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Abstract The convex constraint nonlinear equation problem is to find a point ¢ with the property
that ¢ € D where D is a nonempty closed convex subset of Euclidean space R"™. The convex constraint
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1. INTRODUCTION

Let f : R™ — R be a continuously differentiable function, bounded from below. One
of the fundamental problems in optimization is the minimization problem:

min{f(q): ¢ € R"}. (1.1)
A well known class of iterative method for solving problem (1.1) is the conjugate gradient
(CG) method [1, 2]. The CG methods are characterized by their simplicity, efficiency and

low memory requirement. Furthermore, they are matrix free methods and do not require
the computation of the Jacobian matrix at each iteration. The CG method have very
efficient numerical performance with remarkable global convergence properties, they are
widely used for solving unconstrained optimization problems by many researchers [3—8].
This method computes its sequence of iterates {¢;} using the following updating rule

qit4+1 = Qt‘f'c‘ftpu t:0,1,2,.... (12)

The scalar ; > 0 denotes step—size that is obtained via a suitable line—search strategy
and the vector p; is a search direction given by

po 1=~V (@), o=~V (@) + o, V>0, (13)

where §; (called CG parameter) is a scalar that is updated in every iteration. Under
differentiability assumption, a well-known necessary optimality condition for problem
(1.1) is:

¢* is a minimizer of f = V f(¢*) = 0.

This fact is called the first—order necessary optimality condition for the minimizer ¢* of
problem (1.1). Therefore, we consider the following system of nonlinear equations

w(q) = 0. (1.4)
where w : R” — R™. In this context, the gradient of f in problem (1.1) is viewed as the
function w in problem (1.4). Hence, algorithms for solving problem (1.1) can be extended
to solve the nonlinear system of equations (1.4). In this paper, we consider the problem
of finding a vector ¢ € D C R™ for which (1.4) holds. The constrained set D is assumed
to be nonempty, closed and convex. Thus, we refer problem (1.4) as nonlinear system
of equations with convex constraints. Many mathematical problems arising from various
applications such as fixed point problems, differential equations, variational inequality
[9-11] problems and so on, can be reformulated into problem (1.4). Moreover, problem
(1.4) also appears as a subproblem in generalized proximal algorithms with Bregman
distance. Optimization problems containing least square errors and ¢;—norm can equally
be translated into problem (1.4) (See, [12, 13]). This underlines the importance of system
(1.4) and so also efficient algorithms with minimum computational cost for solving it.

Recently, the CG algorithms for solving unconstrained optimization problems has
prompted several researchers to extend them to solve system of monotone nonlinear oper-
ator problems (1.4). For instance, Dai et al. [14] extended the modified Perry CG method
in [15] to solve unconstrained version of problem (1.4) based on the hyperplane projec-
tion method proposed by Solodov and Svaiter in [16]. The numerical results presented
show that their method works well. Yuan [17] extended the well-known CG_DESCENT
method of Hager and Zhang to solve problem (1.4). Under some mild conditions, they
proved the global convergence of their method. Furthermore, motivated by the idea of
Yu in [18], Yuan [19] proposed a modified PRP formula for unconstrained optimization
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problems that possess a descent property without depending on any line search strategy.
He established the global convergence of his method under weak Wolfe-Powell line search
for nonconvex functions. Numerical results presented shows that his method works well.
This was later modified by Liu and Feng in [20]. The algorithm proposed in [20] was
shown to be efficient for solving convex constrained monotone operator equations of the
form (1.4). Abubakar et al. [21] proposed a modified descent Dai-Yuan CG method for
constrained nonlinear monotone operator equations which is a modification of the method
proposed in [20]. Under some mild conditions, they established the global convergence of
the method. Their numerical experiments performed better than the compared existing
methods. They also applied their method in image de-blurring. For more on extension of
the CG methods, author should refer to [21—44] and references therein.

Inspired by the above CG methods and specifically the modified Dai-Yuan nonlin-
ear conjugate gradient method with sufficiently descent property proposed for large-scale
optimization problem proposed by Yuan in [19], we propose, analyze and test a new Dai-
Yuan-like derivative-free method for solving the system of nonlinear equations (1.4). The
global convergence of the proposed method is established under some suitable assump-
tions. Numerical experiments indicate that the proposed method is competitive, practical
and performs better than the compared CG methods.

The structure of this paper is as follows. In Section 2, we describe the new method and
its global convergence is given in Section 3. In Section 4, we report numerical experiments
to show the efficiency of our algorithm. Throughout this paper, ||-|| denotes the Euclidean
norm in R™.

2. THE METHOD

We begin this section with the definition of the projection map.

Definition 2.1. Let D C R™ be a nonempty closed convex set. Then for any y € R", its
projection onto D, denoted by Pply], is defined by

Pply] := argmin{||ly — z|| : z € D}.

The projection operator Pp has a well-known property, that is, for any y,x € R™ the
following nonexpansive property hold

1Pply] = Pplz]| < lly — =] (2.1)

Using the projection technique in Solodov and Svaiter [16], Liu and Feng [20] extended the
classical Dai-Yuan conjugate gradient method for unconstrained optimization problem to
solve (1.4). Motivated by this, in this article, based on the conjugate gradient method
introduced by Yuan [19], we propose a Dai-Yuan-like derivative-free method that generates
iterates by the following relation:

Zt = qt + €Dt (2.2)

where ¢, is the steplength and p; is the search direction computed by

—w(qt) if t =0,
= 2.3
" {w(qt) + BEPMDY p, 4 ift >0, (2:3)
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where
w(q)|? . w(q)|? w(gq)|?
tEMDY — HT )” +m1n{ o HT( H , ||T( )H 2w(Qt)Tpt—1 , (24)
Wy_1Pt—1 Wy_1Pt—1 (wt_1pt—1)
Py
Wy—1 = Y1 +Jt-1Pi—1, Ye—1 = w(q) —w(q-1), ji—1 = 14+max {0, —T} .
Pi_1Pt—1
(2.5)

The search direction defined by (2.3) satisfies the following Lemma.

Lemma 2.2. Let p; be the search direction generated by (2.3), then p; is a sufficient
descent direction. That is for all t > 0,

w(gr) pe = —[lw(a)|*. (2.6)
Proof. For t =0, equation (2.6) obviously holds. For ¢ > 0, we have
w(q) pe = —llw(a)|? + BEYPY wlg) pr
2
w\q
= g2 + L2 gy,
Wi_1Pt—1

-+ in { Clw@l? Jwle)?

) w(Qt)Tpt—l}w(Qt)Tpt—1
w;f—lpt—l (w;f—lpt—l)2

w(g)*  [lw(g)l?
w;f—lpt—l th_lpt—l

< —Jlwlg) 2 + (

= —[lw(g)l.

) w(ge) P

In what follows, we state the iterative procedures/steps of our method.

Algorithm 1

Input. Set an initial point ¢g € D, the positive constants: Tol > 0, r € (0,1), m € (0, 2),
a>0,pu>0.Sett=0.

Step 1. Compute w(q:). If ||w(q:)|| < Tol, stop. Otherwise, generate the search direction
py using (2.3).

Step 2. Compute the trial point 2z, = ¢; + ¢, where the step-size e, = ar’ and i is the
least nonnegative integer satisfying

—w(qe + epe) " pe > ped|pel®. (2.7)
Step 3. If 2z, € D and ||w(z:)|| < Tol, stop. Otherwise, compute the next iterate by

w(zt)T(Qt — Zt)w -
PO

Step 4. Finally we set ¢ = ¢+ 1 and return to step 1.

qt+1=Pp |¢t —m (2.8)
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3. CONVERGENCE ANALYSIS

In this section, we obtain the global convergence property of Algorithm 1. We also
make the following assumptions on the mapping w.

Assumption 1.
(1) The solution set of the constrained nonlinear (1.4), denoted by D*, is nonempty.
(2) The mapping w is Lipschitz continuous on R™. That is, there exists a constant
L > 0 such that

[w(e) —w(B)| < Lija = Bl Vo, B € R™. (3.1)
(3) For any € D* and a € R, it holds that
w(a)T (e — B) > 0. (3.2)

Lemma 3.1. Let {p;} and {q:} be two sequences generated by Algorithm 1. Then, there
exists a step size ; satisfying the line search (2.7) for all t > 0.

Proof. Suppose (2.7) does not hold for the iterate to—th, then we have for all i > 0,

7w(Qt0 + arlpto)Tpto < /uaralto”Z'
Thus, by the continuity of w and with 0 < r < 1, it follows that by letting i — oo, we
have
—w(qy) " pry <0,
which contradicts (2.6).
[

Lemma 3.2. Let the sequences {q:} and {z:} be generated by the Algorithm 1 method
under Assumption 1, then

rllw(gn)|

(L + w)llpell*

Proof. From Step 1 of Algorithm 1 ¢; = ar® < a . Also, & = ;77! does not satisfy (2.7).
That is,

a Z Et Z (33)

—w(gr + Epe) P < péd|Ipel|.

From (3.1) and (2.6), it can be obviously seen that
[w(ge)|[* = —w(ae) " pe
= (w(q + &pe) —wlar) pr — wlge + épi) pe
< Lélpe|® + péellpell®
< E(L A+ ) |lpel®.

This gives the desired inequality (3.3).
|

Lemma 3.3. Suppose that Assumption 1 holds. Let {q:} and {z} be sequences generated
by the Algorithm 1, then for any solution ¢* contained in the solution set D* the inequality

2 4
IR < e — a2 — oy NG = 2l 3.4
lge+1 — a" 17 < llgt — ¢*[[*—m(2 —m) lw(z)|? &0

holds. In addition, {q:} is bounded and
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Z llge — ze]|* < 4o0. (3.5)

t=0
Proof. First, we begin by using the weakly monotonicity assumption (Assumption 1 (3))
on the mapping w. Thus, for any solution ¢* € D*,
w(z) (g — q*) = wlz) (¢ — 20).
By the definition of z; and (2.7), we obtain
w(gr + &) (a1 — 20) > pei[|pe*. (3.6)
From (2.1) and (3.6), we have the following

lgeer — g = Pakf—mw“ﬁﬂﬁwf”wwa]—fz
S | e
w t — %t * 2 U)ZtT t — %t 2
:”%‘fw‘Qm( nw2n2 ) ’*"‘<(HL&W ))
w + — 2t) o (w(z)T (g — 2 2
< =1 am () o ”+"l<(ﬁ£iw)>

w(z)” (qt—Zt)>

= o= =iz —m) (M5

13l qe — 2|t

<llg: — q*”Q_m(Q —m) [w(z)|]2

Thus, the sequence {||¢: — ¢*||} has a nonincreasing and convergent property. Therefore,
this makes {q;} to be bounded and from (3.4), it holds that

o0
223 g — 2t < llgo — ¢*|I* < +o0.
t=0
| |

Remark 3.4. Taking into account of the definition of z; and also by (3.5), it can be
deduced that

Hm e ([py]| = 0. (3.7)

Theorem 3.5. Suppose Assumption 1 holds. Let {q;} and {z} be sequences generated
by Algorithm 1, then

lim inf [|w(g:)|| = 0. (3.8)

Proof. Suppose (3.8) is not valid, that is, there exist a constant say s > 0 such that

s < |lw(g)]],Vt > 0. From the sufficient descent condition (2.6) and Cauchy-Schwartz
inequality, we get that ||p;| > ||w(g:)||. This implies that

[pell > s, V¢ > 0. (3.9)

Obviously, it can be seen from the definition of w;_; in (2.5), that

Wi pio1 >yl pe-1 + o1 ||? — v ipe1 = |lpe—a |- (3.10)
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Having in view that from Lemma 3.3 that the sequences {¢;} is bounded by a positive
constant say kp. In addition with the continuity of w, it further implies that {||w(q.)||} is
bounded by a constant say w. Thus, from (2.3) and (3.10), it follows that for all ¢ > 1,

Ipell = || —wlqe) + B PY ||
[Jw(ge)]? . { Jwlg)*  Nlwlg)l® T
= w(qt)+<+m1n - ; w(qe) pe—1 ¢ ) Pr—1
H th—1pt—1 w;_1pt—1 (th_1pt—1)2
< [Jw(q)|l
<.

From (3.3), we have

rllw(a)l®
etllpell > =7 122l
(L + ) llpe|?

T82

> 7 >0,
T (L pu

which contradicts (3.7). Hence (3.8) is valid. "

4. NUMERICAL EXPERIMENTS

This section focuses on the numerical experiments for testing the efficiency of the pro-
posed method based on the Dolan and More performance profile [15]. Nine test problems
were considered for the experiments with all codes written and implemented in MATLAB
R2019b and performed on a PC Desktop Intel(R) Core(TM) i7-6600U CPU @ 2.60GHz
2.81 GHz, RAM 16.00 GB.

The proposed method is compared with methods which shares similar characteristics.
For example, the derivative-free iterative method for nonlinear monotone equations with
convex constraints (PDY) [20] and the conjugate gradient method to solve convex con-
strained monotone equations (CGD) [46]. All algorithms are terminated when

lw(ge)]| < 107°.

Our proposed algorithm (denoted as EMDY) was implemented using the following pa-
rameters: a = 1, » = 0.8, m = 1.2, p = 10~%; while PDY and CGD were implemented
using the parameters reported in their respective papers. More so, our experiment made
use of various dimensions (for instance 1000, 5000, 10,000, 50,000, 100,000) and ini-
tial (g1 = (0.1,0.1,---,0.1)", g2 = (0.2,0.2,---,0.2)T, g3 = (0.5,0.5,...,0.5)", ¢4 =
(1.2,1.2,--- ,1.2)T) g5 = (1.5,1.5,- -, 1.5)T, g6 = (2,2,...,2)T, g7 = rand(0, 1))

The test problems with their mappings takes as w = (wq, we, -+ ,w,) are given below:

Problem 1 [17] Exponential Function.

wy(q) = e —1,
wi(q) = e +¢q; — 1, fori =2,3,...,n,
and D = R”.
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Problem 2 [17] Modified Logarithmic Function.

=In(¢; +1)— —, fori=1,2,3,.

g€ R": Zqign,qZ -1,1=1,2,- }

and D

Problem 3 [15]

w;(q) = min (min(|g;|, ¢7), max(|g:|, ¢})) fori=2,3,....n
andD = Ri.

Problem 4 [17] Strictly Convex Function I.

wi(q) = e® — 1, fori=1,2,...,n
and D = ]R’_f_.

Problem 5 [47] Strictly Convex Function II.

wi(q) = %eq" -1, fori=1,2,....n

and D = R’

Problem 6 [19] Tridiagonal Exponential Function.
wi(q) = qp — e(Mata2)),
wi(q) = q; — COb(h(q“l’Lq”q”l)), fori=2,...n—1,

wn(q) q Cos(h(Qn 1+Qn))’

1
n—+1

h:

Problem 7 [15] Nonsmooth Function.
wi(q) = ¢ —sin|g; — 1|, i=1,2,3,...,n
n
and D = {qE]R" : Zqi <n,qg>-1i=1,2--- ,n}.
i=1
Problem 8 [17] The Trig exp function
wi(q) = 3¢7 + 2q2 — 5 + sin(a1 — q2) sin(a1 + ¢2)

w;(q) = 3¢} + 2gi11 — 5+ sin(g; — giy1) sin(g; + gip1) +4¢ — q—1e® 7% — 3
fori =2,3,...n—1

1
1 and D = Ri..

wn(q) =qp_1eM'79 —4q, — 3, where h = p—

Problem 9 [50]

ti:iqf, d=107°

wi(q) = 2d(q; — 1) +4(t; —0.25)q;, i =1,2,3,...,n.and D =R’.
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0.9 ]

FIGURE 1. Performance profiles based on number of iterations.

F1GURE 2. Performance profiles based on number of function evaluations.
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FIGURE 3. Performance profiles based on CPU time (in seconds).

In all the numerical results reported in Tables 1-9, it can be observed that our proposed
EMDY method is competitive and promising. We note that, in the detailed numerical
report presented in Table 1-9 of the Appendix section, "DM” denotes dimension, ”IP”
denotes initial point, ”#IT” denotes the number of iteration, "FV” denotes the number
of function evaluation, ”RT” denotes the CPU run time and "NM” is the norm. On the
overall, to visualize the performance of EMDY verses the compared methods, we employ
the well-known performance profiles of Dolan and Moré [45] defined as:

tp,q
: : <
{o oo (g gy <

where Tp is the test set, |Tp| is the number of problems in the test set Tp, @ is the set of
optimization solvers, and t, 4 is the NI (or the NF ) for t, € Tp and ¢ € Q. The following
figures were obtained using the above performance profiles.

It can be observed from the above figures that with respect to number of iterations (#I7),
EMDY method was more successful as it has the least iteration number in over 50% of
the problems as against PDY and CGD with less than 20% success. The interpretation is
almost similar with respect to function evaluation number (FV). Finally, in terms of the
CPU run time (RT), EMDY has the least in over 60% of the problems as against PDY
and CGD with less than 25% success.

In summary, we can deduce that:

e The proposed method is efficient for solving the convex constraint nonlinear equation
(1.4).

e Furthermore, the EMDY method outperforms the PDY and CGD method.

)

1
plr) = T
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5. CONCLUSION

In this article, we proposed an extended modified Dai-Yuan conjugate gradient al-
gorithm for solving constraint nonlinear equations. The search direction is sufficiently
descent and bounded. The global convergence of the algorithm was established under
some appropriate assumptions such as monotonicity and Lipschitz continuity on the op-
erator. Numerical results were also provided to show the efficiency and competitiveness of
the proposed algorithm compared with other existing algorithms. Based on the numerical
results, we can conclude that the proposed algorithm is an alternative.
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TABLE 1. Numerical result for problem 1

EMDY PDY CGD
DM IP #IT FV RT NM #IT FV RT NM #IT FV RT NM
q1 2 7 0.005221 0 16 64 0.037824 3.45E-07 77 230 0.058808 8.66E-07
a2 2 7 0.004932 0 16 64 0.02392 7.03E-07 81 242 0.048604 9.44E-07
q3 2 7 0.005825 0 17 68 0.016334 6.22E-07 88 263 0.032011 9.54E-07
1000 g4 2 7 0.004618 0 18 72 0.017108 4.54E-07 - - - -
qs 2 7 0.004827 0 18 72 0.019795 3.65E-07 - - - =
a6 2 7 0.004566 0 18 72 0.017994 3.80E-07 - - - -
qr 7 28 0.008171 1.04E-07 17 68 0.01338 7.16E-07 - - - -
q 2 7 0.012558 0 16 64 0.066424 7.61E-07 76 227 0.099743 9.80E-07
a2 2 7 0.009678 0 17 68 0.057352 5.15E-07 82 245 0.09831 9.79E-07
a3 2 7 0.013249 0 18 72 0.054222 4.63E-07 88 263 0.094972 9.12E-07
5000 qq 2 7 0.011553 0 19 76 0.065217 3.38E-07 - - - -
qs 2 7 0.012447 0 18 72 0.049595 8.12E-07 - - - -
a6 2 7 0.014483 0 18 72 0.049791 8.10E-07 - - B -
qr 7 28 0.03735 2.27E-07 18 72 0.063816 5.34E-07 612 1835 0.66244 9.85E-07
qQ 2 7 0.018914 0 17 68 0.087952 3.55E-07 76 227  0.1543  8.46E-07
a2 2 7 0.027386 0 17 68 0.079454 T7.27E-07 83 248  0.1613  9.67E-07
q3 2 7 0.016454 0 18 72 0.0919 6.55E-07 87 260 0.17036 9.37E-07
10000 g4 2 7 0.01758 0 19 76 0.15372 4.77E-07 - - - -
qs 2 7 0.019436 0 20 80 0.11427 4.52E-07 - - - -
a6 2 7 0.024777 0 19 76  0.099506 5.51E-07 - - - -
qr 7 28 0.044221 3.16E-07 18 72 0.11131 7.55E-07 621 1862 1.2548  9.83E-07
q1 2 7 0.057066 0 17 68 0.37509 7.93E-07 76 227 0.63892 9.25E-07
a2 2 7 0.065781 0 18 72 037185 5.44E-07 82 245  0.6818  8.81E-07
q3 2 7 0.063818 0 19 76 03945 4.86E-07 85 254 0.71491 9.04E-07
50000 g4 2 7 0.061612 0 20 80 0.41375 9.70E-07 - - - -
qs 2 7 0.07211 0 22 88 0.53434 8.63E-07 - - - -
a6 2 7 0.095546 0 23 92 0.59942 8.62E-07 - - - -
qr 7 28 0.16406 7.22E-07 19 76 0.40117 5.61E-07 - - - -
q1 2 7 012734 0 18 72 0.72616 3.76E-07 77 230  1.1887  9.97E-07
a2 2 7 0.10155 0 18 72 0.71564 7.69E-07 79 236  1.3242 8.85E-07
q3 2 7 012914 0 19 76  0.7505 6.88E-07 838 2513 13.3577 9.96E-07
100000 g4 2 7 011379 0 23 92 0.98331 3.63E-07 - - - -
qs 2 7 0.15285 0 23 92 1.0758 9.61E-07 - - - -
a6 2 7 0.12571 0 26 104 1.2665 3.39E-07 - - - -
qgr 8 32 0.36467 1.78E-08 20 80 0.82349 7.79E-07 828 2483 13.0692 9.90E-07




Modified Dai-Yuan Conjugate Gradient Method 157

TABLE 2. Numerical result for problem 2
EMDY PDY CGD
DM IP #IT FV  RT NM  #IT FV  RT NM  #IT FV  RT NM
@ 6 19 0032101 320E-09 13 51 0012439 7.68E-07 77 229 0.028973 9.99E-07

') 6 19 0.020511 3.95E-09 15 59 0.042509 3.49E-07 927 2779 0.32168 9.97E-07
q3 6 19 0.009604 6.74E-07 16 63 0.020906 6.98E-07 - - - -
1000 g4 7 22 0.009733 3.73E-09 18 71 0.012086 3.52E-07 - - - -
qs 6 19 0.017925 7.44E-07 18 71 0.015911 5.13E-07 116 343 0.056803 9.77E-07
a6 7 22 0.00891 3.50E-09 18 71 0.014349 8.59E-07 119 352 0.051033 8.86E-07
qr 10 32 0.010738 6.87E-07 17 67 0.014091 4.50E-07 111 331 0.051063 9.50E-07
Q1 6 20 0.018643 ©5.43E-08 14 55 0.041353 5.44E-07 678 2032 1.1284  9.98E-07
q2 6 20 0.014783 6.64E-08 15 59 0.037994 7.63E-07 119 353 0.20315 9.01E-07
q3 6 19 0.050164 3.01E-07 17 67 0.05265 5.12E-07 112 332 0.17954 8.71E-07
5000  qq 7 23 0.021263 6.33E-08 18 71 0.04944 7.73E-07 120 355 0.21445 9.97E-07
qs 6 19 0.02299 4.13E-07 19 75 0.078857 3.75E-07 120 355 0.22383 9.20E-07
a6 7 23 0.025022 5.80E-08 19 75 0.065929 6.27E-07 125 370  0.1982  9.33E-07
gr 11 35 0.037659 3.79E-07 17 67 0.074387 9.82E-07 118 352  0.2434  9.05E-07
Q1 7 27 0.039059 1.22E-07 14 55 0.072486 7.66E-07 - - - -
a2 7 26 0.034026 1.49E-07 16 63 0.081359 3.55E-07 126 374 0.37403 8.65E-07
q3 7 26 0.034292 6.48E-07 17 67  0.1068 7.23E-07 126 374 0.39658 9.26E-07
10000 g4 8 30 0.040023 1.42E-07 19 75 0.096759 3.63E-07 119 352  0.36288 9.94E-07
qs 7 26 0.037387 8.95E-07 19 75 0.09909 5.29E-07 121 358 0.37717 9.20E-07
' 8 30 0.043234 1.30E-07 19 76 0.10435 9.51E-07 116 345  0.3702  9.52E-07
qr 8 30 0.041806 4.39E-07 18 71 0.098908 4.63E-07 120 358 0.47533 8.98E-07
Q1 7 27 0.12633 2.71E-07 15 59 0.32604 5.78E-07 127 377 1.57 9.75E-07
I'?) 7 27 0.12252 3.30E-07 16 63 0.30631 7.92E-07 130 386  1.6566 9.05E-07
q3 8 30 0.15369 5.74E-08 18 71 0.37626 5.36E-07 128 380  1.5649  9.12E-07
50000 g4 8 30 0.15824 3.16E-07 21 84 0.46957 3.43E-07 129 382  1.9692 9.00E-07
qs 8 30 0.16261 8.07E-08 21 84 0.47051 4.72E-07 131 388  1.6508  9.64E-07
a6 8 30 0.15618 2.87E-07 21 84 0.46381 4.77E-07 130 385  1.8887  9.60E-07
q 8 30 0.15421 9.92E-07 19 75 0.43375 3.46E-07 124 370  2.2707  9.58E-07
Q1 7 27 0.25699 3.83E-07 15 59 0.59915 8.17E-07 132 392  3.4978 9.73E-07
') 7 27 0.23116 4.67E-07 17 67 0.85174 3.76E-07 134 398 3.376  9.96E-07
q3 8 30 027668 8.10E-08 18 72 0.80688 9.65E-07 126 374  4.3133  9.02E-07
100000 ¢4 8 30 0.27351 4.46E-07 22 88 0.97108 8.28E-07 130 385  5.6532 9.91E-07
qs 8 30 0.28719 1.14E-07 22 88 0.94559 8.18E-07 133 394  5.3457  9.78E-07
g6 8 30 0.30368 4.06E-07 22 88  1.0474 7.87E-07 129 384  3.9504 9.43E-07
qg 9 34 034015 5.55E-08 20 80 0.89246 546E-07 126 376  6.5207  9.70E-07




158 Thai J. Math. Special Issue: AMM 2021 /A. Kambheera et al.

TABLE 3. Numerical result for problem 3

EMDY PDY CGD
DM IP #IT FV RT NM #IT FV RT NM #IT FV RT NM
Q1 2 6 0.030505 0 2 6 0.006131 O 1 2 0.004947 O
Q2 2 6 0.002982 0 2 6 0.007275 0 1 2 0.002058 0O
q3 2 6  0.00588 0 2 6 0.003828 O 1 2 0.002925 O
1000 g4 2 7 0.007478 0 2 6 0.004078 O 1 3 0.002616 O
qs 2 7 0.004305 0 2 6 0.003418 0O 1 3 0.004015 O
g6 2 7 0.004618 0 2 6 0.001919 0 1 3 0.002984 0
q7 6 23 0.009401 3.80E-07 2 6 0.002393 O 1 2 0.002801 0
Q1 2 6 0.011101 0 2 6 0.008606 0O 1 2 0.005551 0O
Q2 2 6 0.010828 0 2 6 0.011034 O 1 2 0.005309 O
q3 2 6 0.013438 0 2 6 0.009017 0 1 2 0.023812 O
5000 qu 2 7 0.01146 0 2 6 0.009874 0 1 3 0.00584 0
qs 2 7 0.012405 0 2 6 0.009558 O 1 3 0.006556 O
g6 2 7 0.021066 0 2 6 0.006467 0O 1 3 0.005306 0O
q7 7 27 0.035447 5.55E-08 2 6 0.011348 O 1 2 0.007198 0O
Q1 2 6 0.016518 0 2 6 0.015772 0 1 2 0.008827 0O
Q2 2 6  0.02131 0 2 6 0.018236 O 1 2 0.008035 O
q3 2 6 0.017712 0 2 6  0.02033 0 1 2 0.020771 O
10000 g4 2 7 0.023701 0 2 6 0.015231 O 1 3 0.01173 0
qs 2 7 0.018668 0 2 6 0.015895 O 1 3 0.008678 0O
g6 2 7 0.019648 0 2 6  0.02343 0 1 3 0.009625 O
q7 7 27 0.054559 6.64E-08 2 6 0.019685 0 1 2 0.023142 0
Q1 2 6  0.062189 0 2 6  0.06444 0 1 2 0.029067 0
Q2 2 6 0.092421 0 2 6 0.061962 0 1 2 0.039209 O
q3 2 6  0.070691 0 2 6 0.071089 0 1 2 0.030268 0
50000  gqq4 2 7 0.072241 0 2 6 0.048252 O 1 3 0.030737 O
qs 2 7 0.062769 0 2 6 0.056395 O 1 3 0.033978 0
g6 2 7 0.076984 0 2 6 0.045351 O 1 3 0.03421 0
q7 7 27 0.18641 1.65E-07 2 7 0.11221 0 1 2 0031624 O
Q1 2 6  0.11744 0 2 6  0.11724 0 1 2 0.05904 0
q2 2 6  0.12054 0 2 6  0.12336 0 1 2 0.061714 O
q3 2 6 0.1257 0 2 6  0.13151 0 1 2 0.086059 0O
100000 g4 2 7 0.12024 0 2 6 0.092938 0 1 3 0.062868 0
qs 2 7 0.13283 0 2 6 0.089919 0 1 3 0.079338 O
g6 2 7 0.12156 0 2 6 0.090501 O 1 3 0.064663 0
q7 7 27 0.40072  2.35E-07 2 7 0.1607 0 1 2 0.06281 0




Modified Dai-Yuan Conjugate Gradient Method 159

TABLE 4. Numerical result for problem 4

EMDY PDY CGD
DM IP #IT FV RT NM #IT FV RT NM #IT FV RT NM
0 2 7 0.02032 0 15 60 0.011597 5.13E-07 104 311 0.030371 9.76E-07
q2 2 7 0.00331 0 16 64 0.017256 3.59E-07 109 326 0.031103 9.00E-07
a3 7 28 0.005993 7.05E-07 16 64 0.00812 9.42E-07 116 347 0.037892 9.53E-07
1000 g4 2 7 0.003624 0 15 60 0.009109 6.44E-07 - - - -
as 2 7 0.006163 0 17 68 0.019514 3.91E-07 - - - -
6 2 7 0.004583 0 17 68 0.014318 7.89E-07 - - - -
gr 13 52 0.009381 1.61E-07 17 68 0.011022 5.29E-07 113 338 0.030426 9.10E-07
q1 2 0.010876 0 16 64 0.029545 3.86E-07 109 326 0.12176 9.27E-07
02 2 7 0.01285 0 16 64 0.032858 8.02E-07 116 347 0.10788 8.72E-07
q3 8 32 0.069383 3.15E-07 17 68 0.030346 7.00E-07 120 359 0.1134 9.91E-07
5000 g4 2 7 0.012306 0 16 64 0.034047 4.74E-07 - - - -
as 2 7 0.010902 0 17 68 0.046379 8.74E-07 - - - -
a6 2 7 0.013541 0 19 76 0.049272 5.11E-07 - - - -
gr 10 40 0.029742 4.36E-07 18 72 0.033088 3.73E-07 122 365 0.12027 9.15E-07
0 2 7 0.011806 0 16 64 0.065994 5.46E-07 114 341 0.19235 8.39E-07
G2 2 7 0.017303 0 17 68 0.049492 3.76E-07 118 353 0.22441 8.90E-07
q3 8 32 0.027319 4.46E-07 17 68 0.059866 9.90E-07 122 365 0.23321 9.11E-07
10000 g4 2 7 0.018963 0 19 76 0.084262 3.70E-07 - - - -
a5 2 7 0.022131 0 18 72 0.062557 4.15E-07 - - - -
q6 2 7 0.021299 0 19 76 0.075499 T7.22E-07 @ - - - -
g7 10 40 0.055298 4.71E-07 18 72 0.056165 ©5.22E-07 123 368 0.21969 8.54E-07
q1 2 7 0.075152 0 17 68 0.21219 4.04E-07 117 350 0.78216 9.70E-07
q2 2 7 0.052256 0 17 68  0.2462 8.40E-07 124 371 0.86363 8.76E-07
q3 8 32 0.11188 9.97E-07 18 72 0.21904 7.39E-07 128 383 1.0627  9.89E-07
50000 g4 2 7 0.058875 0 20 80 0.30397 6.25E-07 - - - -
as 2 7 0.063487 0 20 80 0.28388 8.13E-07 - - - -
g6 2 7 0.066448 0 22 88 0.39048 9.65E-07 - - - -
gr 10 40 0.14187 4.49E-07 19 76 0.24784 6.73E-07 130 389 0.91681 8.98E-07
0 2 7 0.1051 0 17 68 041122 5.71E-07 121 362 1.6565 9.15E-07
G2 2 7 0.096758 0 18 72 0.49882 3.98E-07 127 380 1.6432  9.31E-07
43 9 36 021759 2.82E-07 19 76  0.4804 9.57E-07 133 398 1.8604 9.16E-07
100000 Q4 2 7 0.091055 0 22 88 0.59813 3.99E-07 - - - -
s 2 7 0.097945 0 24 96 0.72938 3.66E-07 - - - -
a6 2 7 0.11507 0 26 104 0.8351 3.55E-07 - - - -
gr 11 44 0.26034 1.71E-07 19 76 048396 9.52E-07 132 395 1.6933 9.56E-07
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TABLE 5. Numerical result for problem 5
EMDY PDY CGD
DM IP #IT FV  RT NM  #IT FV  RT NM  #IT FV  RT NM

g1 38 150 0.057238 8.47E-08 19 75 0.012902 6.70E-07 119 352 0.036197 9.35E-07

g2 22 86 0.019439 4.16E-07 19 75 0.020756 6.02E-07 119 353 0.034849 9.45E-07

gz 26 102 0.018633 2.36E-07 20 79 0.014886 8.17E-07 135 403 0.038107 8.58E-07
1000 g4 24 96 0.057533 8.45E-07 20 80 0.011195 4.14E-07 137 410 0.044027 8.93E-07

gs 25 99 0.026711 5.17E-07 20 80 0.013151 3.51E-07 130 389 0.035436 9.32E-07

g 15 60 0.020853 8.85E-07 21 84 0.014673 3.89E-07 - - - -

qr 33 130 0.030795 3.77E-07 26 103 0.017087 5.20E-07 138 412 0.048861 9.72E-07

¢ 53 208 0.23984 9.93E-07 20 79 0.044101 6.26E-07 - - - -

¢ 31 122 0.12894 5.58E-07 20 79 0.043518 5.64E-07 133 395 0.16445 9.99E-07

g3 29 115 0.1486 2.56E-07 21 83 0.060597 7.12E-07 147 439 0.23294 9.57E-07
5000 ¢4 41 164 0.27392 T7.97E-07 21 84 0.055785 3.38E-07 149 446 0.24793 9.59E-07

qs 97 388 0.74454 5.56E-08 21 84 0.069986 4.47E-07 142 425 0.19374 9.27E-07

g6 57 228 0.38549 4.04E-07 21 84 0.064768 6.59E-07 - - - -

gr 90 359 0.63684 6.95E-08 28 111 0.076138 9.84E-07 151 451 0.18925 9.57E-07

qi 40 157 0.29205 9.17E-07 20 79 0.080163 9.79E-07 119 351 0.24959 9.30E-07

¢ 40 158 0.43714 8.20E-07 20 79 0.074932 8.67E-07 154 460 0.37607 9.55E-07

g3 54 214 0.58976 2.19E-07 22 87 0.085226 4.07E-07 150 448 0.30268 9.36E-07
10000 g4 70 279 1.037  2.10E-07 23 92 0.088099 4.76E-07 154 461 0.33386 8.50E-07

gs 98 392 1.2778 8.38E-07 21 84 0.098655 7.05E-07 147 440 0.33495 9.92E-07

g 66 264 0.87059 4.47E-08 21 84 0.092469 5.31E-07 - - - -

qr 77 307 09818 4.01E-07 25 100 0.091455 3.52E-07 151 451 0.34263 9.49E-07

¢ 52 206 23011 4.89E-07 23 92 0.37009 4.69E-07 152 453 1.3242  8.54E-07

g 77 306 4.2117 7.08E-07 23 92 0.36639 4.37TE-07 162 484 1471  9.01E-07

gz 72 287 3.666 8.86E-07 22 88 0.33903 8.93E-07 166 496 1.4469 8.91E-07
50000 ¢4 192 768 13.4126 9.73E-07 24 96 0.39936 5.83E-07 166 497 1.4911 8.48E-07

gs 227 907 15.0917 1.57E-07 24 96 0.38467 5.87E-07 159 476 1.4245 8.71E-07

g6 149 596  9.6879 6.28E-07 23 92 0.43919 8.28E-07 - - - -

g7 240 959 15.8727 2.10E-07 27 108 0.45222 4.05E-07 166 496  1.484  9.79E-07

q1 60 238 44751 5.61E-08 24 96 0.70772 8.11E-07 139 413 23777  9.00E-07

g 77 306 6.3071 9.61E-07 24 96 0.75823 7.59E-07 168 502 2.9556  9.21E-07

g3 172 686 22.883 4.17E-08 23 92 0.65294 4.30E-07 172 514 2.7159  9.15E-07
100000 ¢4« 202 808 25.3557 2.13E-07 25 100 0.78073 3.79E-07 173 518 2.7994 8.68E-07

gs 227 907 26.8888 7.99E-08 25 100 0.77059 5.83E-07 163 488 2.6314 9.81E-07

qe 177 708 22.2072 5.34E-07 26 104 0.89351 3.96E-07 - - - -

qr 195 779 26.3089 6.56E-07 24 96 0.71172 9.33E-07 173 517 2.7553  9.63E-07
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TABLE 6. Numerical result for problem 6
EMDY PDY CGD
DM IP #IT FV  RT NM  #IT FV  RT NM  #IT FV  RT NM

¢ 13 52 0.081128 3.38E-07 18 72 0.024111 4.82E-07 130 389 0.061581 9.85E-07
g2 13 52 0.011159 3.25E-07 18 72 0.022267 4.64E-07 130 389 0.059126 9.47E-07
gz 13 52 0.020428 2.86E-07 18 72 0.01605 4.08E-07 126 377 0.059245 8.84E-07
1000 g4 12 48 0.010343 9.81E-07 17 68 0.016334 8.34E-07 124 371 0.067177 9.93E-07
gs 12 48 0.010191 7.87E-07 17 68 0.016901 6.69E-07 119 356 0.050634 9.34E-07
g 12 48 0.013041 4.64E-07 17 68 0.019962 3.94E-07 120 359 0.049251 8.91E-07
gr 13 52 0.009868 2.89E-07 18 72 0.016165 4.12E-07 128 383 0.055122 9.12E-07

¢ 13 52 0.043051 7.58E-07 19 76 0.079461 3.58E-07 132 395 0.25216 9.54E-07
¢ 13 52 0.040608 7.29E-07 19 76 0.081992 3.44E-07 134 401 0.27542 9.28E-07
gz 13 52 0.045427 6.42E-07 18 72 0.082551 9.14E-07 131 392 0.26997 8.96E-07
5000 ¢4 13 52 0.042083 4.40E-07 18 72 0.06617 6.26E-07 131 392 0.27896 8.66E-07
gs 13 52 0.03935 3.53E-07 18 72 0.067224 5.02E-07 126 377 0.24968 9.93E-07
g 13 52 0.040382 2.08E-07 17 68 0.081465 8.83E-07 126 377 0.23986 9.16E-07
gr 13 52 0.043528 6.46E-07 18 72 0.076475 9.20E-07 133 398 0.27881 9.29E-07

¢ 14 56 0.080183 2.14E-07 21 84 0.16321 4.00E-07 136 407 0.52609 8.81E-07
g2 14 56 0.10049 2.06E-07 21 84 0.16393 3.85E-07 136 407 0.52972 9.01E-07
gs 13 52 0.078795 9.09E-07 20 80 0.14211 5.83E-07 135 404 0.49628 8.67E-07
10000 ¢4 13 52 0.068276 6.22E-07 18 72 0.15009 8.85E-07 133 398  0.614  8.99E-07
g5 13 52 0.069141 4.99E-07 18 72  0.1422 7.10E-07 131 392 0.63402 9.64E-07
g 13 52 0.064335 2.94E-07 18 72  0.1296 4.19E-07 128 383 0.59342 9.99E-07
g7 13 52 0.079934 9.15E-07 20 80 0.14254 5.88E-07 135 404 0.68837 9.71E-07

g 14 56 0.28325 4.80E-07 24 96 0.81018 7.08E-07 142 425 3.0408  9.29E-07
¢ 14 56 0.29107 4.61E-07 24 96 0.80881 6.81E-07 142 425 2.1142 9.46E-07
gz 14 56 0.33891 4.06E-07 23 92 0.69993 7.26E-07 139 416 2.0689  9.98E-07
50000 g¢q4 14 56 0.27472 2.78E-07 21 84 0.61851 5.18E-07 140 419 2.0753  8.54E-07
gs 14 56 030714 2.23E-07 21 84 0.59983 4.16E-07 137 410 1.9041  9.70E-07
g 13 52 0.26436 6.58E-07 18 72 0.51886 9.36E-07 133 398 1.8323 9.60E-07
gr 14 56  0.26555 4.10E-07 23 92 0.72386 7.32E-07 141 422 2.0335 9.41E-07

¢ 14 56 0.59732 6.78E-07 29 116 2.19 5.93E-07 146 437 4.6878  8.55E-07
g 14 56 0.79247 6.52E-07 28 112 21771 6.09E-07 147 440 4.4795  8.50E-07
gz 14 56 0.72287 5.75E-07 26 104 1.8398 6.39E-07 141 422 4.3297 9.12E-07
100000 g4 14 56  0.63615 3.93E-07 23 92 1.5301  7.03E-07 142 425 4.3388  9.32E-07
g5 14 56 0.62979 3.16E-07 22 88 1.5168  3.66E-07 138 413 4.1973  9.04E-07
g 13 52 0.65098 9.30E-07 20 80 1.2187  5.97E-07 135 404 4.19 9.69E-07
g7 14 56 0.66845 ©5.80E-07 26 104 1.8971 6.45E-07 143 428 4.2975 9.27E-07
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TABLE 7. Numerical result for problem 7

EMDY PDY CGD
DM IP #IT FV  RT NM  #IT FV  RT NM  #IT FV RT NM
@ 7 28 0034773 3.18E-07 17 68 0.014092 G6.92E-07 63 188 0.042695 8.68E-07
@ 7 28 0005371 1.87E-07 17 68 0.012727 4.34E-07 61 182 0.019517 7.22E-07
gs 6 24 0031885 292E-07 5 20 0.006327 4.50E-08 48 143 0.017961 7.05E-07
1000 g4 7 28 0.008459 4.98E-07 18 72 0.010722 8.82E-07 63 188 0.020096 7.60E-07
gs 7 28 0005978 8.54E-07 19 76 0.020154 8.09E-07 65 194 0.024797 8.17E-07
@6 8 31 0008916 1.55E-07 18 71 0.011435 5.23E-07 64 190 0.027288 8.41E-07
gz 11 44 0008701 5.33E-07 19 76 0.014425 4.01E-07 61 182 0.025103 9.64E-07
@ 7 28 0020222 7.11E-07 18 72 0.052881 5.59E-07 67 200 0.10041 7.37E-07
¢ 7 28 0032154 4.19E-07 17 68 0.060047 9.70E-07 65 194 0.12889 9.46E-07
g¢s 6 24 0016903 6.52E-07 5 20 0.015836 1.0LE-07 52 155 0.073888 9.77E-07
5000 qu 8 32 0.026291 4.61E-08 19 76 0.063913 7.14E-07 67 200 0.12227 7.98E-07
g5 8 32 0021854 7.91E-08 20 80 0.067009 6.56E-07 68 203 0.12635 7.84E-07
g 8 31 0017087 346E-07 19 75 0.052514 4.22E-07 65 193 0.096178 9.55E-07
g7 14 56 0.036827 1.39E-07 19 76 0.060617 8.75E-07 64 191  0.13455 8.13E-07
@ 8 32 0040875 4.16E-08 18 72 0.080435 7.90E-07 69 206 0.20249 8.48E-07
@ 7 28 0031308 5.92E-07 18 72 0.086832 4.95E-07 65 194 0.19593 9.68E-07
s 6 24 0029814 9.22E-07 5 20 0.026455 1.42E-07 54 161 0.17907 8.85E-07
10000 ¢4 8 32 0.032579 6.52E-08 20 80 0.095325 3.66E-07 68 203 0.19349 8.36E-07
gs 8 32 0049485 1.12E-07 20 80 0.10367 9.28E-07 68 203 0.19112 8.04E-07
g 8 31 0028396 4.89E-07 21 84 0.11273 4.36E-07 66 196 0.18402 8.97E-07
¢ 15 60 0.068762 T.66E-07 20 80 0.10925 4.83E-07 67 200 0.25543 8.23E-07
@ 8 32 012711 9.31E-08 19 76 0.3554 G.42E-07 69 206 1.0383 9.23E-07
@ 8 32 01202 548E-08 19 76 0.37087 4.02E-07 69 206 1.1211 8.24E-07
gs 7 28 0102 853E-08 5 20 0.10411 3.18E-07 57 170 0.78127 8.91E-07
50000 ¢ 8 32 01192 146E-07 21 84 042664 8.23E-07 - - - -
g5 8 32 011524 250E-07 21 84 04116 7.14E-07 645 1934 6.8573  9.86E-07
@6 9 35 013619 4.53E-08 21 84 046219 9.75E-07 72 214  0.71757 8.55E-07
gz 12 48 026117 1.35E-07 21 84 0.44665 3.79E-07 69 206 1.0466 8.92E-07
@ 8 32 021963 1.32E-07 20 80 0.7103 T.45E-07 74 221  1.3959 8.25E-07
¢ 8 32 02216 T7.75E-08 19 76 0.69024 5.69E-07 73 218 13775 9.82E-07
gs 7 28 021668 121E-07 5 20 0.14594 450E-07 57 170 1.1078 8.45E-07
100000 @1 8 32 021869 2.06E-07 22 88 0.87724 4.22E-07 74 221 14015 9.63E-07
g5 8 32 022502 3.54E-07 22 88 0.90385 T7.50E-07 75 224 14108 8.29E-07
g6 9 35 028025 G6.40E-08 22 8 0.89696 5.00E-07 74 220 1.3933 8.32E-07
g7 11 44 038459 843E-07 20 80 0.84964 G6.68E-07 72 215 20602 8.38E-07
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TABLE 8. Numerical result for problem 8
EMDY PDY CGD
DM IP #IT FV  RT NM  #IT FV  RT NM  #IT FV  RT NM

g 31 124 0.22573 2.62E-07 36 144 0.18193 6.34E-07 2 6 0.012424 -
g2 30 120 0.21786 4.99E-07 35 140 0.16898 9.13E-07 2 6 0.005061 -
gz 28 112 0.1611 3.46E-07 35 140 0.17175 7.34E-07 - - - -
1000 ¢4 25 100 0.14315 5.48E-07 33 132 0.17954 2.30E-07 - - - -
gs 25 100 0.16145 3.29E-07 31 124 0.17027 8.06E-07 - - -
g 26 104 0.16143 7.00E-07 24 96 0.113 9.72E-07 2 6 0.006389 -
gr 29 116 0.18656 3.85E-07 34 136 0.14765 2.10E-07 - - - -

¢ 31 124 0.75135 4.06E-07 34 136 0.73104 8.36E-07 2 0.0184 -
g2 31 124 0.79394 4.27E-07 34 136 0.71489 7.93E-07 2 0.015833 -
gz 30 120 0.75333 3.34E-07 34 136 0.75698 6.18E-07 - - -

5000 g4 31 124 0.82754 5.49E-07 31 124 0.70528 3.90E-07 - - - -
gs 26 104 0.71815 4.09E-07 30 120 0.62952 8.11E-07 -
g 31 123 0.80719 3.58E-07 24 96 0.53159 T7.51E-07 2 6 0.021364 -
gy 32 128 0.93074 3.97E-07 24 96 0.5188 5.29E-07 - - -

¢ 32 128 14992 4.61E-07 34 136 1.3758 G6.78E-07 2 6 0.031455 -

g 31 124 1.4344 3.25E-07 34 136 13977 6.42E-07 2 6 0.026895 -

g3 34 136 15395 4.11E-07 33 132 1.3753 7.57E-07 301 902 2.6217 9.82E-07
10000 ¢4 32 128 1.5328 4.75E-07 30 120 1.217  3.94E-07 - - - -

gs 25 100 1.3525 3.12E-07 30 120 1.2459 5.57E-07

[SxINen

0.035741 -

o
o

g 31 123 1.516 5.90E-07 24 96 1.006  7.21E-07
qr 33 132 1.5945 8.93E-07 28 112 1.2535 2.91E-07 - - - -
¢ 31 124 59142 287E-07 34 136 5.8761 6.35E-07 2 6  0.11231 -
g2 32 128 6.3342 T7.52E-07 33 132 5.681 6.12E-07 2 6  0.13194 -
g3 33 132 6.7763 2.60E-07 32 128 5526 T7.22E-07 7 21 0.30744 -
50000 ¢4 34 136 6.4521 4.31E-07 24 96 4.1288 3.36E-07 - - - -
gs 29 116 5.7229 3.63E-07 29 116 5.0629 5.83E-07 - - - -
g 31 123 5929 3.60E-07 31 124 5429 T7.91E-07 2 0.14908 -
gr 20 77T 4.5171 - 27 108 4.6515 4.16E-07 - - - -
¢ 27 108 11.0078 3.38E-07 33 132 12.0182 8.00E-07 2 6 0.25535 -
g2 35 139 14973 3.12E-07 33 132 11.9965 T7.49E-07 2 6  0.27981 -

gz 31 124 13.0731 3.65E-07 40 160 15.0111 9.75E-07 - - - -
100000 ¢4 33 132 13.6667 3.37E-07 30 120 11.5328 9.85E-07 - - - -
g5 29 116 11.9657 4.22E-07 28 112 10.2117 9.46E-07 - - -
g 33 130 13.5223 3.10E-07 26 104 9.8902 9.05E-07 2 6 0.29212 -
qr 31 121 16.4399 - 29 116 11.3768 2.77E-07 - - - -
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TABLE 9. Numerical result for problem 9

EMDY PDY CGD

DM IP #IT FV RT NM #IT FV RT NM #IT FV RT NM

Q1 8 28 0.030764 1.52E-07 11 42 0.007434 2.67E-07 39 110 0.011018 9.84E-07
q2 8 28 0.005022 1.52E-07 11 42 0.00735 2.67TE-07 44 125 0.013022 9.55E-07
q3 8 28 0.004224 1.52E-07 11 42 0.010651 2.67E-07 53 153 0.030832 9.93E-07
1000 q4 8 28 0.003639 1.52E-07 11 42 0.007526 2.67E-07 33 92 0.015758 9.83E-07
qs 8 28 0.004763 1.52E-07 11 42 0.008571 2.67E-07 59 171 0.017039 8.95E-07
a6 8 28 0.003651 1.52E-07 12 46  0.011781 2.67E-07 60 174 0.015494 8.67E-07
q7 8 28 0.008928 1.52E-07 11 42 0.008898 2.67E-07 56 162 0.016641 9.60E-07
Q1 7 26 0.021359 4.20E-07 8 31 0.022631 1.59E-07 44 128 0.053302 9.03E-07
q2 7 26 0.022784 4.20E-07 8 31 0.023867 1.59E-07 44 128 0.050392 8.82E-07
q3 7 26 0.020035 4.20E-07 8 31 0.027595 1.59E-07 43 125 0.048859 9.14E-07
5000 q4 7 26 0.019284 4.20E-07 9 35 0.04694 1.59E-07 44 128 0.052732 9.21E-07
qs 7 26 0.026307 4.20E-07 9 35 0.033777 1.59E-07 42 122 0.053127 9.29E-07
a6 7 26 0.015464 4.20E-07 9 35 0.035414 1.59E-07 42 122 0.049071 9.43E-07
qr7 7 26 0.017105 4.20E-07 8 31 0.024653 1.59E-07 42 122 0.045245 9.35E-07
Q1 7 26 0.035117 8.99E-07 11 43  0.067799 7.22E-07 32 92  0.076208 9.16E-07
q2 7 26 0.036305 8.99E-07 11 43 0.11292 7.22E-07 32 92 0.067837 &.10E-07
q3 7 26 0.03334 8.99E-07 11 43  0.075772 T7.22E-07 32 92  0.13787 9.14E-07
10000 g4 7 26 0.03278 8.99E-07 12 47 0.10103 7.22E-07 31 89 0.089473 &.53E-07
qs 7 26 0.032685 8.99E-07 13 51 0.14334 7.22E-07 33 95 0.080038 8.19E-07
a6 7 26 0.044189 8.99E-07 13 51 0.14162 7.22E-07 33 95 0.093456 8.52E-07
qr7 7 26 0.039107 8.99E-07 11 43  0.069372 7.22E-07 32 92 0.077062 9.18E-07
Q1 4 15 0.085176 9.63E-07 10 40 0.34801 7.59E-07 18 51  0.16825 &.12E-07
q2 4 15 0.088199 9.63E-07 10 40  0.34841 7.59E-07 18 51 0.18522 &.76E-07
qs 4 15 0.089543 9.63E-07 11 44 0.4185  7.59E-07 19 54 0.20809 7.87E-07
50000 g4 4 15 0.081827 9.63E-07 13 52 0.67152 7.59E-07 18 51 0.16654 8.06E-07
qs 4 15 0.089199 9.63E-07 14 56  0.76269 7.59E-07 18 51 0.16034 8.15E-07
a6 4 15 0.11738 9.63E-07 16 64 1.02 7.59E-07 18 51  0.19372 T7.48E-07
q7 4 15 0.082849 9.63E-07 11 44 0.44169 7.59E-07 19 54 0.18019 7.59E-07
¢ 5 19 0.257 8.39E-07 9 36 0.61378 2.19E-07 12 33 0.2135 7.61E-07
q2 5 19 0.28101 8.39E-07 9 36  0.64652 2.19E-07 12 33 0.21885  7.09E-07
q3 5 19 0.245 8.39E-07 11 44 1.0263 2.19E-07 12 33 0.28442  5.40E-07
100000 ¢4 5 19  0.27126 8.39E-07 14 56 1.7274 2.19E-07 13 36 0.24529  8.69E-07
qs 5 19  0.24215 8.39E-07 16 64 2.1972  2.19E-07 12 33  0.21371 8.65E-07
a6 5 19 0.28187 &.39E-07 18 72 2.7076  2.19E-07 13 36  0.23409 3.10E-07
qr7 5 19  0.23839 8.39E-07 11 44 1.0178 2.19E-07 12 33 0.2229 9.47E-07
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