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Keywords : Switched system, Asymptotically stable, Robustly stable, Lyapunov
function, Multiple Delay.
2000 Mathematics Subject Classification : Applied Mathematics.

1 Introduction

An important class of hybrid dynamical systems is a class of switched sys-
tems with delays, which compose of a family of continuous-time or discrete-time
subsystems and a rule orchestrating the switching between these subsystems. A
discrete-time switched system can be described by a difference equation of the
form

xk+1 = fik
(xk, xk−h), k ∈ Z+ = {0, 1, 2, ...}

where h ≥ 1 is the state delay, {fik
(·) : ik ∈M} is a family of functions from R2n

to Rn that is parameterized by the index set M, and ik ∈M is a switching signal.
The set M is typically a finite set. Some examples of such switched systems:
Automobile with a manual gearbox,see [5]. The motion of a car that travels along
a fixed path can be characterised by two continuous states: velocity v and position
s. The system has two input: the throttle angle (u) and the engaged gear (g). It
is evident that the manner in which the velocity of the car responds to the throttle
input depends on the engaged gear. Recently, there have been many studies of
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stability analysis in switched systems such as: In 2005, V.N. Phat [4] studied
stability and robust stability of the system given by a difference equation of the
form

xk+1 = [Aik
+ ∆Aik

(k)]xk + [Bik
+ ∆Bik

(k)]xk−h (1.1)

where k ∈ Z+, ik ∈ M = 1, 2, . . . , N, h ≥ 1, xk ∈ Rn, Aik
, Bik

∈ Rn×n are
given constant matrices, ∆Aik

(k), ∆Bik
(k) are the parameter uncertainties ma-

trices which are assumed to be of the form

∆Aik
(k) = Eik

F (k)Fik
, ∆Bik

(k) = Gik
F (k)Hik

where Eik
, Fik

, Gik
,Hik

are given constant matrices of appropriate dimensions
and F (k) is the uncertain matrix such that F (k)T F (k) ≤ I. V.N. Phat gave
new sufficient conditions for asymptotic stability and robust stability of the zero
solution of system (1). In 2004, G. Xie and L. Wang[6] studied the asymptotic
stability of the zero solution of an autonomous switched systems with constant
delay. Moreover, in 2005, M. Yu, L. Wang and T. Chu [7] studied discrete-time
system with time-varying delays and they gave sufficient condition for exponential
stability.

2 Preliminaries

The following notations will be used throughout. Z+ denotes the set of all
nonnegative integers. Rn denotes the n - finite-dimensional Euclidean space with
the Euclidean norm ‖ · ‖. A matrix Q is positive definite, denoted by Q > 0 if
xT Qx > 0 for any x 6= 0. A matrix Q is positive definite iff ∃β > 0 : xT Qx ≥
β‖x‖2. A matrix Q is negative definite, denoted by Q < 0 if xT Qx < 0 for any
x 6= 0. A matrix Q is negative definite iff ∃β > 0 : xT Qx ≤ −β‖x‖2.

Consider system of difference equations of the form

xk+1 = f(k, xk), x(k0) = x0 (2.1)

where k ∈ Z+ = {0, 1, . . .}, k ≥ k0, xk ∈ Rn and f(·) : Z+ × Rn −→ Rn.

Definition 2.1. [3] A point x̄ is called an equilibrium point of equation (2.1) if
x̄ = f(k, x̄) for all k ≥ k0. For all purposes of the stability theory we can assume
that the equilibrium point is the zero solution.

Definition 2.2. [3] The zero solution of equation (2.1) is called stable if given
ε > 0 and k0 ≥ 0, there exists δ = δ(ε, k0) (if δ is independent of k0) such that
‖xk0‖ < δ implies ‖xk‖ < ε for all k ≥ k0.

Definition 2.3. [3] The zero solution of equation (2.1) is called asymptotically
stable if the zero solution 0̄ is stable and xk −→ 0 as k −→ +∞.

Definition 2.4. [3] The zero solution of equation (2.1) is called unstable if it is
not stable.
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The function V : Rn −→ R is said to be a Lyapunov function on a subset D
of Rn if
(1) V (xk) is continuous on D.
(2) V (xk) is a positive definite if V (0̄) = 0 and V (xk) > 0.
(3) ∆V (x)k = V (xk+1) − V (xk) is negative semi definite if ∆V (0̄) = 0 and
∆V (xk) ≤ 0 for any xk 6= 0̄, see [2].

Definition 2.5. [4] The zero solution of a linear discrete-time switched systems
(1.1) when F (k) = 0 is asymptotically stable if there exists a positive definite scalar
function V (x) : Rn −→ R+, and a switching law ik ∈ {1, 2, ...,N} such that

∆V (xk) = V (xk+1)− V (xk) < 0

along the solution of the system.

Definition 2.6. [4] A linear uncertain discrete-time switched system (1.1) is ro-
bustly stable if there exists a positive definite scalar function V (x) : Rn −→ R+,
and a switching law ik ∈ {1, 2, ...,N} such that

∆V (xk) = V (xk+1)− V (xk) < 0

along the solution of the system for all uncertainties.

Definition 2.7. [4] A system of symmetric matrices {Li}, i = 1, 2, ..., N, is said
to be strictly complete if for every nonzero x ∈ Rn \{0} there exists i ∈ {1, 2, ...,N}
such that xT Lix < 0.

Remark 2.1. [4] : Let us define the sets

Ωi = {x ∈ Rn : xT Lix < 0}.

It is easy to show that the system {Li}, i = 1, 2, ...,N, is strictly complete if
and only if

N⋃

i=1

Ωi = Rn \ {0}.

A sufficient condition for the strictly completeness of {Li} is that there exist num-
bers τi ≥ 0, i = 1, 2, ..., p such that

∑p
i=1 τi > 0 and

∑p
i=1 τiLi < 0. This condition

is also necessary if N = 2.

Lemma 2.2. [4] Let P > 0, FT (k)F (k) ≤ I, and M, N are constant matrices.
If there is a number ε > 0 such that εI −MT PM > 0, then

[A + MF (k)N ]T P [A + MF (k)N ] ≤ AT R−1A + εNT N

where R = P−1 − ( 1
ε )MMT .
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3 Stability Analysis of Discrete-time Switched Sys-
tems with Delays

In this section, we present main results of this paper. Condition the following
the discrete-time switched systems with delays.

xk+1 = [Aik
+ ∆Aik

(k)]xk + [Bik
+ ∆Bik

(k)]xk−hk
(3.1)

where hk ∈ Z+ are state delays satisfying 0 < h1 ≤ hk ≤ h2 < +∞ , k ∈ Z+ , xk ∈
Rn ,ik ∈ {1, 2, ..., N} is a switching signal and Aik

, Bik
∈ Rn×n are given constant

matrices and ∆Aik
(k), ∆Bik

(k) are uncertain matrices which are assumed to be
of the form

∆Aik
(k) = Eik

F (k)Fik

∆Bik
(k) = Hik

F (k)Gik

where Eik
, Fik

, Hik
, Gik

are given constant matrices of appropriate dimensions
and F (k) is a given matrix which FT (k)F (k) ≤ I. We will investigate the stability
of the zero solution of the discrete-time switched system with delays (3.1) without
uncertainties, namely ∆Aik

(k) = ∆Bik
(k) = 0. The sufficient condition is given

in the following theorem.

Theorem 3.1. Let h1 and h2 be positive integers such that 0 < h1 < h2. The
zero solution of the discrete-time system (3.1)without uncertainties is asymptoti-
cally stable if for any time-varying delay hk satisfying 0 < h1 ≤ hk ≤ h2 < +∞
there exist symmetric positive definite matrices Pi and Qi such that the following
condition holds:
The system of symmetric matrices {Li(Pi, Oi)} is strictly complete where Li(Pi, Oi)
is defined by

Li(Pi, Qi) =
[

AT
i PiAi − Pi + (h2 − h1 + 1)Qi AT

i PiBi

BT
i PiAi BT

i PiBi −Qi

]
(3.2)

or there exist numbers λi ≥ 0 , i = 1, 2, ..., N such that
∑N

i=1 λi > 0 and

N∑

i=1

λiLi(Pi, Qi) < 0.

The switching signal is chosen as ik = i whenever yk ∈ Ωi = {y ∈ R2n :
yT Li(Pi, Qi)y < 0, yk = [xk , xk−hk

]}.
Proof Let Ωi = {y ∈ R2n : yT Liy < 0} where yk = [xk , xk−hk

]. Let Pi

and Qi be symmetric positive definite matrices. From Remark 2.1 ,
⋃N

i=1 Ωi =
R2n \{0}. From assumption, as the system {Li(Pi, Qi)} is strictly complete, there
exist λi ≥ 0, i = 1, 2, . . . , N such that

∑N
i=1 λi > 0 and

N∑

i=1

λiLi(Pi, Qi) < 0. (3.3)
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Since λi ≥ 0 and
∑N

i=1 λi > 0, there is always a number ε > 0 such that for any
yk ∈ R2n \ {0},we obtain that

N∑

i=1

λiy
T
k Li(Pi, Qi)yk ≤ −εyT

k yk.

Thus, there is at least an index im ∈ {1, 2, ..., N} satisfying

yT
k Lim(Pim , Qim)yk < −σyT

k yk (3.4)

where σ = εPN
i=1 λi

> 0, namely there exist an index im ∈ {1, 2, . . . , N} such that
yk ∈ Ωim

. We choose switching law as ik = im. Consider the Lyapunov function

Vim(xk) = Vim1(xk) + Vim2(xk) + Vim3(xk)

where Vim1(xk) = xT
k Pim

xk, Vim2(xk) =
∑k−1

l=k−hk
xT

l Qim
xl, Vim3(xk) =∑−h1+1

j=−h2+2

∑k−1
l=k+j−1 xT

l Qimxl. We obtain that the difference of the Lyapunov
function satisfies

∆Vim1(xk) = Vim1(xk+1)− Vim1(xk)
= xT

k+1Pimxk+1 − xT
k Pimxk

=
[
Aimxk + Bimxk−hk

]T

Pim

[
Aimxk + Bimxk−hk

]
− xT

k Pimxk

= xT
k AT

im
PimAimxk + xT

k AT
im

PimBimxk−hk
+ xT

k−hk
BT

im
PimAimxk

+xT
k−hk

BT
im

PimBimxk−hk
− xT

k Pimxk

= xT
k

[
AT

im
PimAim − Pim

]
xk + xT

k AT
im

PimBimxk−hk
+ xT

k−hk
BT

im
PimAimxk

+xT
k−hk

BT
im

PimBimxk−hk

∆Vim2(xk) = Vim2(xk+1)− Vim2(xk)

=
k∑

l=k+1−hk+1

xT
l Qimxl −

k−1∑

l=k−hk

xT
l Qimxl

=
k−h1∑

l=k+1−hk+1

xT
l Qimxl + xT

k Qimxk − xT
k−hk

Qimxk−hk

+
k−1∑

l=k+1−h1

xT
l Qimxl −

k−1∑

l=k+1−hk

xT
l Qimxl.

Since hk ≥ h1, we have

k−1∑

l=k+1−h1

xT
l Qimxl −

k−1∑

l=k+1−hk

xT
l Qimxl ≤ 0.
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Thus ∆Vim2 ≤ ∑k−h1
l=k+1−hk+1

xT
l Qim

xl + xT
k Qim

xk − xT
k−hk

Qim
xk−hk

.
For the third term of the Lyapunov function, we obtain the difference Lyapunov
function

∆Vim3(xk) = Vim3(xk+1)− Vim3(xk)

=
−h1+1∑

j=−h2+2

k∑

l=k+j

xT
l Qimxl −

−h1+1∑

j=−h2+2

k−1∑

l=k+j−1

xT
l Qimxl

=
−h1+1∑

j=−h2+2

[
xT

k Qimxk − xT
k+j−1Qimxk+j−1

]

= (h2 − h1)xT
k Qimxk −

k−h1∑

l=k+1−h2

xT
l Qim

xl.

Since hk ≤ h2, we have

k−h1∑

l=k+1−hk+1

xT
l Qimxl −

k−h1∑

l=k+1−h2

xT
l Qimxl ≤ 0.

Then it follows that

∆Vim2(xk) + ∆Vim3(xk) ≤ (h2 − h1 + 1)xT
k Qimxk − xT

k−hk
Qimxk−hk

.

Thus, we obtain that

∆Vim(xk) ≤ xT
k

[
AT

im
PimAim − Pim + (h2 − h1 + 1)Qim

]
xk + xT

k AT
im

PimBimxk−hk

+xT
k−hk

BT
im

PimAimxk + xT
k−hk

[
BT

im
PimBim −Qim

]
xk−hk

.

By completing the square, we obtain

∆Vim(xk) ≤ yT
k

[
AT

im
PimAim − Pim + (h2 − h1 + 1)Qim AT

im
PimBim

BT
im

PimAim BT
im

PimBim −Qim

]
yk

where yk =
[

xk

xk−hk

]
.

Let Lim(Pim , Qim) =
[

AT
im

PimAim − Pim + (h2 − h1 + 1)Qim AT
im

PimBim

BT
im

PimAim BT
im

PimBim −Qim

]
.

Thus
∆Vim(xk) ≤ yT

k Lim(Pim , Qim)yk.

From (3.4), we obtain

∆Vim(xk) ≤ yT
k Lim(Pim , Qim)yk < −σyT

k yk.

Therefore, by Lyapunov stability theorem, the zero solution of switched system
(3.1) without uncertainties is asymptotically stable. ¤
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Example 3.1 Consider the discrete-time linear switched system (3.1) with-

out uncertainties where N = 2, A1 =
[ − 1

5 − 1
10

1
10 0

]
, B1 =

[
1
4 − 1

10
0 0

]
, A2 =

[
1
20 − 1

5
1
10 0

]
, B2 =

[
1
10 − 1

4
0 0

]
, h1 = 1 and h2 = 2.

The positive definite matrices Pi and Qi ; i = 1, 2 are chosen as

P1 =
[

4 0
0 2

]
, Q1 =

[
1
5 0
0 1

]
, P2 =

[
4 0
0 2

]
and Q2 =

[
4
5 0
0 1

5

]
.

We have

L1 =




− 171
50

2
25 − 1

5
2
25

2
25

1
25 − 1

10
1
25

− 1
5 − 1

10
1
20 − 1

10
2
25

1
25 − 1

10 − 24
25


 , L2 =




− 237
100 − 1

25
1
50 − 1

20
− 1

25 − 36
25 − 2

25
1
5

1
50 − 2

25 − 19
25 − 1

10
− 1

20
1
5 − 1

10
1
20




such that Ω1 = {x ∈ R4 : xT L1x = − 21
50x2

1 + 79
625x2

2 + 11
10x2

3− 471
500x2

4− (x1− 2
25x2)2−

(x1 + 1
5x3)2 − (x1 − 2

25x4)2 − (x2 + 1
10x3)2 − (x2 − 1

25x4)2 − (x3 + 1
10x4)2 < 0}

and
Ω2 = {x ∈ R4 : xT L2x = 63

100x2
1 − 849

625x2
2 + 617

2500x2
3 + 51

400x2
4 − (x1 + 1

25x2)2 − (x1 −
1
50x3)2−(x1− 1

20x4)2−(x2+ 2
25x3)2−(x2− 1

5x4)2−(x3+ 1
10x4)2 < 0}, respectively.

Note that L1 and L2 are not negative definite and Ω1

⋃
Ω2 = R4 \ {(0, 0, 0, 0)}.

For λ1 = 1
2 , λ2 = 1

4 we have λ1 + λ2 = 3
4 > 0 and

1
2L1 + 1

4L2 =




− 921
400

3
100 − 19

200
11
400

3
100 − 17

50 − 7
100

7
100

− 19
200 − 7

100 − 33
200 − 3

40
11
400

7
100 − 3

40 − 187
400


 < 0

Therefore, by theorem 3.1 the zero solution of switched system is asymptotically
stable where the switching law is chosen as ik = i whenever yk ∈ Ωi. ¤

Numerical Simulation

Let N = 2, we consider the following switched system. Let A1, A2, B1

and B2 be as in Example 3.1. If we let the delays h0 = h2 = h4 = . . . = 1

and h1 = h3 = h5 = . . . = 2 and let initial conditions be x−1 =
[ −2

0

]
and

x0 =
[

0
2

]
. Under the switching law given in theorem 3.1, we have the following

numerical simulation of trajectory of solution of the swiched system.
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Figure 1: The trajectories x1(k) and x2(k) of the discrete-time linear
switched systems in Example 3.1

4 Robust Stability of Discrete-time Switched Sys-
tems with Delays

In this section, we will investigate the robust stability of the zero solution of
discrete-time switched systems with delays (3.1) and we give a sufficient condition
for robust stability of this system. Let

Ri = P−1
i − 1

ε
(ET

i Ei + HT
i Hi)

Xi = {y ∈ R2n : yT Wi(Pi, Qi)y < 0}

Wik
(Pik

, Qik
) =

[
Ji AT

i R−1
i Bi + εFT

i Gi

BT
i R−1

i Ai + εGT
i Fi Ki

]

where

Ji = (h2 − h1 + 1)Qi − Pi + AT
i R−1

i Ai + εFT
i Fi

Ki = BT
i R−1

i Bi + εFT
i Gi −Qi.

Theorem 4.1. Let h1 and h2 be positive integers such that 0 < h1 < h2. Assume
that for any time-varying delay hk satisfying 0 < h1 ≤ hk ≤ h2 < +∞ there exist
symmetric positive definite matrices Pi and Qi and a number ε > 0 such that the
following two conditions holds:
(i) εI − (ET

i PiEi + HT
i PiHi) > 0

(ii) the system matrices Wi(Pi, Qi) is strictly complete, or there exist numbers
λi ≥ 0, i = 1, 2, . . . , N such that

∑N
i=1 λi > 0 and

∑N
i=1 λiWi(Pi, Qi) < 0.
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Then, the zero solution of uncertain discrete-time linear switched system (3.1) is
robustly stable.

Proof Let Xi = {y ∈ R2n : yT Wi(Pi, Qi)y < 0}. From Remark 2.1,⋃N
i=1 Xi = R2n \ {0}. From assumption, as the system Wi(Pi, Qi) is stictly com-

plete, there exist λi ≥ 0, i = 1, 2, . . . , N such that
∑N

i=1 λi > 0 and

N∑

i=1

λiWi(Pi, Qi) < 0. (4.1)

Since λi ≥ 0 and
∑N

i=1 λi > 0, there is always a number ε > 0 such that for any
yk ∈ R2n \ {0}, we obtain that

N∑

i=1

λiy
T
k Wi(Pi, Qi)yk ≤ −εyT

k yk.

Thus, there is at least an index im ∈ {1, 2, . . . , N} satisfying

yT
k Wim(Pim , Qim)yk < −εyT

k yk (4.2)

where σ = εPN
i=1 λi

> 0, namely there exist an index im ∈ {1, 2, . . . , N} such that

yk ∈ Xim . We choose switching law ik = im. Let Āik
and B̄ik

by given by

Āik
= Aik

+ ∆Aik
(k) , B̄ik

= Bik
+ ∆Bik

(k).

Consider the following Lyapunov function

Vim(xk) = Vim1(xk) + Vim2(xk) + Vim3(xk)

where Vim1(xk) = xT
k Pimxk, Vim2(xk) =

∑k−1
l=k−hk

xT
l Qimxl, Vim3(xk) =

∑−h1+1
j=−h2+2

∑k−1
l=k+j−1 xT

l Qimxl.
We obtain that the difference of the Lyapunov function along the trajectory of so-
lution of (3.1) like that Theorem 3.1, i.e.

∆Vim(xk) ≤ yT
k

[
ĀT

im
PimĀim − Pim + (h2 − h1 + 1)Qim ĀT

im
PimB̄im

B̄T
im

PimĀim B̄T
im

PimB̄im −Qim

]
yk

where yk =
[

xk

xk−hk

]
.

Let Lim(Pim , Qim) =
[

ĀT
im

PimĀim − Pim + (h2 − h1 + 1)Qim ĀT
im

PimB̄im

B̄T
im

PimĀim B̄T
im

PimB̄im −Qim

]
.

Thus

∆Vim(xk) ≤ yT
k Lim(Pim , Qim)yk.
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Now Lim
(Pim

, Qim
) =

[
(h2 − h1 + 1)Qim − Pim 0

0 −Qim

]
+

[
ĀT

im

B̄T
im

]
Pim

[
Āim

B̄im

]
.

We have
[

ĀT
im

B̄T
im

]
Pim

[
Āim

B̄im

]
=

[
Âim

B̂im

Ĉim D̂im

]
where

Âim
= (AT

im
+ FT

im
FT

im
(k)ET

im
)Pim

(Aim
+ Eim

Fim
(k)Fim

)

B̂im
= (AT

im
+ FT

im
FT

im
(k)ET

im
)Pim(Bim + HimFim(k)Gim)

Ĉim
= (BT

im
+ GT

im
FT

im
(k)HT

im
)Pim

(Aim
+ Eim

Fim
(k)Fim

)

D̂im
= (BT

im
+ GT

im
FT

im
(k)HT

im
)Pim

(Bim
+ Him

Fim
(k)Gim

).

Since there is a number ε > 0 such that εI − (ET
im

PimEim + HT
im

PimHim) > 0, by
Lemma 2.2, we have

Âim
≤ AT

im
R−1

im
Aim

+ εFT
im

Fim

B̂im
≤ AT

im
R−1

im
Bim

+ εFT
im

Gim

Ĉim ≤ BT
im

R−1
im

Aim + εGT
im

Fim

D̂im ≤ BT
im

R−1
im

Bim + εGT
im

Gim .

Thus
[

ĀT
im

B̄T
im

]
Pim

[
Āim

B̄im

] ≤
[

AT
im

R−1
im

Aim + εFT
im

Fim AT
im

R−1
im

Bim + εFT
im

Gim

BT
im

R−1
im

Aim + εGT
im

Fim BT
im

R−1
im

Bim + εGT
im

Gim

]
.

So, we obtain

Lim(Pim , Qim) ≤
[

Jim AT
im

R−1
im

Bim + εFT
im

Gim

BT
im

R−1
im

Aim + εGT
im

Fim Kim

]

= Wim(Pim , Qim).

where

Jim = (h2 − h1 + 1)Qim − Pim + AT
im

R−1
im

Aim + εFT
im

Fim

Kim = BT
im

R−1
im

Bim + εGT
im

Gim −Qim .

From ∆Vim(xk) ≤ yT
k Lim(Pim , Qim)yk and arguments above, we have

∆Vim(xk) ≤ yT
k Wim(Pim , Qim)yk

From (4.2), we obtain

∆Vim(xk) ≤ yT
k Wim(Pim , Qim)yk < −σyT

k yk.

Thus, the zero solution of switched system (3.1) is robustly stable. ¤

Example 4.1 Consider the uncertain discrete-time linear switched system with
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delays (3.1) where N = 2, A1 =
[ − 1

5 − 1
10

1
10 0

]
, A2 =

[
1
20 − 1

5
1
10 0

]
, B1 =

[
1
4 − 1

10
0 0

]
, B2 =

[
1
10 − 1

4
0 0

]
, E1 =

[
1
2 0
0 1

2

]
, E2 =

[ − 1
2 0

0 1

]
, F1 =

[
0 1

4
1
20 0

]
, F2 =

[
0 3

10
1
10 0

]
, G1 =

[
0 − 1

10
1
20 0

]
, G2 =

[
0 1

4
3
10 0

]
, H1 =

[
1
2 0
0 − 1

2

]
, H2 =

[
1 0
0 −1

]
, h1 = 1 , h2 = 2 and ε = 2.

The positive definite matrices Pi and Qi ; i = 1, 2 are chosen as

P1 =
[

4 0
0 2

]
, P2 =

[
2 0
0 1

]
, Q1 =

[
1
5 0
0 1

]
and Q2 =

[
4
5 0
0 1

5

]
. We have

εI − (ET
1 P1E1 +HT

1 P1H1) =
[

4 0
0 3

]
, εI − (ET

2 P2E2 +HT
2 P2H2) =

[
8
5 0
0 2

5

]
.

We have W1 =




− 2101
600

1
25 − 19

200
1
25

1
25

29
200 − 1

20 − 3
100

− 19
200 − 1

20 − 7
100 − 1

20
1
25 − 3

100 − 1
20 − 24

25


 , W2 =




− 671
1800 − 2

225
29
450 − 1

90
− 2

225 − 173
450 − 4

225
7
36

29
450 − 4

225 − 11
18 − 1

45
− 1

90
7
36 − 1

45 − 7
360




such that
X1 = {x ∈ R4 : xT W1x = − 301

600x2
1 + 10733

5000 x2
2 + 37661

40000x2
3 − 191

200x2
4 − (x1 − 1

25x2)2 −
(x1 + 19

200x3)2 − (x1 − 1
25x4)2 − (x2 + 1

20x3)2 − (x2 + 3
100x4)2 − (x3 + 1

20x4)2}
and
X2 = {x ∈ R4 : xT W2x = 4729

1800x2
1 + 163583

101250x2
2 + 15931

40500x2
3 + 41

2160x2
4−(x−1+ 2

225x2)2−
(x1 − 29

450x3)2 − (x1 + 1
90x4)2 − (x2 + 4

225x3)2 − (x2 − 7
36x4)2 − (x3 + 1

45x4)2},
respectively.
Note that W1 and W2 are not negative definite and X1

⋃X2 = R4 \ {(0, 0, 0, 0)}.
For λ1 = 1

2 = λ2, we have λ1 + λ2 = 1 > 0 and

1
2
W1 +

1
2
W2 =




− 3487
1800

7
450 − 11

720
13
900

7
450 − 431

3600 − 61
1800

37
450

− 11
720 − 61

1800 − 613
1800 − 13

360
13
900

37
450 − 13

360 − 1763
3600


 < 0.

Therefore, by theorem 4.1, the zero solution of system is robustly stable where the
switching law is chosen as ik = i whenever yk ∈ Xi. ¤

Numerical Simulation

Let N = 2, we consider the switched system. From Example 4.1, let
A1, A2, B1, B2, E1, E2,
F1, F2, G1, G2,H1,H2 be in Example 4.1. If we let the delays h0 = h2 = h4 =

. . . = 1 and h1 = h3 = h5 = . . . = 2 and let F (k) =
[ 1

k2+2
1

k2+2
1

k+2
1

k+2

]
. And let

initial conditions be x−1 =
[ −2

0

]
, x0 =

[
1
2

]
. Under the switching law given in

Theorem 4.1, we have the following numerical simulation of trajectory of solution
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of the switched system. ¤

0 5 10 15 20 25 30 35 40 45 50
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

k

x(k)

x1(k)
x2(k)

Figure 2: The trajectories x1(k) and x2(k) of the discrete-time switched
systems in Example 4.1

5 Conclusion

In this work, we give sufficient conditions for asymptotic stability and robust
stability of switched system. And we use Lyapunov theory to consider stability
and robust stability of the zero solution of switched system (3.1). In Theorem 3.1
and 4.1, the Lyapunov function we used is a common Lyapunov function.

Acknowledgements : we wish to express our sincere thanks to Assoc. Prof. Dr.
P. Niamsup for advising and improving.
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