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1
2d(x, Sx) ≤ d(x, y) ⇒ d(Sx, Sy) ≤ d(x, y),

x, y X.

S (X, d) ϕ
[0, 1) ( 12 , 1]



ϕ(r) =

{
1 0 ≤ r < 1√

2
,

1
1+r

1√
2
≤ r < 1

2 .

α ∈ [0, 1
2 ) r = α

1−α ∈ [0, 1).

ϕ(r)d(x, Sx) ≤ d(x, y) ⇒ d(Sx, Sy) ≤ αd(x, Sx) + αd(y, Sy),

x, y ∈ X.

C, S SCC
1
2d(x, Sx) ≤ d(x, y) ⇒ d(Sx, Sy) ≤ M(x, y),

M(x, y) = {d(x, y), d(x, Sx), d(y, Sy), d(x, Sy), d(y, Sx)}, x, y
X.

α

E C E, α
α < 1 S : C → E α

||Sx− Sy||2 ≤ α||Sx− y||2 + α||x− Sy||2 + (1− 2α)||x− y||2,
x, y ∈ C α

M
X S1, S2 : M → M S1(M)

S2(M) rBM r α δ
0 < α ≤ 1 δ ≥ (1 + 2/

√
α)r. U : M → M

Ux =

{
S1x (x ∈ δBM );

S2x ( ),

U α

α
α

(X, d) C S : C → C
α α α < 1

d2(Sx, Sy) ≤ αd2(Sx, y) + αd2(x, Sy) + (1− 2α)d2(x, y)

x, y ∈ C
(X, d)

x, y ∈ X l = d(x, y) x y ζ : [0, l] → X
ζ(0) = x, ζ(l) = y, d(ζ(s1), ζ(s2)) = |s1 − s2| s1, s2 ∈ [0, l].

(X, d)
[x, y].

z ∈ [x, y],

z = (1−s)x⊕sy, s = d(x,z)
d(x,y) , 1−s = d(y,z)

d(x,y) x ̸= y. (X, d)

p, q, r ∈ X
[p, q], [q, r], [r, p] ∆([p, q], [q, r], [r, p]).

∆(p, q, r) → E2 : d(p, q) = d(p, q), d(q, r) = d(q, r), d(r, p) = d(r, p).



∆ = (x1, x2, x3) b X ∆̄ ∈ E2

∆. ∆
x, y ∈ ∆ x, y ∈ ∆ := (x1, x2, x3) d(x, y) ≤ d2E(x, y).

[ ] (X, d)
x, y X s z ∈ [x, y]

d(x, z) = sd(x, y) and d(y, z) = (1− s)d(x, y).

(1− s)x⊕ sy z
x, y X s [0, 1],

d((1− s)x⊕ sy, z) ≤ (1− s)d(x, z) + sd(y, z).

(I). X := lp(R) lp(R) := {{xn} ⊂ R :
∑∞

i=1 |xi| < ∞}.
d : X ×X → [0,∞)

d(x, y) = (
∞∑

i=1

|xi − yi|)

x = {xn}, y = {yn}. d
ζ : [0, d(x, y)] → X ζ(z) = (1− s)x+ sy s ∈ [0, d(x, y)]

z ∈ X. (X, d)

(II). X := Lp[0, 1] x(s), s ∈ [0, 1]∫ 1
0 |x(s)|ds < ∞. d : X ×X → [0,∞)

||x|| = (

∫ 1

0
|x(s)|ds)

x = x(s). d
ζ : [0, d(x, y)] → X ζ(z) = (1− s)x+ sy s ∈ [0, d(x, y)] z ∈ X.

(X, d)

{xn} X x ∈ X

r(x, {xn}) = lim sup
n→∞

d(x, xn).

r({xn}) {xn}

r({xn}) = inf{r(x, {xn}) : x ∈ X},
({xn}) {xn}

A({xn}) = {x ∈ X : r(x, {xn}) = r({xn})}



{xn} X ∆ x ∈ X x
{un} {un} {xn} ∆− limn xn = x
x ∆ {xn}

[ ] X ∆

[ ] C X.
{xn} C, {xn} C.

[ ] X x ∈ X.
0 < b ≤ sn ≤ c < 0 xn, yn ∈ X n = 1, 2, ... r ≥ 0

lim sup
n→∞

d(xn, x) ≤ r, lim sup
n→∞

d(yn, x) ≤ r,

limn→∞ d(snxn ⊕ (1− sn)yn, x) = r, limn→∞ d(xn, yn) = 0.

[ ] C
X S : C → C α α < 1. {xn}

C d(Sxn, xn) → 0 ∆ − limn→∞ xn = z z ∈ X,
z ∈ C Sz = z.

(X, d) C
S : C → C F (S) ̸= ∅; d(Sx, p) ≤ d(x, p)
p ∈ F (S); = {x ∈ X|x = Sx}, x ∈ C.

[ ] C CAT (0) X. S : C → C
α F (S) ̸= ∅ S

α
α

α

α

α

(X, d) C S :
C → C α α

α < 1
1
2d(x, Sx) ≤ d(x, y) ⇒ d2(Sx, Sy) ≤ αd2(Sx, y) + αd2(x, Sy) + (1− 2α)d2(x, y)

x, y ∈ C

α
α



U : M → M

Ux =

{
S1x (x ∈ δBM );

S2x ( ),

1
2d(x, Six) ≤ d(x, y), x, y ∈ M, i = 1, 2. U
α

C CAT (0) X. S : C → C
α F (S) ̸= ∅ S

F (S) ̸= ∅ 1
2d(x, Sp) ≤ d(x, p).

S

x ∈ C,
{xn}

{
xn+1 = γnyn ⊕ (1− γn)xn

yn = βnSxn ⊕ (1− βn)xn n ∈ N,

{βn} {γn} (0, 1),

x ∈ C, {xn}
{

xn+1 = γnSyn ⊕ (1− γn)xn

yn = βnSxn ⊕ (1− βn)xn n ∈ N,

{βn} {γn} (0, 1).

α

C
(X, d). S1, S2 : C → C α
F (S1) ∩ F (S2) S1

S2 C. p ∈ F (S1)∩F (S2). {xn}
x ∈ C, {xn}
{

xn+1 = γnS1yn ⊕ (1− γn)xn

yn = βnS2xn ⊕ (1− βn)xn n ∈ N,

{βn} {γn} (0, 1) d(xn, S1yn) ≤ 2d(xn, yn) n ∈ N.

lim
n→∞

d(S1xn, xn) = lim
n→∞

d(S2xn, xn) = 0.



p ∈ F (S1) ∩ F (S2).
1
2d(x, Sip) ≤ d(x, p), i = 1, 2.

d(xn+1, p) = d((1− γn)xn ⊕ γnS1yn, p)

≤ (1− γn)d(xn, p) + γnd(S1yn, p)

≤ (1− γn)d(xn, p) + γnd(yn, p)

= (1− γn)d(xn, p) + γnd((1− βn)xn ⊕ βnS2xn, p)

≤ (1− γn)d(xn, p) + γn(1− βn)d(xn, p) + γnβnd(S2xn, p)

≤ (1− γn)d(xn, p) + γn(1− βn)d(xn, p) + γnβnd(xn, p)

≤ (1− γn)d(xn, p) + γn(1− βn)d(xn, p) + γnβnd(S2xn, p)

= d(S2xn, p)

limn→∞ d(xn, p) limn→∞ d(xn, p) = r r S2

d(S2xn, p) ≤ d(xn, p) n = 1, 2, ...
lim supn→∞ d(S2xn, p) = lim supn→∞ d(xn, p) = r.

d(yn, p) = d((1− βn)xn ⊕ βnS2xn, p)

≤ (1− βn)d(xn, p) + βnd(S2xn, p)

≤ (1− βn)d(xn, p) + βnd(xn, p)

= d(xn, p),

S1

lim sup
n→∞

d(S1yn, p) ≤ lim sup
n→∞

d(yn, p) ≤ r.

limn→∞ d(xn+1, p) = r

lim
n→∞

d(γnS1yn ⊕ (1− γn)xn, p) = r.

lim
n→∞

d(S1yn, xn) = 0.

d(xn, p) ≤ d(xn, S1yn) + d(S1yn, p) ≤ d(xn, S1yn) + d(yn, p),

r ≤ lim inf
n→∞

d(yn, p)

lim
n→∞

d(βnS2xn ⊕ (1− βn)xn, p) = lim
n→∞

d(yn, p) = 0

lim
n→∞

d(S2xn, xn) = 0.

d(S2xn, yn) = d(S2xn,βnS2xn ⊕ (1− βn)xn)

≤ (1− βn)d(S2xn, S2xn) + βnd(S2xn, xn)

= βnd(S2xn, xn),



lim
n→∞

d(S2xn, yn) = 0.

1
2d(xn, S1yn) ≤ d(xn, yn)

d(S1xn, xn)
2 ≤(d(S1xn, S1yn) + d(S1yn, xn))

2

=d(S1xn, S1yn)
2 + 2d(S1xn, S1yn)d(S1yn, xn)) + d(S1yn, xn))

2

≤αd(S1xn, yn)
2 + αd(xn, S1yn)

2 + (1− 2α)d(xn, yn)
2

+ 2d(S1xn, S1yn)d(S1yn, xn)) + d(S1yn, xn))
2

≤α(d(S1xn, xn) + d(xn, yn))
2 + (1− 2α)d(xn, yn)

2

+ 2d(S1xn, S1yn)d(S1yn, xn)) + (1 + α)d(S1yn, xn))
2

≤αd(S1xn, xn)
2 + α2d(S1xn, xn)d(xn, yn) + αd(xn, yn)

2

+ (1− 2α)d(xn, yn)
2 + 2d(S1xn, S1yn)d(S1yn, xn))

+ (1 + α)d(S1yn, xn))
2,

(1− α)d(S1xn, xn)
2 ≤(1− α)d(xn, yn)

2 + α2d(S1xn, xn)d(xn, yn)

+ 2d(S1xn, S1yn)d(S1yn, xn)) + (1 + α)d(S1yn, xn))
2

≤(1− α)(d(xn, S2xn) + d(S2xn, yn))
2

+ 2αd(S1xn, xn)(d(xn, S2xn) + d(S2xn, yn))

+ 2d(S1xn, S1yn)d(S1yn, xn))

+ (1 + α)d(S1yn, xn))
2

lim
n→∞

d(S1xn, xn) = lim
n→∞

d(S2xn, xn) = 0.

α

C
(X, d). S1, S2 : C → C α
C
x ∈ C, F (S1) ∩ F (S2) ̸= ∅ {xn} ∆

S1 S2.

p S1 S2 limn→∞ d(xn, p)
{xn}

{xn} ∆ {xn}
C, ∆

{xn} ∆ F (S1) ∩ F (S2). u v ∆
{an} {bn} {xn}, A({an}) = {a}

A({bn}) = {b}. limn→∞ d(S1an, an) = 0 = limn→∞ d(S2an, an).
∆ {un} u α



T S, a ∈ F (S1) ∩ F (S2) S1

S2. b ∈ F (S1)∩F (S2).
a b

lim
n→∞

d(xn, a) = lim sup
n→∞

d(an, a)

< lim sup
n→∞

d(an, b)

= lim sup
n→∞

d(xn, b)

= lim sup
n→∞

d(bn, b)

< lim sup
n→∞

d(bn, a)

= lim sup
n→∞

d(xn, a)

= lim
n→∞

d(xn, a).

a = b.

C
(X, d). S1, S2 : C → C α
C F (S1) ∩
F (S2) ̸= ∅ {xn} S1 S2

lim infn→∞ d(xn, F (S1)∩F (S2)) = 0, d(x, F (S1)∩F (S2)) := inf{d(x, p)|p ∈
F (S1) ∩ F (S2)}.

lim infn→∞ d(xn, F (S1)∩F (S2)) =
0.

d(xn+1, p) ≤ d(xn, p), p ∈ F (S1) ∩ F (S2).

d(xn+1, F (S1) ∩ F (S2)) ≤ d(xn, F (S1) ∩ F (S2)), d(xn, F (S1) ∩
F (S2)) limn→∞ d(xn, F (S1)∩F (S2)) = 0.
{xn} C. ϵ > 0 limn→∞ d(xn, F (S1)∩
F (S2)) = 0, n0 d(xn, F (S1)∩F (S2)) <

ϵ
4 , ∀n ≥ n0.

inf{d(xn0 , p)|p ∈ F (S1) ∩ F (S2)} < ϵ
4 . p∗ ∈ F (S1) ∩

F (S2) d(xn0 , p
∗) < ϵ

2 . m, n ≥ n0,

d(xn+m, xn) ≤ d(xn+m, p∗) + d(p∗, xn) ≤ 2d(xn0 , p
∗) < ϵ.

{xn} C
p limn→∞ d(xn, F (S1) ∩ F (S2)) = 0

d(p, F (S1) ∩ F (S2)) = 0. F p ∈ F (S1) ∩ F (S2).

α CAT (0)
α

CAT (0)



(X, d) C S : C → C
α α

α < 1
1
2d(x, Sx) ≤ d(x, y) ⇒ d2(Sx, Sy) ≤ αd2(Sx, y) + αd2(x, Sy) + (1− 2α)d2(x, y)

x, y ∈ C
C (X, d).

S1, S2 : C → C α
F (S1)∩F (S2)

S1 S2 C. p ∈ F (S1)∩F (S2). {xn}
x ∈ C, {xn}

{
xn+1 = γnS1yn ⊕ (1− γn)xn

yn = βnS2xn ⊕ (1− βn)xn n ∈ N,

{βn} {γn} (0, 1) d(xn, S1yn) ≤ 2d(xn, yn) n ∈ N.

lim
n→∞

d(S1xn, xn) = lim
n→∞

d(S2xn, xn) = 0.

C (X, d).
S1, S2 : C → C α

C
x ∈ C, F (S1)∩F (S2) ̸= ∅

{xn} ∆ S1 S2.
C (X, d).

S1, S2 : C → C α
C

F (S1) ∩ F (S2) ̸= ∅ {xn}
S1 S2 lim infn→∞ d(xn, F (S1) ∩ F (S2)) = 0,

d(x, F (S1) ∩ F (S2)) := inf{d(x, p)|p ∈ F (S1) ∩ F (S2)}.

α



α

α

α

CAT (0)

CAT (0)

CAT (0)
CAT (0)

α



α

α


