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Abstract In this research, two novel fuzzy number-valued functional equations are studied. The first
fuzzy number-valued functional equation is motivated from the fuzzy number-valued additive functional
equation, and it is of the form

o (T5) e (T3 =5 @),

where f is a fuzzy number-valued function and r,s € R with r + s # 0. Meanwhile, the second fuzzy
number-valued functional equation is

i (FE) = (C )@+ (E-2) s,

s
where f is a fuzzy number-valued mapping and r,s € R\ {0} and 0 < s < 2. The stability results of two
proposed functional equations are proved by using the metric related to fuzzy numbers and the Hausdorff

metric.
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1. INTRODUCTION

The stability is one of the most important topics in the functional equation theory.
The first investigation of the stability for functional equations starts with a group homo-
morphisms question of Ulam [!] in the mid of the 19th century. In 1941, this question
was studied by Hyers [2] who gave the first significant answer for the functional equation
in Banach spaces. The question of Ulam [I] and the answer of Hyers [2] can be consid-
ered a great thing to open avenues for further developments of the stability for functional
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equations. Afterward, many researchers studied stability results in a variety of ways of
functional equations.

About fifty years ago, there has been a large amount of research in many branches
of mathematics studying the fuzzy theory, which was introduced by Zadeh [3]. In 2019,
Wu and Jin [4] gave the first exploration of the stability problem for fuzzy number-valued
functional equations. They proved two stability results using some properties of the metric
related to the Hausdorff metric and fuzzy numbers. One of these results deals with the
following fuzzy number-valued functional equation:

r(550) 4 (5 =, (1)

where f is a fuzzy number-valued mapping on a subspace of a Banach space.
It points out that the above functional equation can be generalized as follows:

rf(x;y>+sf(x;y>=r‘gsf(x>, (1.2)

where f is a fuzzy number-valued mapping on a subspace of a Banach space and r,s € R
with r+s # 0. In this research, we establish the Ulam stability result for (1.2). Moreover,
the Ulam stability result for the following functional equation is proved:

() =) s (D) 1w, (1.3

S T S T

where f is a fuzzy number-valued mapping and r,s € R\ {0} and 0 < s < 2.

2. PRELIMINARIES

Throughout this paper,

N denotes the set of all positive integers;

R* denotes the set of all positive real numbers;

R denotes the set of all real numbers;

X and Y stand for Banach spaces unless otherwise specified;
Ppe (X):={0# AC X : Aisacompact convex set};

A denotes the closure of A C X;

B stands for a subspace of Y.

Now, we give some necessary definitions and give fundamental properties needed to prove
main theorems in this paper.

Definition 2.1. The Hausdorff metric of two non-empty subsets A and B of a metric
space (X, d) is denoted by dy (A, B), and it is given by

dg (A, B) = max < supinf d (z,y), sup inf d (x, .
 (4.8) = max fsup it d(2.9) sup nd d 0.0) |

Remark 2.2. If dy is a metric on CB (X) which is defined by the set of all nonempty
compact subsets of a metric space (X, d). Moreover, CB (X) is complete whenever X is
complete.

Definition 2.3 ([!]). A function u from X into a closed interval [0,1] is said to be a
fuzzy number on X if two following conditions hold:

(i) for each o € (0,1], we have [u]” := {z € X : u(x) > a} € Py (X);
(i) [u]” := {z € X : u(z) > 0} is a compact set.
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In this paper, the notion X represents the set of all fuzzy numbers on X.

Example 2.4. Let X = R be a Euclidean Banach space. Define a function v : X — [0, 1]
by

x; x €[0,0.2],

0.2; xz € (0.2,0.3],
u(z) =

8z —2.2; z€(0.3,04],

0; otherwise.

It is easy to see that

[er,0.4]; 0<a<0.2
)™ = [a _'—82.2’0'4] ; otherwise.

a+ 2.2

For each a € (0, 1], we obtain [a,0.4] and { ,0.4} are closed and bounded. By

a4+ 2.2

Heine-Borel theorem, we have [«, 0.4] and { ,0.4] are compact in X for each o €

(0,1]. This yields that [u]* € Py, (X) for all a € (0,1]. Moreover, we obtain
[u]’ =10,0.4] = [0,0.4] ,
which is a compact set. Therefore, u € Xp.

By using the Zadeh extension principle, we can prove the following assertions involving
two operations on a set of all fuzzy numbers X p:

(i) [a+6]" = [a]® + [0
(ii) [k-a]® =k[a]®
for all a,b € Xg and for all k € R.
Proposition 2.5 ([5]). Let D: Xp x Xp — RT U {0} be defined by
D (a,b) = sup dy ([0, [0]")

a€l0,1]
for all a,b € Xp, where dy is the Hausdorff metric. Then the following assertions hold:
(P1) D (Xa,\b) = |A|- D (a,b) for all X € R and a,b € Xp;
(P2) D(a+¢,b+c¢)= D (a,b) for all a,b,c € Xp;
(P3) D(a+b,c+d) <D (a,c)+ D(b,d) for all a,b,c,d € Xp.

Moreover, D is a metric on Xg and Xg is complete.

3. MAIN THEORETICAL RESULTS

This section aims to investigate the stability theorems of two fuzzy number-valued
functional equations (1.2) and (1.3), which are the main results of this research.

Lemma 3.1. Let V be a vector space and f : V — Xp be a fuzzy number-valued mapping.
(1) If (1.2) holds, then for given n € N, we have

2"f (z) = f (2"x)
forallz e V.
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(2) If (1.3) holds, then for given n € N, we have
2\" 2\"
() ) o

T

1
Proof. (1) Replacing y by 0 in (1.2), we obtain f <2> = 5]”(1;) for all z € V, that is,

2f (z) = f(2z) for all x € V. By repeating this process, for each n € N, we get the
conclusion in this claim.

2 2
(2) Replacing y by z in (1.3) we obtain f x) = —f(x) for all x € V. By
s s

forallz e V.

repeating this process, for each n € N, we get the conclusion in this claim. ]
Theorem 3.2. Suppose that € > 0 and f : B — Xp satisfies

Drf (YY) psp (P28) T8 () <& (3.1)
2 2 2

for all x,y € B, where r;s € R with r + s # 0. Then there is a unique mapping
T : B — Xp satisfying (1.2) and

D(f ). T(w) < oy

forall x € B.

Proof. From (3.1) with y = 0, we have

(r(3) 41 () 75 r10) <

and thus

D(1(3) 3/ @) < (32)

for all z € B. For each n € N, replacing = by 2"z in (3.2), we get

D <f (Q"x),%f (2"+1x)> <=

Ir + s|’
that is,
f@rz) f(2" ) €
D .
< n 7 2ndl < 27 |r + 5| (3.3)

;@)

for all x € B. For each x € B and n € N, we define f,, (z) := on
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Now, we will show that for x € B, {f, (z)} is a Cauchy sequence in Xr. Let m,n € N.
Without loss of generality, we may assume that with m < n. Then

D (fm (), fa (@) < D(fm(2), frm+1 (@) + D (fms1 (), frns2 (2))
+--+D (fn—l (.%') ) fn (1’))

g [} g
< e b ——
ot s 2y s T o 1]
< S
2m 4| 2mHl|r 4| T
3
S — 3.4
2m=1|r 4 g| (34)

for all x € B. Letting m,n — oo in (3.4), we obtian {f, ()} is a Cauchy sequence in
Xp. Since X is complete, we can construct a mapping T : B — Xp as

T (z)= nh_)rrgo fn ().

for all x € B. From (3.3), for each n € N, we obtain

= = € 2e
D n ) S D n s Jn— S - 3.5
for all z € B. The following inequality is obtained by taking the limit as n — oo in (3.5):
2e
D(T <
(M), f @) < oy

for all x € B.
Next, we prove that T satisfies (1.2). For each n € N, we obtain

o (43%) o (57) 100

f (Zx;Qy) f (2%52%) rts f(2m)

D\r——— s
1 2%z 4 2™y 2"y —2"y\ r+s
= —D _ 2"
(o () o (25572), 52
€
< = 3.6
< - (3.6
for all x,y € B. This implies that
. T4y rT—Y\ r+s
1 D n n 9 n =
o (o (55w (57) ) -0
for all z,y € B. Since the metric D is continuous, we have
T+y r—y\ r+s
D(rT|—= T T =
(7 (55) = (554) 57 e) -0
that is,
T <x;y> +sT (m2y> - T;ST(J;) (3.7)

for all z,y € B.
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To show that T is unique, let T1,T5 : B — X be mappings satisfying (1.2) and
2e
D(T; (x), S
(T @) f @) < oy

for all x € B and for all i = 1,2. By Lamma 3.1, we get 2"7T; (x) = T; (2"z) for all x € B
and for all ¢ = 1,2. Then

D (Ti (2). T3 («)) R

B T, (272) + f (2"2) Ts (2"2) + f (2"2)
2n ’ 2n
o )

b <T1 (2nz) Ty (2%))

= 2inD(Tl (2"z) + f (2"z), To (2"2) + f (2"z))

< Q%D (T1 (2"), f (2"x)) + %D (T2 (2"x), f (2"2))
4e
e (3.8)

forallz € Bandn € N. Asn — oo in in (3.8), we get T (z) = T» (x) for all z as desired.
Hence, T is unique. u

In [1], Wu and Jin investigated the stability result of the functional equation as follows:

P e (55Y) =@, 3.9)

which is the special case of the functional equation (1.2) whenever r = s # 0. Therefore,
the following result can be obtained from Theorem 3.2.

Corollary 3.3 ([1]). Suppose that e >0 and f : B — Xp satisfies

DY)+ (50 @) <e
2 2
for all x,y € B. Then there is a unique mapping T : B — Xp satisfying (3.9) and

D(f(x),T(z)) <e
forallx € B.

In the last part of this section, we will present the stability of (1.3).
Theorem 3.4. Suppose that € > 0 and f: B — Xp satisfies

D(rf <xjy),(r+i>f(x)+(rS)f(y))<e (3.10)

S S T

for all x,y € B, where r,s € R\ {0} with 0 < s < 2. Then there is a unique mapping
T : B — Xp satisfying (1.3) and

D(f(x),T () <

for all x € B.

se
(2 =) [r]
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Proof. From (3.10), we replace y by x and so

D <f <2:> ,if(@) < ‘% (3.11)

2
for all x € B. For each n € N, we replace z by (> x in (3.11), we get
s

n+1 n
o(r(()) () ) <1
s s s |7
2 n+1
for all z € B. On dividing the above inequality by <> , we get
S
2 n+1 n
(CRNGRIE
5 s ||
2 n+1 ’ 2\ " < 92 n+1"°
0 )0

2 n
/((5) )
For each = € B, we define f, (z) = ———~47+—%

; = for all n € N.

(3.12)

S
Now, we will claim that {f, (z)} is a Cauchy sequence in Xp for all z € B. Let
m,n € N. Without loss of generality, we may assume that with m < n. Then

D (fm (x), fn (@) < D(fin(2), frog1 (2)) + D (fms1 (2), frog2 (2))
+o+ D(fa1 (@), fn ()

IS S m+1 e S m—+2 I S\
< — (= — (= = (2
|r|<2) +|7«|<2> * +|r|<2)
e s\m+l1
_ 2 3.13
(2—s)|r| (2) (3.13)

for all x € B. This yields that {f, ()} is a Cauchy sequence by letting m,n — oo in
(3.13). By using the completeness of X, a mapping T : B — X can be defined by

T (x) = nlglgo fn(x).
for all x € B. From (3.12), for each n € N, we obtain
D(fa(2),f(2) < DY D(fa(@), o (@)
n=1

3

IN

=)
n=1

S
se

(2—s)|rl
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for all x € B. The following inequality is obtained by taking the limit as n — oo in the
above inequality:

sE

D(T(x)vf(év))ﬁm

for all x € B.
Next, we prove that T satisfies (1.3). For each n € N, we obtain

r S S

Tfn - (74‘;) fn(x)+(tf;) fn(y)>

S

w» e (G B (
Bn O

)n e (3.14)

Il
l\D\Cn
N—

3
b

ﬁ

kh
/—\Cn [\

IN
~~
N @

for all z,y € B. This yields the following inequality by taking the limit as n — oo of
(3.14):

Jm D (Tfn (‘”y) (G2 @+ (5-2) 5 (y)) =0

for all x,y € B. Since D is continuous, we obtain

p(m(229). (= 7+ (- rw) o

that is,

T <x+y> _ <f+§)T(x)+<f_f)T(y) (3.15)

for all z,y € B.
Finally, we will show that T is unique. Assume that 77,7 : B — X are mappings

satisfying (1.3) and D (T; (x), f (z)) < (2878”' for all x € B and for all i = 1,2. By
—s)|r
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2\" 2\"
Lamma 3.1, we get T; <<> x) = () T; (z) for all z € B and for all i = 1,2. Then,
s s

D(Ti(2), T2 (2)) = D<T<<2>> T<<2)>
)

— N
8

)
(

forall x € Band n € N. As n — oo in (3.16), we get T} () = Ty (z) for all z. Hence, T
is unique. ]

4. CONCLUSION

We established Ulam stability results of following functional equations via the metric
defined on a space of fuzzy numbers under some reasonable conditions:

rf(x;y>+sf<x;y>_r§8f<x> (r;s € R with r + 5 #0)

and

() = G2 r@ (B-2) 100 reR\(0}0<s <),

S

where f is an unknown fuzzy number-valued mapping. One of the main results is the
extension of some parts of Wu and Jin [1] which is the first stability result for fuzzy
number-valued mappings. Meanwhile, the second main theorem in this paper is the new
result which was never mentioned in the literature. However, there are several functional
equations that are still open to the reader to investigate using a similar technique with
this paper.
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