—k22(n—k)+1 . 24k+lB4k+2
(4(n—k)+2)! (4k + 2)!

(_1)n22n B n
(4n+3)! Z

k=0
()2 & ko2k+2 (4n 4 4)!
= 1)72 B
(4n +4)! :0( ) W24 — k) + 2)1(4k + 2)!
()2 & (4” + 4) koy2k-+2
= (-1)"2 Bygyo
!
(4n +4)! = \4k +2
and
< (4n +4
dn+4=>Y" (4k N 2) (—=1)%2%+2B ;1.
k=0
Thus the proof is complete. [
2n
Lemma 2.2. Let n € N. Then we have ol = Z(—l)ka,(f)aéi)_k,
k=0

Proof. In Proposition 2.1, a%m) constructs that

2n 2n

kq+2ko 1

Stfaal =Yt (X e )

= pars oo (2k1 + 1)1(2k2 + 1)!
1

5 e
! |
ks+ka=2(2n—k) (2k3 + 1)!(2ky + 1)!

Z (_1)_ klzkz 62m,kl+2k242rk3+2k4
k1+ko+ks+ks=4n
o 1
@k + )l (ks + 1)

_ Z €2m.7k147k2 eQﬂ_ik1+2k242rk3+2k4

ki+ko+ks+ka=4n
1

“ 2k + D)1 2k + 1)
g B1H2ka+3ko +dky
= > e ;

ki+ko+ks+ka=4n

1
(2ky + 1)1+ (2kq + 1)1

o,
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2n

Proof of Theorem 1.2. (a) Since o = Z(—l)kaf)agl)_k in Lemma 2.2, we apply

k=0
(2.11) and deduce that
2n
(=1 k22k+1 -1 2n—k22(2n—k)+1
aglél) — Z(_ )k( ) . ( )
2 @k 12! (4@2n—k) 12

. 2n 1
=2 Y e R

gant2 2% Sn+4
- o
(8n +4)! pars 4k + 2

gt i 8n+4 i 8n+4

- (8n+4)! P 4k + 2 Pt 4k + 2
k=0 (mod 2) k=1 (mod 2)

2t 8§2 8n+4\ 8§2 8n + 4

~ (8n+4)! Pt K = K
K=2 (mod 8) K=6 (mod 8)

_ gin2 Si“ Sn+4\ 8§4 8n + 4

- (8n+4)! = K = K
K=2 (mod 8) K=6 (mod 8)

24n+2 Sn+4 Sn+4
RCE (T2<8> ~Tots) ) '

Now using (2.9) and the following facts

m __mm n+1 _ gmn n
r(m) = T"—T(m) and Tr(m) - Tr(m) + r—1(m)»

we have

T84 _ pSntd _ pSnt3 | psnt3 (T8n+3 n T8n+3)

2(8) 6(8) 2(8) 1(8) 6(8) 5(8)
=T T — (T8 )
=To® + T — (T + )
=2 (T3 - T3

= (_1)n22n‘/4n+2-
Employing the above identity to (2.13) we obtain

(4) 24n+2 (71)n26n+2v4n+2

(=1 n22n n —
= mrr U2 Ve (8n + 4)]

(2.13)

(2.14)

(2.15)
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From (2.2) and (2.15) with m = 4 we observe that

(_ 1)n26n+2 V4n+2 B

R
(8n + 4)! On

n

Z a(4) 28k 1BSk
P EIAYE

n—

k=1
- ) k26(n k)+2V4(n k)+2 281 Bgy,
|
Pt — k) +4)! (8k)!
( )n26n+2 - 2k—1 8n +4
= 1)*2 Vin— B
) ;( ) an—ar+2Bsk| o)
and so
" /8n+4
’I’LV4n+2 = Z ( 8k )(—1)k22k_1wn_4k+238k.
k=1
(b) If t =2 and m = 4 in Eq. (2.1), then we have
ia 2 28k+338k+4
—"h 8k +4)!
1 o BLt2ka +8ks +dky 4 o 1
T el D 3
ki+---+ka=4n+2 r=1
S H (2k +1)! (2.16)

Ky +2ko+3ks+4ky
= E e B (=K1 + ko — k3 + ka)
k4 +hg=4n+2

1
kD) (ks D

First we show that the right hand side of (2.16) is equal to the following identity :

2n+1
S (-1 t+1-2k)al?al
k=0
2§1( DF@2n+1-2k) 3 ST !
= — n — e 2
| |
= ok (2k1 + D)!(2ko + 1)!
27\'17k3+2k4 1
. 2 ¢ (2k + 1)!(2ks + 1)

ks+kg :2(2n+17k)
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2n+1 k1+k kq1+2k kg+2k
B DS S

k=0 ki1+ko=2k

k3+k4:2(2n+17k)

ks + Ky 1
N Ry Y

< 2 " > @+ 1) 2k 1 1)
2n+1 k k k 2k k 2k
=3 X @iy

k1+ko=2k
k3+k‘4 2(2n+1 k‘)

ks + ky ki + ko 1
X —
2 2 ) kit Dl (2ks + 1)
1 . kq+2kg+3ko+4k
25 Z 627”1 342 4(—k1—k2+k3+k4)
k1+ko+kz+ka=4n+2
1

“ @k Dl 2k + 1)

and so by exchanging the index ko with k3 we obtain

2n+1
2) (2
Z (2n+1 - 2k) az(@ )agn)+1 k
=0
1 ) 3k
=3 Z L (k1 + ko — k3 + ka) (2.17)
k1+ko+kz+ki=4n+2
y 1
(2ky + 1)+ (2kg + 1)1
Equating (2.17) with (2.16) we have
2553 Bgy g = 2) (2
QZa EEra T ST (-nFEn+1-2k)alal), . (2.18)
k=0

Second we evaluate the right hand side of (2.18). From (2.11) we deduce that

2n+1

S DF@n 12k adal,,
k=0
2§1( l)k (2 o Qk) (_1)k22k+1 (_1)2n+1—k22(2n+1—k)+1
= —_ ""L —_ . .
Z (4k+2)  (@A@n+1—k) +2)
2n+1 241’7,—‘,—4
Z (2n + ) @ 2)iEn 6= h)
2n+1
(4k 4+ 2)1(8n + 6 — 4k)! * (8n + 8)!
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2n+1 24n+4
k(2 + 1
+ Z R o7 T oy AT
M2 (8p 4 8) Qnil(—nk 8n + 8
(8n + 8)! 4k + 2
2n+1 |

4k +2)!(8n+6 — 4k)!  (8n+7)!

:—%2%(—1)’6(8"*8)”24“3)2§1(_1)k(8n+7>

| |
(Bn+7)! & 4k 42 8n+7) = 4k +1
94n+2 T /8n+8 T /8n+8
S = A D VU VSR D D
k=0 (mod 2) k=1 (mod 2)
94n-+3 L 84T 2”“ 8n+7
R DS -
(8n+7)! P 4k +1 k 4k +1
k=0 (mod 2) k=1 (mod 2)
94n+2 8048 /8n 48 . 8n + 8
T (Bnt ) 2 < K >_ Z
K=2 =2
K=2 (mod 8) K=6 (mod 8)

. 9dn+3 8"2*:5 Sn+7\ 8"z+:5 Sn+7
(8n+7)! F: K K

= K=1
K=1 (mod 8) K=5 (mod 8)

and so by (2.3) we can write

2n+1

Y (-1F@n+1-2k)a?al
k=0

e 8"2*:8 8n+8\ 8"z+:8 8n +8
 Bn+ 1) K K

. K=0 _ K=0
K=2 (mod 8) K=6 (mod 8) (219)
P il 8"27 <8n + 7) B 8§7 <8n + 7)
G K 2 K
K=1 (mod 8) K=5 (mod 8)
24n+2 8n+8 8n—+8 24n+3 8n+T7 8n+7
RCEE]] (T3 - ) + [ (75— 137 -
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Since Eq. (2.10) and (2.14) shows that
T8nt8 _ pSnt8 _ p8ntT \ psntT (T8n+7 T T8n+7)

2(8) 6(8) 2(8) 1(8) 6(8) 5(8)
= Tontae + Tentom ~ Lo — Tt
= T T T T
=0
and
T18(7§)+7 - ng(%)+7 = ngig(s) - Tssgi;(s)
— T - T

= (1) Vi,

therefore (2.19) becomes

2n+1 . @ @) 24n+3 102
dSDF@n+1-2k) o ag) = Creah (=1)" 122"V}, 45
k=0 ' (2.20)
(_1)n+126n+3
S Sk A 7
(Bn+ 7)1 e
Equating (2.20) with (2.18) we have
) 2": a(4) 28k+3B8k~+4 _ (_1)n+1 26n+3 V4
£k (8k + 4)! (Bn+7) e
and so by (2.15) we deduce that
22”: (—1)n_k26(”_k)+2v4(n7k)+2 2853 By v g
< (8(n— k) + 4)] (8% + 4)!
(=126 te & k o2k (8n +8)!
= N (—1)% - 22V, apsoBsisa -
(8n + 8)! kzzo( ) An— kT2 T8 (®(n — k) + 4)1(8k + 4)!
8- (—1)nti26n+3 L /8n + 8 K a2k
=— —1)% - 27V B
8(n+1)- (8n+7)! &= \8k + 4 (=1) An—dak+2 28kl
-1 n+126n+3
S Vi i VA
(8n+1)!
and
< (8n+8
> (8l<: . 4) (—1)% - 2% Vi ap 2 Bsiia = —(n+ 1)Vinys.
k=0
u
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