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1 Introduction

The concept of asymptotically nonexpansive mappings was introduced by
Goebel and Kirk [4] in 1972. They also proved that every asymptotically non-
expansive mapping of a nonempty closed bounded subset of a uniformly convex
Banach space always has a fixed point. Since then many authors have studied
iterative approximation methods of fixed points for asymptotically nonexpansive
mappings. In 1991, Schu [13], [14] introduced the modified Mann iteration method
and proved that such iterative sequences converge strongly to a fixed point of an
asymptotically nonexpansive mapping in a Hilbert space. Rhoades [12] extended
the results in [13] to uniformly convex Banach spaces and to the modified Ishikawa
iteration methods.

Recently, Gu and He [6] studied a multi-step iterative sequence involving fi-
nite nonexpansive mappings in a uniformly convex Banach space. They obtained
weak and strong convergence theorems for approximating common fixed points of
nonexpansive mappings. Liu et.al. [8, 9] introduced new iterative methods, the
modified three-step and the modified Ishikawa iteration methods with respect to
a pair of mappings. They also proved some convergence theorems which improve
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and unify many results due to Chang [1], Liu and Kang[7], Osilike and Aniagbosor
[11], Rhoades [12], and Schu [13} [14] and others.

Inspired and motivated by the works in [8, 9], we introduce a new iterative
method with respect to finite mappings, and establish some strong and weak con-
vergence theorems of our iteration method in uniformly convex Banach spaces.
The results presented in this paper generalize, improve and unify many results
due to Liu et.al. [8,[9] and also Gu and He [6].

2 Preliminaries

Let K a nonempty subset of a real Banach space F and T : K — K be a
mapping with the fixed point set F(T), i.e., F(T)={x € K : & = Tx}.

Definition 2.1. A mapping T : K — K is said to be

1. asymptotically nonexpansive if there exists a sequence {k,} C [1,00) with
limy, o0 kn = 1 such that |T"z — T™y|| < ky|lz — y|| for all x,y € K and
n>1;

2. nonexpansive if [Tz — Ty|| < ||z — y|| for all z,y € K;

3. semi-compact if K is closed and for any bounded sequence {x,} in K with
limy, o0 ||@n — T2y || = 0, there exist a subsequence {xy, } C {z,} andz € K
such that limg_ oo Tpn, = x;

4. demi-closed at a point p € K if whenever {x,} is a sequence in K which

converges weakly to a point © € K and {Tx,} converges strongly to p, it
follows that Tx = p.

It is clear that every nonexpansive mapping is asymptotically nonexpansive.
But the converse is not true (see [4]).

Definition 2.2 ([3]). A Banach space E is uniformly convex if for all {zy}, {yn} C
{z€ X :||z|| =1} such that H%H — 1, we have ||z, — yn|| — 0.

Definition 2.3 ([10]). A Banach space E satisfies Opial’s condition if for each
sequence {x,} in E which converges weakly to a point x € E, we have

liminf ||z, — z|| < liminf ||z, —y|| forally € E withy # x.
n—oo n—oo

Let K be a nonempty subset of a Banach space E. Let S1,59,...,5yv : K —
K be N nonexpansive mappings, 11,715,...,Tn : K — K be N asymptotically
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nonexpansive mappings. Then the sequence {z,} defined by

1 € K,

x;N) =Ty,

o = a0 TRal + oM Sy, + iV ulY,

SN0 N -Dpn  N-1) (VD g ((N-D) (N-1)

o) = al Tpa + 6 Ssa, + ¢ ul
2V = aPTpalP + 0P Sy, + DUl

npr = aW TP + 000 S1a, + cDul), n>1,

is called the N-step iterative sequence, where {ugf)} are bounded sequences in K
and {an)};;O:l, {bs«f) o 1 {csf) &, C [0,1] such that a? + b + ¢ =1, for all
1=1,2,...,N.

The purpose of this paper is to study the weak and strong convergence of
finite-step iteration sequence with errors terms {z,} defined by (2.1) to a common
fixed point for a pair of a finite family of nonexpansive mappings and a finite family
of asymptotically nonexpansive mappings in a uniformly convex Banach space.

The following lemmas are our main tool for proving the results.

Lemma 2.1 ([5]). Let E be a uniformly convex Banach space and K be a nonempty
closed convex subset of E. If T : K — K is an asymptotically nonexpansive
mapping, then I —T is demiclosed at zero.

Lemma 2.2 ([14]). Let E be a uniformly convexr Banach space, {t,} C [b,c] C
(0,1), {zn} and {yn} be sequences in E. Iflimsup,,_, . ||zn| < @, limsup,,_, - ||ynll
a and limy, o ||[tn2n+(1—tn)yn|| = a for some a > 0. Then lim,, o ||€n—yn] = 0.

Lemma 2.3 ([I1]). Let {an},{bn} and {c,} be sequences of nonnegative numbers
satisfying the inequality

ant1 < (14 cp)an + by,  foralln > 1.

If 3> en < oo and Y2 by, < oo, then lim,_.o a,, exists. In particular, if {a,}
has a subsequence which converges to zero, then lim,,_. ., a, = 0.

Proposition 2.4 ([15]). Let K be a nonempty subset of a Banach space E and
Ty, Ts..., Ty : K — K be N asymptotically nonexpansive mappings. Then there
exists a sequence {k,} C [1,00) such that lim, .. k, =1 and

1Tz = Tyl < kullz -y (2.2)

forallz,ye K, n>1andi=1,2,...,N.

IA
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Proof. Since each T; : K — K is an asymptotically nonexpansive mapping, there
exists a sequence {kﬁf)} C [1, 00) such that lim,_, £ =1 and
TPz = Ty < kD |z =yl for all n > 1,
foralli=1,2,..., N Letting
kn, = max{k(", k2 ... kY,
so we have {k,} C [1,00) with lim, . k, = 1 and (2.2) is satisfied. O

3 Main Results

Since the proof for the N-step iterative scheme is almost the same as the case
N = 3, we may consider the following scheme instead:

r1 € K,
Zn = a5L3)T§’mn + 09 Sy, + DU,

yn = aDTPz, + 0P Soz + D@ (3.1)

Tpy1 = asLl)TfLyn + 0082, + cDul, n>1,

{ugf)} are bounded sequences in K and {ag)}fle, {bg)};’f:l, {c&f)}ff’:l C [0,1] such
that agf) + bgf) + cgf) =1, foralli=1,2,3.

Lemma 3.1. Let K be a nonempty convex subset of a real Banach space E. Let
51,959,953 : K — K be nonexpansive mappings, T1,15,T3 : K — K be asymptot-
ically nonexpansive mappings with a sequence {k,} given in Proposition 2.4 and
M3, F(S) N F(T) # 2. If

i(kn ~1) < o0, (3.2)

and

> el <oo foralli=1,2,3, (3.3)

n=1

then lim,, o ||, —q|| ezists for any q € N3_F(S;) N F(T;), where {x,} is defined
by the iterative scheme (3.1)).

Proof. Let ¢ € N?_;F(S;) N F(T;). Since S1,S2 and S3 are nonexpansive and
T1,T, and T3 are asymptotically nonexpansive, it follows from (3.1) that

lzn — qll < a2 T3 20 — gl + b || Sszn — qll + P [[ufP) — g
< aPknllwn — gl + 05 [lzn — gl + P [[ul) — g
< aPknllan — gl + 0P knllzn — gl + ¢ [ul — g
(@ + b )knl|zn — gl + P [l — g
kenllzn — ql] +t@),  where t@) = ¢®||u® — ¢||. (3.4)

n

IN A
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Since {u )} is bounded and Y ) < oo, Yoot t¥ < 00, and from (3.4), we
have
lyn = all < aP T3 20 — all + 62 (S22 — all + P ul?) — gl
< aPknllza — all + 62 en — gll + P ui? — g
< alky |z — all + Pt + 6D R 2 — gll + Pl —ql
< @2+ 62l — ol + 1P + 2 [l — g
< k2||zn — gl + 2, where t2) = a2t 4 D u® —¢||.  (3.5)
From {u{”’} is bounded, S P < 0o and S ) < o0, Sy ? < 0.
Then, by (3.1) and (3.5)),
|1 = all < a1 T yn = all + 001 S120 — qll + eV [l — gl
< o kallyn — all + 057 an — gl + clu — gl
< R e — a4 D8+ BDR  —all + e ) — g
< (@0 + B2l — gl + D12+ D) — g
= (1 + (k'?z - 1))”1’n - q” +tn s for n > 17 (36)

where t5) = alVt(? + Y ||u( —q||. Since {un } is bounded, Y 7 ) < 00 and

> 2 < oo, S (1) < oco. Notice that (3.2) holds if and only if E L(B3 —
1) < c0. By Lemma [2. d we have lim,_, ||z, — ¢ exists. This completes the
proof. O

Lemma 3.2. Let K be a nonempty convex subset of a uniformly convex Banach
space E. Let S1,S53,S53 : K — K be nonexpansive mappings, Ty, T, T3 : K — K be
asymptotically nonexpansive mappings with a sequence {k,} given in Proposition
2.7 and N3_F(S;) N F(T;) # @. Suppose that (3.2) and (3.3) hold and

|z — Tyl < ||Siz — Tyy|| for allz,y € K and i =1,2,3. (3.7
Suppose that there is § > 0 such that

6<a¥D)<1-6 foralln>1andi=1,23. (3.8)
If {x,,} is defined by the iterative scheme (3.1), then
lim ||z, — Sizy| = lim ||z, — Tiz,|| =0,

foralli=1,2,3.
Proof. Let g € N3_;F(S;) N F(T;). By Lemma [3.1, we have

d= lim |z, — q|| exists. (3.9
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It follows from (3.4), (3.5), (3.9) and lim,,_,o ky = 1 that

limsup ||z, — ¢|| < d, (3.10)
and
limsup [y, — q|| < d. (3.11)
n—oo
Moreover,
d = limy—oo||Tnt1 — 4|l

limy oo [|laS) (T0yn — g+ P (WD) = S120)) + (1 — al)(S12 — g + P (WD = S120)|)-

From S is nonexpansive, T is asymptotically nonexpansive, (3.9), and (3.11), we
have

limsup ||S12, — g+ cg)(ugll) —Siz,)| < d,

n—oo

and

limsup ||7'yn — g + c%l)(ugll) — S1a,)| < d.

n—o0

By Lemma 2.2, we get

lim [|S1a=T7yal = lim [|(Si@n—g+el) (u) =S120)) = (T yn—atci) (ul) =S12,))|| = 0.

(3.12)
It follows from (3.7) that,
Jim [z~ Ty = 0. (-15)
Consequently,
d = lim inf ||z, — q]
< liminf |2y — Ti'yal + |77y —
= lim inf || 77"y — |
< liminf &y |l — q]
= liminf |y, — q]
< limsup [y, — ¢ < d.
Hence,

d= lim [ly,—q|| = lim [la{? (T3 20 —g+e) (ufP = Szwn))+(1=aD)) (Saan—g+c (ufP) —Sown)) .
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From S5 is nonexpansive, T, is asymptotically nonexpansive, (3.9), and (3.10), we
have

limsup ||Sex,, — ¢ + c%z)(ugf) — Soxy)|| < d,

n—oo

and

limsup ||T5'2, — q + cﬁ?(ug) — Soxy)| < d.

n—oo

Applying Lemma 2.2, we have

lim ||S2z,—T5 2,|| = lim H(ngn—q—kcff)(uf)—San))—(T;zn—q—i—ch)(ug)—ngn))|| =0.
(3.14)
Again, it follows from (3.7) that

lim ||z, — T3 z,|| = 0. (3.15)

Consequently,
d = liminf ||z, — q||

n—oo

< liminf [lz, — T3 20| + 7520 — 4|
n—oo

= liminf |75z, — ¢||
n—oo

< liminf &k, ||z, — q||
n—oo

= liminf ||z, — ¢||
n—oo

< limsup ||z, — q]| < d.

n—oo

Hence,
d= lim |zp—q| = lim [laf? (T3'yn—g+c (ufP —Ss,))+(1—-alP) (Sszn—g+ci) (ufP) = Ss2,)) -
n—oo n—oo

As before, from S5 is nonexpansive, T3 is asymptotically nonexpansive, and (3.9),
we have

limsup || Ssz,, — g + ¢ (u®) — Ssa,)| < d, (3.16)
and
limsup || 77y, — g + ¢ (ul) — Siz,)|| < d. (3.17)

Using Lemma 2.2, we have

nh_{T;O 19320 —T5' zn || = nh—>H;o ||(53‘rn_q+c’513)(u'ELg)_S3xn))_(T§Lyﬂ_q+c£L3) (US)_SSCEn))H =0.
(3.18)
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By (3.7), it follows that
nh—>Holo |z — T5'@,|| = 0.
Therefore, by (3.12), (3.13), (3.14)), (3.15), (3.18), and (3.19), we have
nh_{go |xn — Sizn]| =0 fori=1,2,3.
Using (3.15), (3.19), (3.20), and

|Zn = To'znll < llwn — T3 20|l + |15 20 — To'zn |

< Nan — T3 2n || + Eknll2n — x|

(3.19)

(3.20)

< zn = T3 20l + kn(cnl| T3 wn — 2|l + (1 — ) |S320 — 24l]),

we have
lim |z, — T3'z,|| = 0.
n—oo

Next, using (3.13), (3.15)), (3.20)), and

|z = Tl < llzn — T1Ynll + 1T7yn — T1 24l

(3.21)

<z = TV ynll + kn(0n T3 20 — ol + (1 = by) | Sozn — 4l]),

we get
nlln;o |z — TT' @ || = 0.
From (3.19), (3.21), and (3.22), we have
nh_)rrgo |zn, — T/ x| =0, fori=1,2,3.
Next, we consider

l2n = i1l < anllzn — TTYnll + (1 = an)l|zn — Si2,|
< Nlwn = TTynll + 20 — S120]| — 0,

and hence
lim ||z, — Zpt1] = 0.
n—oo

It follows from (3.23) and (3.25) that

|zns1 = Tiwnial| <lwnsr = T g |+ 1T @1 — Tiznga |

<t = T @nsa | + k| TP @01 — o |
<zpt1 — Tin+1xn+1|| + k([T Tng1 — T |
+ Tz — an + ||$n - $n+1H)

nr1 = TP wnga || + k(L4 k) |20 — 2o |

+ kil — T 2y ||

(3.22)

(3.23)

(3.24)

(3.25)
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for i = 1,2, 3. This implies that
lim |z, — T;z,|| =0, fori=1,2,3.
O

We are ready to establish weak and strong convergence theorems of our itera-
tion.

Theorem 3.3. Let E be a uniformly convexr Banach space satisfying Opial’s con-
dition and K be a nonempty closed convez subset of E. Let S1,S55,53 : K — K be
nonexpansive mappings, 11,15, T5 : K — K be asymptotically nonexpansive map-
pings with a sequence {k,} given by in Proposition 2.4 and N3_, F(S;) N F(T;) #
@. If the conditions (3.2), (3.3), (3.7) and (3.8) are satisfied, then the three-step
iteration sequence {x,} defined by (3.1) converges weakly to a common fized point
Of Sl, Sz, 53, Tl, TQ, and Tg.

Proof. Tt follows from Lemma [3.1] that {z,} is bounded. Hence {x,} has a sub-
sequence {x,; } which converges weakly to p. Since {x,;} C K and K is weakly
closed, p € K. From Lemmas (3.2 and 2.1, we deduce that all the mappings I —T;
and I —S; are demiclosed at zero. Hence (I —T;)p = (I—S;)p=0foralli=1,2,3.
That is, p € N3_; F(S;) N F(T;). Suppose that {z,,} does not converge weakly to
p. Then there exists another subsequence {z,, } of {z,} which converges weakly
to some ¢ # p. Arguing as above, we have ¢ € N?_, F(S;) N F(T;). By Lemma 3.1}
we have the limits a := lim,,_, o ||z, —p|| and b := lim,_ ||, — ¢|| exist. Because
E satisfies the Opial’s condition, so

a = liminf ||z, —p|| < liminf ||z,, —q|| = b
j—o0 Jj—o0
= liminf ||z,, — ¢|| < liminf||z,, —p|| = q,
k—o0 k—o00

which is a contradiction. Hence, {x,,} converges weakly to p € N3_, F(S;) N F(T}).
O

Theorem 3.4. Let E be a uniformly convex Banach space and K be a nonempty
closed convex subset of E. Let S1,S52,55 : K — K be nonexpansive mappings,
Ty, 15, Ty : K — K be asymptotically nonexpansive mappings with a sequence
{kn} given by in Proposition [2.4 and N3_, F(S;) N F(T;) # @. Suppose that the
conditions (3.2), (3.3), (3.7) and (3.8) are satisfied. If one of mappings Ty, T,
and Ts is semi-compact, then the three-step iteration sequence {x,} defined by
(3.1) converges strongly to a common fized point of S1,S2,Ss,T1, T, and Ts.

Proof. Tt follows from Lemma [3.2, we have lim, . || T;z, — z,| = 0 for all
i = 1,2,3. Since one of mappings T1,T5, and T3 is semi-compact, there exists
a subsequence {z,, } C {x,} such that x,,, — g € K as k — oo. By the continuity
of all the mappings S; and T; and Lemma 3.2, we conclude that

1Tiq — gl = lim [| T3z, — 2, || =0,
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and
[Siq — qll = Jim 1Si%n, — n, [l =0,
for all i = 1,2,3. That is, ¢ € N3_, F(S;) N F(T;). It follows from Lemma 3.1 that
lim,, o0 ||zn — ¢|| = 0 and this completes the proof. O
Using the same techniques as Theorems 3.3 and (3.4, we have the following

Theorem 3.5. Let K be a nonempty closed convex subset of a uniformly con-
ver Banach space E. Let S1,59,...,Sy : K — K be nonexpansive mappings,
T, Ts,..., Ty : K — K be asymptotically nonexpansive mappings with a sequence
{kn} given by in Proposition|2.4) and NY_1F(S;) N F(T;) # @. Suppose that

n=1
[eS)
7
¥ < oo,
n=1

and
lx — Tiy|l < ||Six — Tyy|| for allz,y € K and i=1,2,... N.

Let {x,,} be the N-step iteration sequence defined by (2.1) such that there is § > 0
such that

§<a <1-4§

n I

foralln>1andi=1,2,... N.

(i) If X has the Opial’s condition, then {x,} converges weakly to a common
fized point of S1,S2,...,5n,T1,To,...,Tn.

(i1) If one of the mappings Th, Ty, ..., TN is semi-compact, then {x,} converges
strongly to a common fixed point of S1,S2,...,Sn,T1, T2, ..., TN

Since there is no further generality obtained in using the scheme with error
terms rather than the one considered in this paper, it follows from letting

S1 =59 =-.-= Sy = the identity mapping

that Theorem [3.5 extends the corresponding results in [6} 8 [9].
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