Thai Journal of Mathematics
Special Issue (Annual Meeting in Mathematics, 2008) : 1-13

www.math.science.cmu.ac.th/thaijournal
Online ISSN 1686-0209

Stability and Robust Stability of Discrete-Time
Switched Systems with Delays**

J. Thipcha and P. Niamsup*

Abstract : In this paper, we study stability and roust stability of the zero solution
of discrete-time switched systems with delays. And we give sufficient conditions
which guarantee that the zero solution of discrete-time switched systems with
delays is asymptotically stable and robustly stable. Numerical simulations are
also given to illustrate the results.
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1 Introduction

An important class of hybrid dynamical systems is a class of switched sys-
tems with delays, which compose of a family of continuous-time or discrete-time
subsystems and a rule orchestrating the switching between these subsystems. A
discrete-time switched system can be described by a difference equation of the
form

Tpar1 = ka (xk,xk,h), ke Z+ = {07 ].,2, }

where h > 1 is the state delay, {f;, (-) : ix € M} is a family of functions from R?"
to R™ that is parameterized by the index set M, and iy, € M is a switching signal.
The set M is typically a finite set. Some examples of such switched systems:
Automobile with a manual gearbox,see [5]. The motion of a car that travels along
a fixed path can be characterised by two continuous states: velocity v and position
s. The system has two input: the throttle angle (u) and the engaged gear (g). It
is evident that the manner in which the velocity of the car responds to the throttle
input depends on the engaged gear. Recently, there have been many studies of
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stability analysis in switched systems such as: In 2005, V.N. Phat [4] studied
stability and robust stability of the system given by a difference equation of the
form

T = [Aiy, + AA, (B)]ok + [Biy, + AB;, (k)|zk—n (1.1)

where k € ZT,ip, € M = 1,2,... N,h > 1,2, € R" A;,B;, € R*™™ are
given constant matrices, AA;, (k), AB;, (k) are the parameter uncertainties ma-
trices which are assumed to be of the form

AA;, (k) = By, F(k)F

)

where E;, , F;, ,G;, , H;, are given constant matrices of appropriate dimensions
and F(k) is the uncertain matrix such that F(k)TF(k) < I. V.N. Phat gave
new sufficient conditions for asymptotic stability and robust stability of the zero
solution of system (1). In 2004, G. Xie and L. Wang[6] studied the asymptotic
stability of the zero solution of an autonomous switched systems with constant
delay. Moreover, in 2005, M. Yu, L. Wang and T. Chu [7] studied discrete-time
system with time-varying delays and they gave sufficient condition for exponential
stability.

2 Preliminaries

The following notations will be used throughout. Z* denotes the set of all
nonnegative integers. R™ denotes the n - finite-dimensional Euclidean space with
the Euclidean norm || - ||. A matrix @ is positive definite, denoted by @ > 0 if
2TQxz > 0 for any  # 0. A matrix Q is positive definite iff 33 > 0 : 27Qz >
Bllz||?. A matrix Q is negative definite, denoted by Q < 0 if 27Qx < 0 for any
x # 0. A matrix @Q is negative definite iff 33 > 0: 27 Qz < -]z

Consider system of difference equations of the form

Tpr1 = flk,zr),  x(ko) = g (2.1)
where k € ZT ={0,1,...}, k > ko, 2 € R” and f(-): Z* x R" — R™.

Definition 2.1. [3] A point T is called an equilibrium point of equation (2.1) if
z = f(k,z) for all k > ko. For all purposes of the stability theory we can assume
that the equilibrium point is the zero solution.

Definition 2.2. [3] The zero solution of equation (2.1) is called stable if given
e >0 and ko > 0, there exists § = d(e, ko) (if § is independent of ko) such that
|xk, || < & implies ||xg|| < e for all k > k.

Definition 2.3. [3] The zero solution of equation (2.1) is called asymptotically
stable if the zero solution 0 is stable and x;, — 0 as k — +oo0.

Definition 2.4. [3] The zero solution of equation (2.1) is called unstable if it is
not stable.
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The function V : R® — R is said to be a Lyapunov function on a subset D
of R™ if

(1) V(xg) is continuous on D.

(2) V(zg) is a positive definite if V(0) = 0 and V (xy) > 0.

(3) AV(x)r = V(xk+1) — V(zx) is negative semi definite if AV(0) = 0 and
AV (zy) <0 for any z, # 0, see [2].

Definition 2.5. [4] The zero solution of a linear discrete-time switched systems
(1.1) when F(k) = 0 is asymptotically stable if there exists a positive definite scalar
function V(z) : R" — R, and a switching law i € {1,2, ..., N} such that

AV(xk) = V(l‘k+1) — V(l‘k) <0
along the solution of the system.
Definition 2.6. [4] A linear uncertain discrete-time switched system (1.1) is ro-
bustly stable if there exists a positive definite scalar function V(z) : R* — RT,
and a switching law iy, € {1,2,..., N} such that

AV(&L‘k) = V(.’L‘k+1) — V(.Tk) <0
along the solution of the system for all uncertainties.
Definition 2.7. [4] A system of symmetric matrices {L;},i = 1,2,...,N, is said
to be strictly complete if for every nonzero x € R™\ {0} there exists i € {1,2, ..., N}
such that T L;x < 0.
Remark 2.1. [4] : Let us define the sets

Q; = {LU eR": .’I,‘TLZ‘.’E < 0}

It is easy to show that the system {L;},i = 1,2,..., N, is strictly complete if
and only if

UQi:R"\{o}.

A sufficient condition for the strictly completeness of {L;} is that there exist num-
bers ; > 0,i=1,2,...,p such that >0 _; 7, >0 and >.¥_, 7,L; < 0. This condition
is also necessary if N = 2.

Lemma 2.2. [4] Let P > 0, FT(k)F(k) < I, and M, N are constant matrices.
If there is a number € > 0 such that eI — MTPM > 0, then

[A+ MF(k)N]"P[A+ MF(k)N] < ATR'A + eNTN

where R =P~ — (L)MMT.



4 J. Thipcha and P. Niamsup

3 Stability Analysis of Discrete-time Switched Sys-
tems with Delays

In this section, we present main results of this paper. Condition the following
the discrete-time switched systems with delays.

Th+1 = [Azk + AA“C (k‘)]xk + [sz + ABik (lﬂ)]xk_hk (31)

where hy € Z71 are state delays satisfying 0 < hy < hy, < hy < 400,k €Zt ,z) €
R™ ji, € {1,2,...,N} is a switching signal and A;,, B;, € R™*™ are given constant
matrices and AA;, (k), AB;, (k) are uncertain matrices which are assumed to be
of the form

AA;, (k) =E; F(k)F;,

AB;, (k) = H;, F(k)G,

where E;,, F;,, H;, , G;, are given constant matrices of appropriate dimensions
and F(k) is a given matrix which FT (k)F(k) < I. We will investigate the stability
of the zero solution of the discrete-time switched system with delays (3.1) without
uncertainties, namely AA;, (k) = AB;, (k) = 0. The sufficient condition is given
in the following theorem.

Theorem 3.1. Let hy and ho be positive integers such that 0 < hy < ho. The
zero solution of the discrete-time system (3.1)without uncertainties is asymptoti-
cally stable if for any time-varying delay hy satisfying 0 < hy < hy < hy < 400
there exist symmetric positive definite matrices P; and Q; such that the following
condition holds:

The system of symmetric matrices {L;(P;, O;)} is strictly complete where L;(P;, O;)
is defined by

ATPA; — P+ (ha — 1 +1)Q; AT P,B;
Li(P;,Q;) = [ BT P, A, BTP,B, - O, (3.2)
or there exist numbers A\; >0, 1 =1,2,...,N such that Zf\il Ai >0 and
N
> ALi(Pi, Qi) <0,
i=1
The switching signal is chosen as i = i whenever y, € Q; = {y € R*™ :

yTLz(-Pqu)y <0,yx = [mk ) xk*hk]}'

Proof Let Q; = {y € R?" : yTL;y < 0} where yy = [zx , Tk_n,]. Let P;
and @); be symmetric positive definite matrices. From Remark [2.1] Ufil Q;, =
R?7\ {0}. From assumption, as the system {L;(P;,Q;)} is strictly complete, there
exist \; >0, i =1,2,..., N such that Zf\il A; > 0 and

N
> NLi(P, Qi) < 0. (3.3)

i=1
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Since A\; > 0 and Zivzl A; > 0, there is always a number £ > 0 such that for any
yr € R?"\ {0},we obtain that

Z&yk {(Pi, Qi)yr < —eyi yi.-

Thus, there is at least an index 4,, € {1,2,...,N} satisfying

Yi Lin Py Qi )Yk < =03 yi (3.4)
where o = #x\ > 0, namely there exist an index i, € {1,2,..., N} such that
yr € Q. We “hoose switching law as iy = i,,. Consider the Lyapunov function

Vi

Tm

(@) = Vip (2k) + Vi (2k) + Vi ()

where V;, . (z ) = ka Ly Vi (T1) = Zz k—hy L1 [ Qi1 Vi (T) =
Zj:hfgiﬂ S kij1 21 Qi,zi. We obtain that the difference of the Lyapunov
function satisfies

AVi (k) = Vi, (@ky1) = Vi, (2r)
B

Tm

T

- [A, Tk

Tm

T
Tr + Bimxk—hk} P;

1/7)’1,

[Ai Tkt Bimxk—hk] i P,
= TAT P; A mTk +$£AT P; Bzmxk h —i—mk thT P; Aimxk
ol thT P B;, wp_n, — i P x,

= of [AL P, A, — P |on+ 2l AL Py Biwnon, + 2l BL P Av o

T T
+x_p, Bi, Pi,, Bi,, Tk—h,
A‘/im2 (xk) = ‘/;m2 (mk+1) - Vvim2 (xk)
k k—1
§ T 2 : T
= Z Qimxl - X Qimml
l=k+1—hr41 l=k—hy
k—hy
T T T
= Z ml Qi”m ml + xk QiWka - Ik—hk Q’L'»m mk—hk
I=k+1—hp 1
k—1 k—1
E T } : T
+ ] Qi7nxl - x; Ql-m:cl.
I=k+1—hy I=k+1—hy
Since hy > hy, we have
k—1 k—1

> wfQim— ) afQim <0.

I=k+1—h; I=k+1—hg
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k—h

Thus A‘/zmg < El:kil*hk_*_l .’L‘;FQ,‘"L.’IU + ngi'ank - xg—hk Qimxk*hk‘

For the third term of the Lyapunov function, we obtain the difference Lyapunov

function

A‘/;m3($k) = Vvim's(karl)_Vvinw(xk)
—hi+1 —hi+1
= > Z o Qinmi= Y Z 2 Qi
j=—ha+21=k+j j=—ho+2i=k+j—1
—hy+1
T T
= Z [kuimxk_ajchrjleimkarjfl}
j=—ha+2
k—hy
T T
= (ha—h)zfQiax— Y 2] Qi
I=k+1—hy

Since hy, < hy, we have

k*hl kfhl
T T
E z; Q4,1 — E zj Qi < 0.
I=k+1—hp 1 I=k+1—hy

Then it follows that
AV;, o (xr) + AV; (2k) < (he — by + D)2 Qq, ap — xg—hk Qi Tho—hy, -

Thus, we obtain that

AV,

im

- P

Tm* " tm Tm

(Ik) < z [AI:LP A; —+ (hg —hi + 1)Qim}xk + xkA z,,LBi,,,kathk

o, B Py Aiytr + @y, | B Py B = Qi 7y

By completing the square, we obtain

AT P, A, —P; ho —h1 +1)Q; Al P, B;
AV (o) < of | AP S e =l Qs

T p. . T Yk
Bim P’Lm Tm Bzm R/'rn im le :|

Whereyk:{ Tk ]

Th—hy
AT P, A, — P+ (ha —h1 +1)Q; AT P, B;
Let L;,, (P;,,, Qi,,) = [ T BszPi 541,2 LD, BT ém Bz:l imQZ :

Thus
AV; (xk) < yk ( zvazm)
From (3.4), we obtain

AV, () < yi Li, (P, Qi )Yk < —OYL Yi-

Therefore, by Lyapunov stability theorem, the zero solution of switched system
(3.1)) without uncertainties is asymptotically stable. O
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1
1 _ 1 1 1
out uncertainties where N = 2, A; = [ 1P 010 ], B, = [ 6 0 }, Ay =
10

[ 1 _1 :| 1 _1
20 5 | By=| 10 4 | hy=1and hy =2.
1 y D2 s 101 2
Doy
The positive definite matrices P; and (); ; i = 1,2 are chosen as

4 0 Lo 40 0
Pl |:0 2:|)Q1 |:O 1:|7P2 |:0 2:|andQ2 |:0 %
We have
_ 171 2 _1 2 237 _ 1 1 _1
AN S B § oo w 0%
Li=| 2 2 {19 % |, L= £ % #§ %
P s N IS T R (O
25 25 10 25 20 5 10 20
such that Q; = {z € R* : 2T Lyz = 7%@ + %x% + %:1:% — %zi — (21— 22—51:2)2 —

(a:ti—i- 123)? — (21— 2 wa)? — (T2 + $523)% — (22 — 5524) — (z3 + 1524)? < 0}
an

(}2 ={zeR* :1gcTL233 = %g% — 89,2+ STa2 4+ %x% — (21 + 522)* — (x1 —
2523)% — (21— 5524)% — (22 + 55 03)° — (w2 — 524) — (234 1524)® < 0}, respectively.
Note that L; and Lo are not negative definite and ©; Qo = R*\ {(0,0,0,0)}.
For \; :%,)\Q:l we have )\1+/\2:%>0and

o1 3 _ 19 11
T A
shitile=| % % _HP 1% | <0
B e A4
200 100 0 400 ) ) )
Therefore, by theorem 13.1] the zero solution of switched system is asymptotically
stable where the switching law is chosen as iy, = ¢ whenever y; € ;. O

Numerical Simulation

Let N = 2, we consider the following switched system. Let Ay, A, B

and Bs be as in Example [3.1. If we let the delays hg = hy = hy = ... =1
and hy = hs = hs = ... = 2 and let initial conditions be z_; = [ _02 } and
To = g . Under the switching law given in theorem 3.1, we have the following

numerical simulation of trajectory of solution of the swiched system.
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‘ : : : : : : : =
! — - x2(k)

-2 L L L L L L I I I K
0 5 10 15 20 25 30 35 40 45 50

Figure 1: The trajectories zi(k) and z2(k) of the discrete-time linear
switched systems in Example 3.1

4 Robust Stability of Discrete-time Switched Sys-
tems with Delays
In this section, we will investigate the robust stability of the zero solution of

discrete-time switched systems with delays (3.1) and we give a sufficient condition
for robust stability of this system. Let

R, = P'- %(EZTEZ» + HIH;)
X, = {yeR™:y"W(P,Qi)y <0}
Wi (P, Qi) = BfR;lA{i+ R AZ—TRi_lB;(:r eFraG;
where
Ji = (ha—h +1)Q; — P+ ATR;'A; + cFI'F,
K; = BIR'B;+¢F'G; - Q;.

Theorem 4.1. Let hy and ho be positive integers such that 0 < hy < ho. Assume
that for any time-varying delay hy satisfying 0 < hy < hy, < hy < 400 there exist
symmetric positive definite matrices P; and Q; and a number € > 0 such that the
following two conditions holds:

(i) el — (EI'P,E; + H'P,H;) > 0

(it) the system matrices W;(P;, Q;) is strictly complete, or there exist numbers
Ai>0,i=1,2...,N such that 0" | \i >0 and S0, NWi(P;, Q) < 0.
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Then, the zero solution of uncertain discrete-time linear switched system (3.1) is
robustly stable.

Proof Let X; = {y € R*" : yTW,;(P;,Q;)y < 0}. From Remark 2.1
Ufil X; = R* \ {0}. From assumption, as the system W;(P;, Q;) is stictly com-
plete, there exist \; >0, ¢ =1,2,..., N such that vazl Ai > 0 and

N
Z)\sz(szQz) < 0. (41)
i=1

Since A; > 0 and Zf\il Ai > 0, there is always a number € > 0 such that for any
yr € R27\ {0}, we obtain that

Z/\zyk i(Pi, Qi)yr < —€yj Y-

Thus, there is at least an index 4, € {1,2,..., N} satisfying

YW, (Pi, Qi Juk < —€yl Yk (4.2)

where o = P—)\ > 0, namely there exist an index i,, € {1,2,..., N} such that

yr € &;, . We choose switching law i), = i,,. Let A;, and B;, by given by
Consider the following Lyapunov function

Vi,

(zr) = Vi (wk) + Vi, (2k) + Vig (i)

k—1 —hi+1
where V;,, (zx) = ka T, Vi (k) = Zz:k_hk l'lTQimxlv Vips (Tr) = Zj:i—}t2+2 Zl k+j—1Ti [ Qi1
We obtain that the difference of the Lyapunov function along the trajectory of so-
lution of (3.1) like that Theorem 3.1} i.e.

AT Py Ay = Py + (h—hy +1 AT P, B
AVip(@x) < y,f{ m T BTp 542 Qe ~ Qs |
Tm Tm ™ tm T tm im

Whereyk:[ Tk ]

Th—h,
AT P, Ay — P, +(hy—hy+1 AT P, B,
Let Lim(PiWQi,,n):[ fm BTP 5412 1+ D0, BT sz 2" Qz

Thus
A‘/z (mk) < yk ( 1m7le)
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ha —hy +1)Q;,, — P, 0 A7
Now L;,, (P, Qi) = (he = O)Qm "o ]4-[3%}1%"

tm

[ A,

Bi, |.

Tm im im

AT _ _ . 23
We have { g’fn } P | 4, B, |= [ Afm gzm ] where
T

A, = (AT +F£E€(k)Em>Pim<Ai +E;, F, (F)F;,)
B, = (AL +FLFL (k)EL )P, (B, +H,, m(k)Glm)
i = (BszJrG?me;(k)Hﬁ)Pim(A + Ei, Fi, (k) F;,,)
D, = (BY +GT FF (kHE )P, (B, F; (k)Gi).

)G
Since there is a number € > 0 such that eI — (EZTP E;, +H! P H; ) >0, by
Lemma 2.2, we have

A, < AT R'A; +eFIF;
B, < Al R'B; +eFl G,
i < BER'A; +eGT F;,
D;, < B! R;'B;, +¢Gl Gi,.

Thus

AT P [ A B ] < A?;nR 1A7fm + EFT F’L,n AT R Blm + EE’J;LGi”"
qu im im im — BT R A + EGTm Fzm BT R B + EGTm Gim '

So, we obtain

Ji AT R7'B; +eFLG,
< m T Tm Tm — tm
'L'rn( Tm le) = |: lA‘ 4 EGZ:n Fim sz
= z ( Ty sz)
where
‘]im - (hg - hl + I)sz - P + AT R»_LlAim + 5F£,LFim
Kim = Biq:n RZ im + EGT 7fm le

From AV;, (xx) < yf'Li, (Pi,,Qi,, )yr and arguments above, we have

AV, (xr) Syt Wi, (P, Qi )Yk

From (4.2), we obtain

AV, (xr) S yr Wi, (P, Qi )Yk < —OYL Yk

Thus, the zero solution of switched system (3.1) is robustly stable. O

Example 4.1 Consider the uncertain discrete-time linear switched system with
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1 1 11
delays (3.1) where N = 2, 4; = [ 1° 010} , Ay = {210 5] , By =
Tl 11 g 1
1 10 — | 10 1 — | 2 2 _
AR b E R AR R RS
gl ne-[] w]e-[] 0]
1 F 10 Gy = 10 Go = | 4 1 o, =
1 y 472 1 ) 1 1 ) 2 3 ) 1
% 0 g O 55 0 i O
(§) _O ] [(1) Ol}»}h , ho =2 and e = 2.
The p051tlve definite matrices P; a ; 1 =1,2 are chosen as
4 0 2 0 19 4 9
= - —| 5 —| 5
P {02},& {01],621 [Ol]anng {0%}.Weh
T T 4 0 % 0
el —(Bi hEv+ Hy PLH) = | (5 | el = (ETPyEy+ HI Py H,) = 5oz |-
_200 1 19 1 o 2 ﬁ
600 3 200 25 1800 228 15)
WebweWi = | %, ® ¥ B | w=| @ i W
300 2 190 3 45? 225 18
25 100 20 25 90 36 45
such that
_ . _ _ 301 10733 37661 191 1
A = {fg = R; : xTW1x1— _2600 i + 200 33 w3+ 40000x§3— 0074 — (21— 2522)2 -
(xld+ 30003)" — (¥1 — 554) (22 + 55 3)” — (22 + To0%4)” — (z3 + 20 1)%}
an
. 4729 63583 93
Xy = {3596 ]R42. T Waz = m% o3+ s §+1§503 §+21670x4 (z— 1+22153;2)2_
(z1 — 45523)% — (21 + gg@a)® — (2 + 53523)" — (22 — 5524)” — (23 + 3524)°},
respectively.

Note that W; and Ws are not negative definite and & |J x> = R*\ {(0,0,0,0)}.
For \q :%:)\27wehave A +A=1>0and

3487 11 13
L hw T
sWitgWe=| 0 %P CRR | <o

7320 §§00 _1180 B 8

900 450 360 3600

Therefore, by theorem 4.1, the zero solution of system is robustly stable where the
switching law is chosen as i = ¢ whenever y; € AXj. O

Numerical Simulation

Let N = 2, we consider the switched system. From Example [4.1, let
AlaA27Bl7B2aE1aE27
F1,F5,Gy,Go, Hy, Hs be in Example 4.1. If we let the delays hg = hy = hy =
1

1

.=1land hy = hg3 = hs = ... = 2 and let F(k) = [ K2F2 k%21 And let
k2 k2

initial conditions be z_; = _02 , Ty = [ ; . Under the switching law given in

Theorem 4.1, we have the following numerical simulation of trajectory of solution

8-

w
=y

w
(=
o

Rl
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of the switched system. O

— X1(K)
— - x2(k)

-2 ‘ ‘ ‘ ‘ ‘ ‘ ‘ s : K
Figure 2: The trajectories x1(k) and za(k) of the discrete-time switched
systems in Example [4.1

5 Conclusion

In this work, we give sufficient conditions for asymptotic stability and robust
stability of switched system. And we use Lyapunov theory to consider stability
and robust stability of the zero solution of switched system (3.1). In Theorem [3.1
and 4.1, the Lyapunov function we used is a common Lyapunov function.

Acknowledgements : we wish to express our sincere thanks to Assoc. Prof. Dr.
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