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1. INTRODUCTION

If a differentiable manifold has a Lorentzian metric g, i.e., a symmetric nondegenerated
(0,2) tensor field of index 1, then it is called a Lorentzian manifold. In generally, a
differentiable manifold has a Lorentzian metric if and only if it has an 1-dimensional
distribution. Hence an odd dimensional manifold is able to have a Lorentzian metric. It
is very natural and interesting to define both a Sasakian structure and a Lorentzian metric
on an odd dimensional manifold. In fact, odd dimensional de Sitter space and Goedell
Universe, that are important examples on relativity theory, have Sasakian structure with
Lorentzian metric, [1-8].

In this paper, we define the Tanaka-Webster connection on a Lorentzian Sasakian
manifold and investigate some of its properties like curvature tensor, conformal curvature
tensor and pseudo projective curvature tensor, see [9—12].
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2. PRELIMINARIES

2.1. SASAKIAN MANIFOLDS WITH LORENTZIAN METRIC

Definition 2.1 ([0], [8]). Let M be a differentiable manifold of class C* and let ¢,&,n
be a tensor field of type (1,1), a vector field and an 1-form on M, respectively, such that
¢*(X) = —X +n(X)¢, (2.1)
n() =1, (2.2)
P =0, (2.3)
n(¢X) =0 (2.4)
for any vector field X on M. Then M is said to have an almost contact structure (¢,&,n)

and is called an almost contact manifold.

Since M has a globally defined unique vector field £ which is also called the Reeb vector
field, it is able to have a Lorentzian metric g.

Definition 2.2 ([0]). (¢,&,n,g) is called an almost contact metric structure on M if it is
an almost contact structure on M and g is a Lorentzian metric such that

9(¢X,0Y) = g(X,Y) +n(X)n(Y); X, Y € x(M), (2.5)
9§, ) = -1, (2.6)
9(& X) = —n(X). (2.7)

Definition 2.3 ([8]). An almost contact metric structure (¢,&,7,¢) is called a contact
metric structure if it satisfies

where v/ is the covariant derivative with respect to g.

Definition 2.4 ([8]). If a contact metric structure satisfies

(VX¢)Y = —U(Y)X - g(X’ Y)g,X, Y e X(M)7 (29)

it is called a normal contact metric structure on M. In this case we call M(¢4,&,n,9) a
Sasakian manifold with the Lorentzian metric g.

Proposition 2.5 ([8]). For an almost contact metric structure (¢,£,n,g) on M, equation
(2.9) implies

Vx§=—¢X, (Vxm(Y) = g(¢X,Y); X, Y € x(M) (2.10)
and & is a Killing vector field.

The Riemann curvature tensor R of a Sasakian manifold with Lorentzian metric satis-
fies

R(X,Y)E =n(Y)X —n(X)Y = g(§, X)Y —g(,Y)X. (2.11)
Contracting X in (2.11) it follows that
S(Y,€) = 2mm(Y), (2.12)

where S is the Ricci tensor of the Lorentzian Sasakian manifold.
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2.2. TANAKA-WEBSTER CONNECTION ON A SASAKIAN MANIFOLD

Now, we review the Tanaka-Webster connection on a Sasakian manifold M with
Lorentzian metric g, see [6], [L1] and [12]. We denote by 37 the Lorentzian connection
defined by g. Let r be arbitrary fixed real number, and let A be a tensor field of type
(1,2) defined by

AX)Y = g(¢X,Y)E+ rn(X)p(Y) +n(Y)oX (2.13)
for all vector fields X, Y on M. Then we can define a linear connection D (D-connection)
as

DxY =vyxY + AX)Y, (2.14)

where v/ is the covariant derivative with respect to g.

The tensor fields £, 7, g and A are parallel with respect to the D- connection, see [6].
If we choose 7 = 1 in (2.13) we get the special form of D-connection which is called the
Tanaka-Webster connection and denoted by @, that is we will define

VxY = UxY + g(0X,Y)E+n(X)p(Y) +n(Y)pX. (2.15)

We see that the Tanaka-Webster connection @ for Sasakian manifold M with Lorentzian
metric g has the torsion

T(X,Y) = —29(X, Y )E. (2.16)
Lemma 2.6 ([6]). The tensor field A satisfies followings

A(A(Z)X)Y = g(X,¢Z2)¢Y — g(X,Y)n(Z2)€ — g(Y, Z)n(X)¢ (2.17)
—n(Y)n(Z)X = n(X)n(Y)Z

and
A(Z)AX)Y — A(X)A(Z)Y =n(X)g(Z,Y)§ —n(Z)g(X,Y)E (2.18)
+9(0X,Y)oZ — g(¢Z,Y)oX +n(Y)(X)Z —n(Y)n(Z)X.
3. £&-CONFORMALLY FLAT LORENTZIAN SASAKIAN MANIFOLDS WITH TANAKA-
WEBSTER CONNECTION

Since the curvature tensor R of the Tanaka-Webster connection and the curvature
tensor R of the Lorentzian connection satisfies

R(X,Y)Z =R(X,)Y)ZH+A(AY)X)Z-A(AX)Y)ZH+AX)A(Y)Z-AY)A(X) Z,
from Lemma 2.1, we have the following

Proposition 3.1 ([6]). Curvature tensors R and R satisfies following equation

EnXMZ)Y V(D)X + 96X, D)6 —glov. D)ox.

Putting Z = ¢ in (3.1) we get R(X,Y)€ = 0. As the Reeb vector field ¢ is a parallel
vector field with respect to the Tanaka-Webster connection, we obtain the following
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Theorem 3.2 ([6]). Let M be a (2n+ 1)-dimensional Sasakian manifold with Lorentzian
metric. Then the sectional curvature K(X,€) of the Tanaka-Webster connection with
respect to a section spanned by & and X is identically zero.

Now let ey, eq, ..., €24, €2p41 = € be an orthonormal frame on M. From the definition
of Ricei tensor S = Zflfl Eig(R(ei,Y)Z, €), e, =1fori=1,2,...,2n and €941 = —1.
Using n(e;) = 0 and equations (2.1), (2.2), (2.3) and (2.4), from (3.1) we have the following
equations about the Ricci tensor and the scalar curvature.

Proposition 3.3 ([6]). The Ricci tensor S of the Tanaka-Webster connection and the
Ricci tensor S of the Lorentzian connection satisfies
S(X,Y) = S(X,Y) = 29(X,Y) = 2(n + n(X)n(Y). (3.2)
The scalar curvature p of the Tanaka-Webster connection and the scalar curvature of
the Lorentzian connection satisfies
p=p—2n. (3.3)

The Ricci operator Q ofAthe Lorentzian Sasakian manifold M with Tanaka-Webster
connection is defined by g(QX,Y) = S(X,Y). Then by (3.2), we have

9(QX,Y) = S(X.Y) = 29(X,Y) = 2(n+ L)n(X)n(Y), (34)

where S is the Ricci tensor of the Lorentzian connection. From (3.4), using (2.12) we get

9(QEY)=S(Y)=0 (3.5)
and Q§ =0.

Definition 3.4. A Lorentzian Sasakian manifold M is n-Finstein if there are functions
«a and 3 such that

S(Xa Y) = ag(Xv Y) + 577(X)7](Y)

Hence Lorentzian Sasakian manifold M with Tanaka-Webster connection is also 7-
Einstein for some functions & and S such that

S(X,Y) = ag(X,Y) + Bn(X)n(Y), (3.6)
where 4 =a —2 and 3= — 2(n + 1). Hence, we get
9(QX,Y) = ag(X,Y) = Bn(X)g(&,Y),

QX = aX — pn(X)E. (3.7)
Then using the equality (3.5) and (3.7) we obtain

a=8. (3.8)
Also from (3.6), it follows that

p="Tr(Q) = (2n+1)a—B. (3.9)
Using (3.8) in (3.9) yields

P = 2na. (3.10)

Now we suppose that the Lorentzian Sasakian manifold M is n-Einstein.
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In [13],[14] Weyl constructed a generalized curvature tensor on a (2n+1)-dimensional
Riemannian manifold which vanishes whenever the metric is (locally) conformally equiv-
alent to a flat metric. Conformally flat and £-Conformally flat manifolds are studied in
[15] and [16], respectively.

Definition 3.5. The Weyl conformal curvature tensor of Tanaka-Webster connection is
defined by

C(X,Y)Z=R(X,Y)Z

_ an_ SV, 2)X = S(X.2)Y + (Y, 2)QX - g(X, 2)QY] (3
n m[g(y, 2)X - 9(X, 2)Y],

where R and p denote the Riemannian curvature tensor and the scalar curvature of M
with respect to the Tanaka-Webster connection respectively.

Definition 3.6. A Lorentzian Sasakian H}anifold M with Tanaka-Webster connection is
called ¢-conformally flat if the condition C'(X,Y )¢ = 0 is satisfied on the manifold M.

Putting Z = ¢ in (3.11) and using R(X,Y)¢ = 0, S(Y,€) = 0, (3.7) and (3.10) we
obtain

O(X, Y)f = 72711— 1 [777(Y)(64X - Bn(X)f) + n(X)(ééY . Bn(y)ﬁ)]
na (3.12)
m[n(ﬁf)lf —n(Y)X] = 0.

Thus, from (3.12) we have the following

Theorem 3.7. If a Lorentzian Sasakian manifold with Tanaka-Webster connection is
an n-Finstein manifold, then it is £-conformally flat with respect to Tanaka-Webster
connection /.

Definition 3.8. The concircular curvature tensor C' is given by

P
2n(2n + 1)

Definition 3.9. A Lorentzian Sasakian manifold with Tanaka-Webster connection is
called &-concircularly flat if C(X,Y)€ =0.
Then putting Z = ¢ in (3.13) and using R(X,Y)¢ = 0 and (3.10) from (3.13) we get

2 a—2
CLY)E = on+1

C(X,Y)Z = R(X,Y)Z — [9(Y,2)X — g(X, Z)Y]. (3.13)

R(X,Y)E. (3.14)

Thus, since & = 3 # 0 we may express the following theorem:

Theorem 3.10. If a Lorentzian Sasakian manifold with Tanaka- Webster connection is
an n- Einstein manifold, then it is &-concircularly flat with respect to the Tanaka- Webster
connection N7 if a = 2.

Definition 3.11. The quasi-conformal curvature tensor W on the Lorentzian Sasakian
manifold with Tanaka- Webster connection M is defined by

W(X,Y)Z = —[(2n — DBC(X,Y)Z + [a + (2n — )HC(X,Y)Z, (3.15)
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where a and b are arbitrary constants such that a and b are not zero simultaneously, C

and C' are conformal curvature tensor and concircular curvature tensor respectively.

Definition 3.12. A Lorentzian Sasakian manifold with Tanaka-Webster connection is
called &-quasi conformally flat if W(X,Y )¢ = 0.
Now putting Z = ¢ in (3.15), using (3.12) and (3.14) we get
2nb(a —2) + (a — b)(a — 2)
2n+1

Hence, we may express the following theorem:

Ql)

W(X, V)¢ = (X,Y)E. (3.16)

Theorem 3.13. If a Lorentzian Sasakian manifold with Tanaka- Webster connection is
an n-Finstein manifold, then it is £-quasi conformally flat with respect to Tanaka- Webster
connection N7 if a = 2.

4. £-PSEUDO PROJECTIVELY FLAT LORENTZIAN SASAKIAN MANIFOLDS
WITH TANAKA-WEBSTER CONNECTION

Let M be an (2n + 1)-dimensional Lorentzian Sasakian manifold equipped with a
Tanaka-Webster connection. Since the Ricci tensor S of the Tanaka-Webster connection
is symmetric, the pseudo projective curvature tensor of the Sasakian manifold with respect
to the Tanaka-Webster connection can be defined by
aR(X,Y)Z +b{S(Y,2)X — S(X,Z)Y}
p a

bl(g(Y,2)X — g(X,2)Y
- S e + (Y. 2)X — g(X, 2)Y),

where a,b are constants.

P(X,Y)Z
(4.1)

Definition 4.1. A Sasakian manifold is called §-pseudo projectively flat with respect to
Tanaka- Webster connection if the condition P(X,Y)Z = 0 is satisfied on the manifold.
Putting Z = ¢ in (4.1) and using R(X,Y)¢ = 0 and S(Y, &) = 0, we have
2 a
PX.Y)E = 2n + 1 [Qn

From equation (4.2) we have

+BR(X,Y)E. (4.2)

Theorem 4.2. A Lorentzian Sasakian manifold with Tanaka-Webster connection is &-
pseudo projectively flat with respect to Tanaka-Webster connection 7 if R(X,Y )¢ = 0.

For a =1 and b= —5- (4.1) takes the form
P(X,Y)Z = R(X, Y)Z — QL{SA(Y, Z)X —8(X,2)Y}=P(X,Y)Z, (4.3)
n

where P is the projective curvature tensor with respect to the Tanaka-Webster connection.
From (4.3) we have that the following

Theorem 4.3. A £-pseudo projectively flat Lorentzian Sasakian manifold is &-projectively

. . . o o 1
flat with respect to Tanaka- Webster connection 7 if a =1 and b = —5-.



On ¢-Conformally and ¢-Pseudo Projectively Flat ... 19

REFERENCES

[1]

M. Belkhelfa, , I.LE. Hirica, R. Rosca, L. Verstraelen, On Legendre curves in Rie-
mannian and Lorentzian Sasaki spaces, Soochow Jour. Math. 28 (1) (2002) 81-91.

D.E. Blair, Contact manifolds in Riemannian Geometry, Lecture Notes in Math.,
509 (1976), Springer-Verlag, Berlin-Heidelberg-New-York.

J.L. Cabrerizo, L. Fernanndez, M. Fernandez, G. Zhen, The structure of a class of
contact manifolds, Acta Math.Hungar., 82 (4) (1999) 331-340.

U.C. De, S. Biswas, A note on &-conformally flat contact manifolds, Bull. Malaysian
Math. Sci. Soc. 29 (1) (2006) 51-57.

M. Erdogan, J. Alo, B. Pirincci, G. Yilmaz, Some properties of Lorentzian Sasakian
manifolds with Tanaka-Webster connection , BMAA. 4 (4) (2012) 47-55.

T. Tkawa, M. Erdogan, Sasakian manifolds with Lorentzian metric, Kyungpook
Math. J. 35 (1996) 517-526.

A.A. Shaikh, S. Biswas, On LP-Sasakian manifolds, Bull. Malaysian Math. Sci. Soc.,
27 (2004) 17-26.

T. Takahashi, Sasakian manifold with pseudo Riemannian metric, Tohoku Math J.
21 (1969) 271-290.

R.S. Mishra, Structure on differentiable manifold and their applications, Chandrama
Prakasana, Allahabad, India, 1984.

A K. Mondal, U.C. De, Some properties of a quarter-symmetric metric connection
on a Sasakian manifold, Bull. Math.Analysis and Appl. 1 (3) (2009) 99-108.

N. Tanaka, On non-degenerate real hypersurfaces, graded Lie algebras and Cartan
connections, Japan Jour. Math. 2 (1976) 131-190.

S.M. Webster, Pseudohermitian structures on a real hypersurface, J. Differ. Geom.
13 (1978) 25-41.

H. Weyl, Reine infinitesimalgeometrie, Math.Z. 2 (3) (1918) 384-411.

H. Weyl, Zur Infinitesimalgeometrie: Einordnung der projektiven und der konfor-

men Auffasung. Nachrichten von der Gesellschaft der Wissenschaften zu Gottingen,
Mathematisch-Physikalische Klasse, (1921), 99-112.

K. Yano, S. Sawaki, Riemannian manifolds admitting a conformal transformation
group, J. Diff. Geom. 2 (1968) 161-184.

G. Zhen, J.L. Cabrerizo, L.M. Ferndndez, M. Fernandez, On £-conformally flat con-
tact metric manifolds, Indian J. Pure Appl. Math. 28 (6) (1997) 725-734.



	Introduction
	Preliminaries
	Sasakian Manifolds with Lorentzian Metric
	Tanaka-Webster Connection on a Sasakian Manifold

	-Conformally Flat Lorentzian Sasakian Manifolds with Tanaka-Webster Connection
	-Pseudo Projectively Flat Lorentzian Sasakian Manifolds with Tanaka-Webster Connection

