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1. INTRODUCTION AND PRELIMINARIES

The concept of the lower and upper curvature bounds on some metric spaces without
the Riemannian structure is introduced by Alexandrov [I, 2]; see also [3-9]. This idea
has been very fruitful because it extended many concepts to arbitrary metric spaces.
Various theorems of Riemannian Geometry, in which the newly defined bounded curvature
corresponds to bounded sectional curvature, could be transfered to these spaces with less
stucture. Hilbert spaces, a Riemannian manifold for which sectional curvature is bounded
below and its convex subsets are examples of spaces of curvature bounded below.

In this work, we study a necessary and sufficient condition for a complete metric space
to be a space of curvature bounded below and then give a lower bound for a distance
between any two points. We also give some remarks about nearest points in a metric
space of curvature bounded below.

Let (X, d) be a metric space and v : [a,b] — X a curve. The length ¢(7) of ~ is defined
by
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where the supremum is taken over all partitions a =ty < t; < --- <ty = b of [a,b]. Then
d*(x,y) := inf{l(v)| v is a curve from x to y},

for all z,y € X, defines a metric on X with distance values in [0, 00]. If d = d*, then
(X, d) is called a length space.

A geodesic in X is an isometry from R = (—o0,00) into X. We may also refer to the
image of this isometry as a geodesic. A geodesic path joining two points x and y is a
map c : [0,l]] € R — X such that ¢(0) = z and ¢(l) = y, and d(c(t),c(t')) = |t — t'| for
all ¢t,¢' € [0,1]. Usually, the image ¢([0,]) is called a geodesic segment joining z and y. If
there is a unique geodesic segment joining two points = and y, then [x,y] is denoted the
geodesic segment joining x and y. The metric space (X, d) is called a geodesic space if
each pair of two points of X is joined by a geodesic segment.

Definition 1.1. [3] Let K be a real number. The Rk is one of the following spaces,
depending on the sign of K: R2, if K = 0, the Euclidean sphere of radius 1/ VK, if
K > 0, and the hyperbolic plane of curvature K, if K < 0.

Denote the diameter of R by Dy, i.e.,

- for K > 0;
D =< VK ’
K { oo for K <0.

We can get more about the spaces Ry in [3, 10]. For convenience, throughout this
work, we let A\ = VK if K # 0. If a,b and ¢ are arc lengths of the sides of a geodesic
triangle in Ry with opposite angles «, 8 and +, respectively, then the following properties
are the laws of cosines [11],

cosh(Aa) = cosh(Ab) cosh(Ac) — sinh(Ab) sinh(Ac) cosa  if K < 0;
a®> = b+ % — 2bccos o if K =0;
cos(Aa) = cos(Ab) cos(Ac) + sin(Ab) sin(Ac) cos « if K >0.

A geodesic triangle A(p, ¢,r) in X is a triangle with points p, ¢, r as its vertices and
three chosen geodesics [p,q], [q,7], [p,7] as its sides. A comparison triangle in Ry for
the geodesic triangle A(p,q,r) in X is a triangle A(p,q,7) in Ry such that d(p,q) =
d(p,q), d(q,v) = d(q,7), and d(p,r) = d(p,7). Such a triangle A(p,q,7) always exists if
d(p,q) +d(q,7) + d(p,7) < 2Dk and it is unique up to isometries.

Given a pair of a triangle A(p,¢,r) in X and its comparison triangle A(p, q,7) in Ry,
the comparison point for a point x € [g,7] is the point denoted by & in [g, 7] such that
d(q,z) = d(q, %), and the comparison angle at ¢ of the triangle A(p,q,r) is the angle at
g of the triangle A(p,q,7). We denote Z(q,p, r) the angle at p of a triangle A(p, q,T)
in Ri. Sometimes, for convenience we let a triangle A(p, q,r) in Rx be a comparison
triangle of A(p,q,r) in X.

Definition 1.2. [3] Let X be a length space. A locally complete space X is a space of
curvature bounded below by a real number K if every point z € X has a neighborhood
U(x) such that the following condition is satisfied:

(A) for any four distinct points p,q,7,s € U(z), Z(q, s,p) + Z(q, s,7) + Z(p, s,7) < 2.

For spaces in which, locally, any two points are joined by a geodesic, in particular
for locally compact spaces, the condition (A) in Definition 1.2 can be replaced by the
condition:
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(B) for any triangle A(p,q,r) in U(z) and any point s on the side [g, 7], the inequality
d(p,s) > d(p, §) is satisfied, where § is the corresponding point of s on the side [g, 7] of a
comparison triangle ﬁ(p, q,T)-

Let X be a space of curvature bounded below by K and « and 3 be two geodesics
starting at a point p in X. The angle between a and (5 is defined by

ot (2.2 P10, 8) — (2, ()
2d(p, o(s))d(p, B(s)) ’

if the limit exists. The angle at p of a triangle A(p, g, r) is the angle between [p, g] and
[p, ] and denoted by Z(q,p,r).

The condition (B) is equivalent to the following condition:

(B) for any triangle A(p,q,r) in U(x), Z(p,q,7) > Z(p,q,7), Z(q,7,p) > Z(g,7,p), and
Z(r,p,q) > Z(r,p,q), where A(p, q,r) is a comparison triangle in Rg of the triangle
Ap,q,7).

By Definition 1.2, we have that if X is a space of curvature bounded below by Ki,
then it is a space of curvature bounded below by K for every Ko < K;. A Riemannian
manifold of sectional curvature bounded below by K and its convex subsets are spaces of
curvature bounded below by K, a Hilbert space is a space of curvature bounded below
by 0, and Ry is a space of curvature bounded below by K, for examples.

It is worth to remark that in any metric space X of curvature bounded below by K,
there is no a branch point in X. Suppose there were a branch point in X, then there
exists a triangle A which is thinner than its comparison triangle, which is impossible.

Spaces with curvature bounded below were defined above using local conditions. How-
ever, for complete spaces, the global conditions may be deduced from the corresponding
local ones. In this work, we set X being a metric space of curvature bounded above using
global conditions and then we call X a metric space of curvature bounded above in the
large. We can see more about the spaces of curvature bounded below in [1, 3].

s—0

Theorem 1.3. [3] If X is a metric space of curvature bounded below by K in the large,
where K > 0, then dim(X) < Dk and any triangle in X has perimeter no greater than
2Dk .

Theorem 1.4. Let X be a metric space of curvature bounded below by K in the large,
A(p,q,r) a triangle in X and A(p,q,7) a comparison triangle in Ry . If d(p,q) = d(p,§),
d(p,r) =d(p,7), and ZL(q,p,r) = £(q4,p,T), then d(q,r) < d(q,T).

Proof. Let d(p,q) = d(p, q), d(p,r) = d(p,7), and Z(q,p,r) = Z(G,p,7). We shall show
that d(q,r) < d(q,7). Suppose that d(q,r) > d(q,7). Let A(p,q,5) be a comparison
triangle of A(p,q,r). Then we have Z(p,q,r) > Z(p,q,5). As d(q,r) = d(q,5), we have
d(q~7 §> > d(du f)a and hence 4(137 qs §) > 4(137 q 7:) So we have é(pa q, T) > é(ﬁa q 7:)7 which
is a contradiction. Therefore d(q,r) < d(q,7), as desired. n

2. DISTANCE BETWEEN TWO POINTS

In this section we give a necessary and sufficient condition for being a space of curvature
bounded below. We also give a lower bound for distance between two points in this space.
Let A(Z,9,Z2) be a triangle in Ry . We firstly give the distance between the point Z and
the midpoint m of the geodesic segment [Z, 7], opposite the angle at Z by the following
lemma.
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Lemma 2.1. Let A(Z,9,2) be a triangle in Ry and m the midpoint between two points
z and y. Then

D ost (S D)] + cosh MG AT ) e
2 cosh [A—d(g’y)]

)\
- 1 1
d(m, z) = \/2 A2 (i, 2) + d2(§, 2)] = {d2(2,7) if K =0
1
)\

1 [ cos (i, )] + cos [M(3, 2)] |
( 2 cos [A@} ) if K>0.

Ve

Proof. Let a = Z(&,m,Z%). Now we consider two triangles A(Z,m, 2) and A(g,m, 2) in
three possibilities.
Case K < 0. By the law of cosine in Ry, we have

cosh [Ad(, 2)] = cosh [Ad(, )] cosh [\d(1, 7)) —sinh [\d(%, 172)] sinh [\d(1, 7)) cos v, (1)
and
cosh [\d(7, )] = cosh [Ad(§, )] cosh [Ad (17, )] — sinh [Ad(§, )] sinh [Ad(1i, Z)] cos(r — ((342))
Since d(i, ) = d(jj, 1) and cos(m — a) = — cos(a), by (2) we have that

cosh [Ad(7, Z)] = cosh [Ad(&,m)] cosh [Ad(1h, Z)] + sinh [Ad(Z, m)] sinh [Ad(m, 2)] cos(a).

(3)
Using (1) and (3), we get
cosh [Ad(Z, Z)] + cosh [Ad(y, 2)] = 2 cosh [Ad(Z, m)] cosh [Ad(m, 2)] ,
and so
o cosh [Ad(Z, Z)] + cosh [Ad(7, 2)]
h [\d = .
cosh [Ad(m, )] 2 cosh [\d(7, )]
Hence
U | _1 {cosh [Ad(Z, Z)] + cosh [Ad(7, Z)]
d — h 1 ) )
(72, 2) = 3 cos ( 2 cosh [M(Z, 170)]
As we know that d(Z,§) = 2d(m, &), it follows that
1 h T, 2 h J, 2
d(ﬁ’b, 5) — COSh_l cos [)\d(.’L', Z)] + C?S~ [)\d(ya Z)] )
2 cos [A—d(z’y)}
Case K = 0. By the law of cosine in Ry, we have
d*(%, 2) = d*(&,m) + d*(m, 2) — 2d(Z,m)d(mn, Z) cos (4)

and

d*(, 2) = d*(§,m) + d* (1, ) — 2d(§,m)d(1m, Z) cos(m — a). (5)
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By (4) and (5) we have
d* (%, 2) + d* (3, 2) = d*(z,m) + d*(1n, 2) — 2d(&,m)d(1m, Z) cos
+ d* (5, m) + d* (1, 2) — 2d(7,m)d(1n, Z) cos(m — @)
= d*(Z,m) + d*(1n, 2) + d*(§,m) + d*(m, 2)
= 2d*(%,m) + 2d°(1h, 2)

2 ~ ~
_@9) (;:,y) + 242 (1, ).
Hence 1 257
d*(m, ) = 5 (d*(7,2) + d*(3,%)) — (i’y).

Case K > 0. By the law of cosine in Rg, we have

cos [Ad(Z, 2)] = cos [Ad(Z,m)] cos [Ad(m, 2)] + sin [Ad(Z, m)] sin [Ad(m, Z)] cosa,  (6)
and

cos [Ad(7, Z)] = cos[Ad(g,m)] cos [Ad(m, 2)] + sin [Ad(g, m)] sin [Ad(m, Z)] cos(m — a). (7)

Since d(Z,m) = d(g,m) and cos(m — o) = — cos(a), by (7) we have that

cos [Ad(7, Z)] = cos [Ad(Z,m)] cos [Ad(1h, Z)] — sin [Ad(Z, m)] sin [Ad(m, Z)] cos(a).  (8)
Adding (6) and (8), we get

cos [Ad(Z, 2)] 4 cos [Ad(7, 2)] = 2 cos [Ad(Z, m)] cos [Nd(, 2)] ,

and thus
cos [Ad(Z, Z)] + cos [Ad(7, Z)]

2 cos [Ad(Z,m)]

o1 cos—1 cos [Ad(Z, 2)] + cos [\d(7, Z)]
dim. 2) = 3 ( 2 c0s \(Z, 7)) ) '

cos [Ad(m, 2)| =

Hence

As d(z,y) = 2d(m, T), it becomes

_ .1 [ cos[Ad(z,Z)] + cos [Ad(7, Z)]
d(m, z) = 3, €08 ( . [A@] ) .

The proof is completed. [

Theorem 2.2. Let X be a complete metric space. The space X is a space of curvature
bounded below by K in the large if and only if for any pair of different points z,y € X,
there exists the midpoint m between them such that,

1 cosh cosh [Ad(z, z)] + cosh [Ad(y, 2)] i K <0
A 2 cosh [A—d(é’y)]
1 1
d(m,z) > \/§ [d?(x, 2) + d?(y, 2)] — Zdz(x,y) if K =0;
1 s | €08 [Ad(z, z)] + cos [Ad(y, z)] i K> 0.
\ A 2 cos [)\—d(?y)}

for all z € X.
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Proof. Suppose that X is a space of curvature bounded below by K in the large. Let
x,y,z € X. We choose m the midpoint of geodesic segment [x,y]. We consider a compar-
ison triangle A(Z, 9, 2) in Rx of the triangle A(z,y, z). Let m be the midpoint of [Z, g].
By Lemma 2.1, we have

,

1 cosh! cosh [\d(Z, 2)] + co~sl~1 [Ad(7, Z)] it K <0
A 2 cosh [)\—d(mz’y)]
L 1 1
d(m, z) = \/5 [d?(z,2) + d?(y, 2)] — Zcﬁ(ﬁc,gj) if K=0;
L (s ol s eos a2\
\ A 2 cos [A—d(é’y)}

and hence the result follows by d(y, z) = d(y, 2), d(z, z) = d(Z, 2), d(z,y) = d(Z,7) and
d(m, z) > d(m, 2).

Next, we shall prove the necessity. Suppose that the sufficiency holds and suppose
that for a pair of different points x,y € X, there exists the midpoint m between them
satisfying the following:

;

L cosh [Ad(zx, z)] + cosh [Ad(y, 2)] it K <o
A 2 cosh [A—d(z’y)]
1 1
d(m,z) > \/5 [d?(z,2) + d?(y, z)] — Zcﬁ(w,y) if K=0;
1 1 cos [Ad(z, z)] + cos [Ad(y, 2)] K SO
\ A 2 cos [/\—d(z’y)}

for all z € X. Let m be the midpoint of geodesic segment [Z,y]. We can conclude that X
is a space of curvature bounded below by K in the large if d(m, z) > d(m, Z). By Lemma
2.1 and d(y,z) = d(g, 2), d(x,2) = d(Z, 2) and d(x,y) = d(Z,7), we have

(

1 h h
Lot [ cos [Ad(x, z)] + cosh [Ad(y, 2)] K <0
A 2 cosh [A—d(g’y)]
- - 1 1

d(m, z) = \/5 [d?(z, z) + d?(y, )] — ZdQ(m,y) if K =0;

%cosl cos [Ad(z, 2)] +d((:os )[)\d(y, z)] P Ko
x’y
\ 2 cos [AT}
Then d(m, z) > d(m, 2). "

If X is a CAT(K) space (this space is introduced in [!1]), then the inequality in
Theorem 2.2 becomes <, see [13].

Corollary 2.3. Let X be a metric space of curvature bounded below by O in the large. If
a triangle A\ in X has sides of length a,b,c > 0 and angle @ at the vertex opposite to the
side of length c, then c® < a® + b* — 2abcos a.
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Proof. Let A be a triangle in X whose sides of length are a,b,c > 0 and angle is « at
the vertex opposite to the side of length ¢ and A(Z, g, Z) comparison triangle of A in Ry
such that d(Z,9) = a, d(Z,Z) = b and d(y, Z) = c¢. By the law of cosine in Ry, we have

2 =a®+b* — 2abcos £(§, %, %). (10)

Since X is a space of curvature bounded below by 0 in the large, we have o« > Z(3, %, )
and hence cos « < cos (7, Z, 2). By (10), we have

? < a® +b% — 2abcos a.

If X is a CAT(0) space, then the inequality in Corollary 2.3 becomes >, see [12].

Theorem 2.4. Let X be a metric space of curvature bounded below by K in the large
and A be a bounded set of X. If any pair of different points x,y € X and the midpoint
m of them satisfy the following conditions:

(1) d?(z, A) + d*(y, A) > 2d*(m, A), if K =0
(2) max{d(z, A),d(y,A),d(m, A)} < BE and cos [\d(x, A)]+cos [Ad(y, A)] < 2Ad(m, A),

of K >0,
then

2 cosh—! cosh [Ad(x, A)] + cosh [Ad(y, A)] K <0
A 2 cosh [)\—d(g’y)}

dw,y) = { /3, A) T By, A)] — A8 (m, A) . K=o
2 A A
2 ot (sl A +eosDiw A\
A 2 cos [A@]

\

Proof. Let xz,y € X and m the midpoint of them. We now consider in three possibilities.
Case K < 0. By Theorem 2.2, we have seen that for each z € A,

cosh[Ad(z, z)] + cosh[Ad(y, z)]
d(z,y)
2 cosh [)\Ty}

1
d(m,z) > X cosh™!

Since the hyperbolic cosine function is increasing, it follows that for each z € A,

cosh[Ad(z, z)] + cosh[\d(y, z)] .

cosh[Ad(m, z)] >
2 cosh [/\@}
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Then
cosh[Ad(m, A)] = cosh[X inf d(m, z)]

z€A
= ;Ielg cosh[Ad(m, 2)]

v

of (Cosh[)\d(:zz, z)] + cosh|[A\d(y, z)])
z€EA d(:L‘, )
< 2 cosh [ATy]
inf,c 4 cosh[Ad(z, z)] + inf,c 4 cosh[A\d(y, z)]
d(z,y)
2 cosh [)\Ty]
cosh[Ainf,c 4 d(z, z)] + cosh[Ainf,c 4 d(y, 2)]
d(z,y)
2 cosh [ATy}
_cosh[Ad(z, A)] + cosh[Ad(y, A)]
2 cosh [A@]

Y

which gives

d(z,y) cosh[A\d(x, A)] + cosh[A\d(y, A)]
cosh ()\ 2 ) = 2 cosh[Ad(m, A)] '
Hence

2 _1 [ cosh[Ad(x, A)] + cosh[Ad(y, A)]
d > 2 h 1 ) )
(2,y) 2 3 cos ( 2 cosh[Ad(m, A)]
Case K = 0. By Theorem 2.2, we have seen that for each z € A,

1 1
d(m7z) > \/5 [d2($72> + dQ(y,Z)] - Zdz(xay)v
that means,
dz(x7 y) > 2d2($, Z) + 2d2(y7 Z) - 4d2(m7 Z)'
We then have
P(r,y) > it [20%(z, 2) + 2 (y, 2) — 4d*(m, =)
ze

> 93 2 . 2 R 2

> 2;161£d (z,2) +2Z12£d (y, 2) 4;2£d (m, 2)

= 2d%(z, A) + 2d*(y, A) — 4d*(m, A).

Hence

Case K > 0. By Theorem 2.2, we have seen that for each z € A,

1, [ cos[Ad(z, 2)] + cos[Ad(y, z)]
d(m,z) 2 + cos ( — [A@] ) .

Since dim(X) < Dg and the cosine function decreases on [0, 7], we have that for each
z € A,
cos[Ad(x, z)] 4 cos[Ad(y, z)]

cos[Ad(m, z)] <
2 cos [A—d(g’y)]
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Thus

cos[Ad(m, A)] = cos|\ zlgg d(m, z)]

= sup cos|A\d(m, z)]
z€A

< sup cos[Ad(z, z)] 4 cos[Ad(y, 2)]

z€A 2 cos [/\@}

SUp, ¢ 4 cos[Ad(z, 2)] + sup, ¢ 4 cos[Ad(y, )]
2 cos [A@]
cos[Ainf,c 4 d(z, z)] + cos[Ainf e 4 d(y, 2)]
2 cos [A@]
cos[Ad(z, A)] + cos[Ad(y, A)]
2 cos {)\W} .

We now have that max{d(z, A),d(y, A),d(m, A)} < 2, which gives cos[Ad(m, A)],
cos[\d(z, A)] and cos[A\d(y, A)] positive, and hence

d(z,y) cos[Ad(z, A)] + cos[Ad(y, A)]
o8 (A 2 ) = 2 cos[Ad(m, A)] '

Therefore,

2 [cos[Ad(z, A)] + cos[Ad(y, A)]
d,y) 2 P ( 2 cos[Ad(m, A)] )

If X is a CAT(K) space, then the inequality in Theorem 2.4 becomes <, see [13].

3. NEAREST POINTS

In this section we define a nearest point in a metric space of curvature bounded below
and then we give some remarks.

Definition 3.1. Let X be a metric space of curvature bounded below by K in the large
and C' a complete convex subset of X with induced metric. A point w € C' is a nearest
point of a point z € X if d(z,w) = d(z,C) = inf{d(z,y) : y € C}. Let w(x,C) denote
the set of all nearest points of x on C.

Let X = {(7,y,2) € R® | 2®+y*+22 =1} and C = {(v,y,2) € R® | 2?2 +9*+22 = 1,2 >
0}. Then X is a metric space of curvature bounded below by 1 and C' is a closed convex,
compact, and complete subset of X. We consider a point x = (0,0,—1) € X. We get
7(z,C) = {(z,9,0) | 22 +y? = 1}. We can see that ¢ := {(x,y,0) € R® | y = V1 — 22}
and fy := {(z,y,0) € R? | y = —V/1 — 22} are geodesic segments, which all their points
are nearest points, and f3 := {(x,y,0) € R? | y = —V/1 — 22} is a geodesic segment, whose
endpoints are nearest points but the points between the endpoints are not nearest points.
So we can conclude that the point between two nearest points which are the endpoints of
a geodesic segment need not to be a nearest point.
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Theorem 3.2. Let X be a metric space of curvature bounded below by K in the large
and C' a complete convex subset and x € X — C. Ify € w(z,C) and x’' € [z,y], then
yem(x,C).

Proof. Let y € mw(z,C) and z’ € [z,y]. Suppose that y ¢ n(z’,C). Let z € n(a’,C).
Then d(z’,z) < d(z',y). Since d(x,y) = d(x,2’) + d(2’,y) and y € 7w(x,C), we have
d(z,y) < d(z,z). As 2’ is not a branch point, d(z, z) < d(z,z’) + d(z’, z) and thus

d(z,2") +d(z',y) = d(z,y) < d(z,2) < d(z,2') + d(', 2).

It follows that d(z’,y) < d(«',z), which is a contradiction. Therefore y € w(z’,C), as
required. [

Let D be a non-empty subset of X, we put Ip(x) = Uyex{y: (z,y] N D # 0} U {z}.
Theorem 3.3. Let X be a metric space of curvature bounded below by K in the large, C'
a complete convex subset of X and z € w(x,C). Suppose that

(1) L(z,z,w) > 5 and Az, z,w) > 5 for allw € C;

(2) y e To(z) - {=}: )
(3) max{d(z,y),d(y,z2),d(z,2)} < 35, if K >0,

then d(x, z) < d(z,y).

Proof. Since y € Ico(z) — {z}, there is a sequence y,, € Io(z) such that y, — y. For each
large positive integer n, we can find z, in (z,y,|NC. Because z, € C —{z}, by condition
(1) we have that Z(z,z,2,) > § and L, 2,2n) > & 2 where A(Z, Z, Z,) is a comparison
triangle of A(x, 2, 2,) in Ri. As 4(Z,%,2,) = 4(%,2,4,), by the law of cosines in R,

we have the following;:

cosh [Ad(Z, §p,)] > cosh [Ad(Z, 2)] cosh [Nd(Z, §,,)] if K < O0;
d*(Z,9n) > d*(£,2) + d*(Z, §n) if K=0;
cos [Ad(Z, )] < cos [Ad(Z, 2)] cos [Ad(Z, )] if K >0.
Since d(z,yn) = d(Z,Un), d(z, 2)

=d(Z,z,) and d(z,y,) = d(Z,0n),
cosh [Ad(zx, yp)] > cosh [Ad(z, z)] cosh [Nd(z,y,,)] if K <O0;
d*(z,yn) > d*(x, 2) + d* (2, yn) if K =0;
cos [Ad(x,yn)] < cos [Ad(x, 2)] cos [Ad(z, yn)] if K >0.
Taking n — oo, we obtain
cosh [Ad(x,y)] > cosh [Ad(x, z)] cosh [Ad(z,y)] if K <0
d*(z,y) > d*(x, 2) + d*(z,y) it K=0;
cos [Ad(z,y)] < cos [Ad(z, z)] cos [Ad(z,y)] it K >0.
Because cosh [Ad(z,y)] > 1, d*(z,y) > 0 and cos [A\d(z,y)] < 1, we have
cosh [Ad(x,y)] > cosh [Ad(x, z)] if K <0
d*(z,y) > d*(z, 2) if K =0;
cos [Ad(z,y)] < cos [Ad(x,z)] if K >0,
which give d(z,y) > d(x, z) for any K, as desired.
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