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Ŝn
m({xi}, B1, . . . , Bn) = Bi B1, . . . , Bn ∈ P (Wτ (Xm))

Ŝn
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4 ({x2}, {x4}, {f(x2, x4)}, {x3, f(x4, x1)})

v2 ∈ Ŝ3
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m

(
Ŝp
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G F(τ,τ ′) (Wτ (Xn)) G ̸= ∅
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)



= R̂n
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R̂p
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=
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R̂n
m
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R̂p

n ({b}, A1, . . . , Ap) , B1, . . . , Bn

)

=
⋃

b∈G

R̂p
n

(
{b}, R̂n

m (A1, B1, . . . , Bn) , . . . , R̂
n
m (Ap, B1, . . . , Bn)

)

= R̂p
n

(
G, R̂n

m (A1, B1, . . . , Bn) , . . . , R̂n
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)
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(
F(τ,τ ′) (Wτ (Xn))

)
G

G G

G = {s ≈ t}
R̂n

m ({s ≈ t}, {x1}, . . . , {xn})
= {r1 ≈ r2 | r1 ∈ Ŝn

m ({s}, {x1}, . . . , {xn}) r2 ∈ Ŝn
m ({t}, {x1}, . . . , {xn})}

= {r1 ≈ r2 | r1 ∈ {s}, r2 ∈ {t}}
= {s ≈ t}.

G = {γj(t1, . . . , tnj )}
R̂n

m

(
{γj(t1, . . . , tnj )}, {x1}, . . . , {xn}

)

= {γj(v1, . . . , vnj ) | vk ∈ Ŝn
m ({tk}, {x1}, . . . , {xn}) 1 ≤ k ≤ nj}

= {γj(v1, . . . , vnj ) | vk ∈ {tk} 1 ≤ k ≤ nj}
= {γj(t1, . . . , tnj )}

G = {¬F}
R̂n

m ({¬F}, {x1}, . . . , {xn}) = {¬Q | Q ∈ R̂n
m ({F}, {x1}, . . . , {xn})}

= {¬Q | Q ∈ {F}}
= {¬F}.

G = {F1 ∨ F2}
R̂n

m ({F1 ∨ F2}, {x1}, . . . , {xn}) = {Q1 ∨Q2 | Qj ∈ R̂n
m ({Fj}, {x1}, . . . , {xn}) ;

j = 1, 2}
= {Q1 ∨Q2 | Qj ∈ {Fj}; j = 1, 2}
= {F1 ∨ F2}.

G = {∃xi(F )}
R̂n

m ({∃xi(F )}, {x1}, . . . , {xn}) = {∃xi(Q) | Q ∈ R̂n
m ({F}, {x1}, . . . , {xn})}

= {∃xi(Q) | Q ∈ {F}}
= {∃xi(F )}.

G F(τ,τ ′) (Wτ (Xn)) G ̸= ∅
R̂n

m (G, {x1}, . . . , {xn}) =
⋃

b∈G

R̂n
m ({b}, {x1}, . . . , {xn}) = G.

σnd : {fi | i ∈ I} ∪ {γj | j ∈ J} −→ P (Wτ (Xn)) ∪ P
(
F(τ,τ ′) (Wτ (Xn))

)



(τ, τ ′)
Hypnd(τ, τ ′)
(τ, τ ′)

nd σnd

σ̂nd : P (Wτ (Xn)) ∪ P
(
F(τ,τ ′) (Wτ (Xn))

)
−→ P (Wτ (Xn)) ∪ P

(
F(τ,τ ′) (Wτ (Xn))

)

σnd ∈ Hypnd(τ, τ ′) σ̂nd

σ̂nd [∅] := ∅
σ̂nd [{xk}] := {xk} xk ∈ Xn

t = fi(t1, . . . , tni) ∈ Wτ (Xn)

σ̂nd [{fi(t1, . . . , tni)}] := Ŝni
n

(
σnd(fi), σ̂nd [{t1}] , . . . , σ̂nd [{tni}]

)

σ̂nd [{tj}] 1 ≤ j ≤ ni

σ̂nd [B] :=
⋃
{σ̂nd [{t}] | t ∈ B} B

Wτ (Xn) B ̸= ∅
σ̂nd [{s ≈ t}] :=

{
u ≈ v | u ∈ σ̂nd [{s}] , v ∈ σ̂nd [{t}]

}

σ̂nd
[
{γj(t1, . . . , tnj )}

]
:= R̂

nj
n (σnd

(
γj), σ̂nd [{t1}] , . . . , σ̂nd

[
{tnj}

])

σ̂nd [{tj}] 1 ≤ j ≤ ni

σ̂nd [{¬F}] := {¬Q | Q ∈ σ̂nd [{F}]}
σ̂nd [{F1 ∨ F2}] := {Q1 ∨Q2 | Q1 ∈ σ̂nd [{F1}] , Q2 ∈ σ̂nd [{F2}]}
σ̂nd [{∃xi(F )}] := {∃xi(Q) | Q ∈ σ̂nd [{F}]}
σ̂nd [B] :=

⋃

b∈B

σ̂nd [{b}] B

F(τ,τ ′) (Wτ (Xn)) B ̸= ∅
nd

f γ
(τ, τ ′) = (3, 3) σnd : {f} ∪ {γ} −→ P (W(3)(X3)) ∪ P

(
F(3,3)

(
W(3)(X3)

))

σnd(f) = {f(x1, x2, x2), f(x2, x3, x3)}
σnd(γ) = {x1 ≈ x3,¬(γ(x1, x3, x1) ∨ (x3 ≈ x2))}.
σ̂nd [{f(x3, x3, x1) ≈ x3}]

= {u ≈ v | u ∈ σ̂nd [{f(x3, x3, x1)}] v ∈ σ̂nd [{x3}]}
= {u ≈ v | u ∈ Ŝ3(σnd(f), σ̂nd[{x3}], σ̂nd[{x3}], σ̂nd[{x1}]) v ∈ {x3}}
= {u ≈ v | u ∈ Ŝ3({f(x1, x2, x2), f(x2, x3, x3)}, {x3}, {x3}, {x1}) v ∈ {x3}}
= {u ≈ v | u ∈ {Ŝ3({f(x1, x2, x2)}, {x3}, {x3}, {x1}) ∪

Ŝ3({f(x2, x3, x3)}, {x3}, {x3}, {x1})} v ∈ {x3}}
= {u ≈ v | u ∈ {f(x3, x3, x3), f(x3, x1, x1)} v ∈ {x3}
= {f(x3, x3, x3) ≈ x3, f(x3, x1, x1) ≈ x3}

P − (τ, τ ′)

σnd ∈ Hypnd(τ, τ ′)

σ̂nd
[
Ŝn
m (A,B1, . . . , Bn)

]
= Ŝn

m

(
σ̂nd [A] , σ̂nd [B1] , . . . , σ̂nd [Bn]

)
,



σ̂nd
[
R̂n

m (G,B1, . . . , Bn)
]
= R̂n

m

(
σ̂nd [G] , σ̂nd [B1] , . . . , σ̂nd [Bn]

)

A ∈ P (Wτ (Xn) B1, . . . , Bn ∈ P (Wτ (Xm) G ∈ P
(
F(τ,τ ′) (Wτ (Xn))

)

A ∈ P (Wτ (Xn)

σ̂nd
[
Ŝn
m (A,B1, . . . , Bn)

]
= Ŝn

m

(
σ̂nd [A] , σ̂nd [B1] , . . . , σ̂

nd [Bn]
)

m,n ∈ N+, B1, . . . , Bn ∈ P (Wτ (Xm) G ∈ P
(
F(τ,τ ′) (Wτ (Xn))

)

G

G = {s ≈ t}
σ̂nd

[
R̂n

m ({s ≈ t}, B1, . . . , Bn)
]

= σ̂nd
[
{r1 ≈ r2 | r1 ∈ Ŝn

m ({s}, B1, . . . , Bn) r2 ∈ Ŝn
m ({t}, B1, . . . , Bn)}

]

=
{
u ≈ v | u ∈ σ̂nd

[
Ŝn
m ({s}, B1, . . . , Bn)

]
v ∈ σ̂nd

[
Ŝn
m ({t}, B1, . . . , Bn)

]}

= {u ≈ v | u ∈ Ŝn
m

(
σ̂nd[{s}], σ̂nd[B1], . . . , σ̂nd[Bn]

)

v ∈ Ŝn
m

(
σ̂nd[{t}], σ̂nd[B1], . . . , σ̂nd[Bn]

)
}

= R̂n
m

(
{x ≈ y | x ∈ σ̂nd[{s}] y ∈ σ̂nd[{t}]}, σ̂nd[B1], . . . , σ̂nd[Bn]

)

= R̂n
m

(
σ̂nd[{s ≈ t}], σ̂nd[B1], . . . , σ̂nd[Bn]

)
.

G = {γj(t1, . . . , tnj )}
σ̂nd

[
R̂n

m

(
{γj(t1, . . . , tnj )}, B1, . . . , Bn

)]

= σ̂nd
[
{γj(v1, . . . , vnj ) | vk ∈ Ŝn

m ({tk}, B1, . . . , Bn) ; 1 ≤ k ≤ nj}
]

= R̂
nj
n

(
σ(γj), σ̂nd

[
Ŝn
m({t1}, B1, . . . , Bn)

]
, . . . , σ̂nd

[
Ŝn
m({tnj}, B1, . . . , Bn)

])

= R̂
nj
n (σ(γj), Ŝn

m

(
σ̂nd[{t1}], σ̂nd[B1], . . . , σ̂nd[Bn]

)
, . . . ,

Ŝn
m

(
σ̂nd[{tnj}], σ̂nd[B1], . . . , σ̂nd[Bn]

)
)

= R̂n
m

(
R̂

nj
m
(
σ(γj), σ̂nd[{t1}], . . . , σ̂nd[{tnj}]

)
, σ̂nd[B1], . . . , σ̂nd[Bn]

)

= R̂n
m

(
σ̂nd[{γj(t1, . . . , tnj )}], σ̂nd[B1], . . . , σ̂nd[Bn]

)
.

G = {¬F}
σ̂nd

[
R̂n

m ({¬F}, B1, . . . , Bn)
]

= σ̂nd
[{

¬Q | Q ∈ R̂n
m ({F}, B1, . . . , Bn)

}]

=
{
¬M | M ∈ σ̂nd[R̂n

m ({F}, B1, . . . , Bn)]
}

=
{
¬M | M ∈ R̂n

m

(
σ̂nd[{F}], σ̂nd[B1], . . . , σ̂nd[Bn]

)}

= R̂n
m

(
σ̂nd[{¬F}], σ̂nd[B1], . . . , σ̂nd[Bn]

)
.

G = {F1 ∨ F2}
σ̂nd

[
R̂n

m ({F1 ∨ F2}, B1, . . . , Bn)
]

= σ̂nd
[
{Q1 ∨Q2 | Qj ∈ R̂n

m ({Fj}, B1, . . . , Bn) ; j = 1, 2}
]

= {M1 ∨M2 | Mj ∈ σ̂nd
[
R̂n

m ({Fj}, B1, . . . , Bn)
]
; j = 1, 2}

= {M1 ∨M2 | Mj ∈ R̂n
m

(
σ̂nd[{Fj}], σ̂nd[B1], . . . , σ̂nd[Bn]

)
; j = 1, 2}

= R̂n
m

(
σ̂nd[{F1 ∨ F2}], σ̂nd[B1], . . . , σ̂nd[Bn]

)
.



G = {∃xi(F )}
σ̂nd

[
R̂n

m ({∃xi(F )}, B1, . . . , Bn)
]

= σ̂nd
[
{∃xi(Q) | Q ∈ R̂n

m ({F}, B1, . . . , Bn)}
]

= {∃xi(M) | M ∈ σ̂nd
[
R̂n

m ({F}, B1, . . . , Bn)
]
}

= {∃xi(M) | M ∈ R̂n
m

(
σ̂nd[{F}], σ̂nd[B1], . . . , σ̂nd[Bn]

)
}

= R̂n
m

(
σ̂nd[{∃xi(F )}], σ̂nd[B1], . . . , σ̂nd[Bn]

)
.

A F(τ,τ ′) (Wτ (Xn)) A ̸= ∅

σ̂nd
[
R̂n

m (A,B1, . . . , Bn)
]
= σ̂nd

[
⋃

a∈A

R̂n
m ({a}, B1, . . . , Bn)

]

=
⋃

a∈A

{
σ̂nd

[
R̂n

m ({a}, B1, . . . , Bn)
]}

= R̂n
m

(
σ̂nd[A], σ̂nd[B1], . . . , σ̂nd[Bn]

)
.

Hyp(τ, τ ′)
(τ, τ ′)

◦nd : Hypnd(τ, τ ′)×Hypnd(τ, τ ′) −→ Hypnd(τ, τ ′)

σnd
1 ◦nd σnd

2 := σ̂nd
1 ◦ σnd

2 .
◦nd

nd
nd

σnd
1 ,σnd

2 ∈ Hypnd(τ, τ ′)
(
σnd
1 ◦nd σnd

2

)
ˆ= σ̂nd

1 ◦ σ̂nd
2 .

G ∈ P (Wτ (Xn))
(
σnd
1 ◦nd σnd

2

)
[̂G] = σ̂nd

1 ◦ σ̂nd
2 [G]

(
σnd
1 ◦nd σnd

2

)
[̂G] = σ̂nd

1 ◦ σ̂nd
2 [G]

G ∈ P
(
F(τ,τ ′) (Wτ (Xn))

)

G = {s ≈ t}(
σnd
1 ◦nd σnd

2

)
[̂{s ≈ t}]

= {u ≈ v | u ∈
(
σnd
1 ◦nd σnd

2

)
[̂{s}] v ∈

(
σnd
1 ◦nd σnd

2

)
[̂{t}]}

= {u ≈ v | u ∈ σ̂nd
1 ◦ σ̂nd

2 [{s}] v ∈ σ̂nd
1 ◦ σ̂nd

2 [{t}]}
= {u ≈ v | u ∈ σ̂nd

1

(
σ̂nd
2 [{s}]

)
v ∈ σ̂nd

1

(
σ̂nd
2 [{t}]

)
}

= σ̂nd
1

[
{x ≈ y | x ∈ σ̂nd

2 [{s}] y ∈ σ̂nd
2 [{t}]}

]

= σ̂nd
1

[
σ̂nd
2 [{s ≈ t}]

]

= σ̂nd
1 ◦ σ̂nd

2 [{s ≈ t}] .
G = {γj(t1, . . . , tnj )}(

σnd
1 ◦nd σnd

2

)
ˆ
[
{γj(t1, . . . , tnj )}

]

= R̂
nj
n
((
σnd
1 ◦nd σnd

2

)
(γj),

(
σnd
1 ◦nd σnd

2

)
[̂{t1}], . . . ,

(
σnd
1 ◦nd σnd

2

)
[̂{tnj}]

)

= R̂
nj
n
((
σ̂nd
1 ◦ σnd

2

)
(γj),

(
σ̂nd
1 ◦ σ̂nd

2

)
[{t1}], . . . ,

(
σ̂nd
1 ◦ σ̂nd

2

)
[{tnj}]

)

= R̂
nj
n
(
σ̂nd
1

[
σnd
2 (γj)

]
, σ̂nd

1

(
σ̂nd
2 [{t1}]

)
, . . . , σ̂nd

1

(
σ̂nd
2 [{tnj}]

))

= σ̂nd
1

[
R̂

nj
n
(
σnd
2 (γj), σ̂nd

2 [{t1}], . . . , σ̂nd
2 [{tnj}]

)]



= σ̂nd
1

[
σ̂nd
2

[
{γj(t1, . . . , tnj )}

]]

=
(
σ̂nd
1 ◦ σ̂nd

2

) [
{γj(t1, . . . , tnj )}

]
.

G = {¬F}(
σnd
1 ◦nd σnd

2

)
[̂{¬F}] = {¬Q | Q ∈

(
σnd
1 ◦nd σnd

2

)
[̂{F}]}

= {¬Q | Q ∈
(
σ̂nd
1 ◦ σ̂nd

2

)
[{F}]}

= {¬Q | Q ∈ σ̂nd
1

[
σ̂nd
2 [{F}]

]
}

= σ̂nd
1

[
{¬M | M ∈ σ̂nd

2 [{F}]}
]

= σ̂nd
1

[
σ̂nd
2 [{F}]

]

=
(
σ̂nd
1 ◦ σ̂nd

2

)
[{F}] .

G = {F1 ∨ F2}(
σnd
1 ◦nd σnd

2

)
[̂{F1 ∨ F2}] = {Q1 ∨Q2 | Qj ∈

(
σnd
1 ◦nd σnd

2

)
[̂Fj ] ; j = 1, 2}

= {Q1 ∨Q2 | Qj ∈
(
σ̂nd
1 ◦ σ̂nd

2

)
[Fj ] j = 1, 2}

= {Q1 ∨Q2 | Qj ∈ σ̂nd
1

[
σ̂nd
2 [Fj ]

]
; j = 1, 2}

= σ̂nd
1

[
{M1 ∨M2 | Mj ∈ σ̂nd

2 [Fj ] ; j = 1, 2}
]

= σ̂nd
1

[
σ̂nd
2 [{F1 ∨ F2}]

]

=
(
σ̂nd
1 ◦ σ̂nd

2

)
[{F1 ∨ F2}] .

G = {∃xi(F )}(
σnd
1 ◦nd σnd

2

)
[̂{∃xi(F )}] = {∃xi(Q) | Q ∈

(
σnd
1 ◦nd σnd

2

)
[̂F ]}

= {∃xi(Q) | Q ∈
(
σ̂nd
1 ◦ σ̂nd

2

)
[F ]}

= {∃xi(Q) | Q ∈ σ̂nd
1

[
σ̂nd
2 [F ]

]
}

= σ̂nd
1

[
{∃xi(Q) | Q ∈ σ̂nd

2 [F ]}
]

= σ̂nd
1

[
σ̂nd
2 [{∃xi(F )}]

]

=
(
σ̂nd
1 ◦ σ̂nd

2

)
[{∃xi(F )}] .

A F(τ,τ ′) (Wτ (Xn)) A ̸= ∅
(
σnd
1 ◦nd σnd

2

)
[̂A] =

⋃

a∈A

(
σnd
1 ◦nd σnd

2

)
[̂{a}]

=
⋃

a∈A

(
σ̂nd
1 ◦ σ̂nd

2

)
[{a}]

=
⋃

a∈A

σ̂nd
1

[
σ̂nd
2 [{a}]

]

= σ̂nd
1

[
⋃

a∈A

σ̂nd
2 [{a}]

]

= σ̂nd
1

[
σ̂nd
2

[
⋃

a∈A

[{a}]
]]

=
(
σ̂nd
1 ◦ σ̂nd

2

)
[A] .

σnd
id nd σnd

id (fi) :=
{fi(x1, . . . , xni)} i ∈ I σnd

id (γj) := {γj(x1, . . . , xnj )} j ∈ J

G ∈ P (Wτ (Xn)) ∪ P
(
F(τ,τ ′) (Wτ (Xn))

)
σ̂nd
id [G] = G.

G ∈ P (Wτ (Xn)) σ̂nd
id [G] = G

σ̂nd
id [G] = G G ∈ P

(
F(τ,τ ′) (Wτ (Xn))

)

G = {s ≈ t}
σ̂nd
id [{s ≈ t}] = {u ≈ v | u ∈ σ̂nd

id [{s}] v ∈ σ̂nd
id [{t}]}



= {u ≈ v | u ∈ {s} v ∈ {t}}
= {s ≈ t}.

G = {γj(t1, . . . , tnj )}
σ̂nd
id [{γj(t1, . . . , tnj )}] = R̂

nj
n
(
σnd
id (γj), σ̂nd

id [{t1}], . . . , σ̂nd
id [{tnj}]

)

= R̂
nj
n
(
γj({x1}, . . . , {xnj}), {t1}, . . . , {tnj}

)

= {γj(t1, . . . , tnj )}.
G = {¬F}

σ̂nd
id [{¬F}] = {¬Q | Q ∈ σ̂nd

id [{F}]} = {¬Q | Q ∈ {F}} = {¬F}.
G = {F1 ∨ F2}

σ̂nd
id [{F1 ∨ F2}] = {Q1 ∨Q2 | Q1 ∈ σ̂nd

id [{F1}] Q2 ∈ σ̂nd
id [{F2}]}

= {Q1 ∨Q2 | Q1 ∈ {F1} Q2 ∈ {F2}}
= {F1 ∨ F2}.

G = {∃xi(F )}
σ̂nd
id [{∃xi(F )}] = {∃xi(Q) | Q ∈ σ̂nd

id [{F}]} = {∃xi(Q) | Q ∈ {F}} = {∃xi(F )}.
A F(τ,τ ′) (Wτ (Xn)) A ̸= ∅

σ̂nd
id [A] =

⋃

a∈A

σ̂nd
id [{a}] =

⋃

a∈A

{a} = A.

nd σnd
id Hypnd(τ, τ ′)

◦nd Hypnd(τ, τ ′)

Hypnd(τ, τ ′) =
(
Hypnd(τ, τ ′); ◦nd,σnd

id

)

◦
◦nd Hypnd(τ, τ ′)

σnd
1 ,σnd

2 ,σnd
3 ∈ Hypnd(τ, τ ′)(

σnd
1 ◦nd σnd

2

)
◦nd σnd

3 =
(
σnd
1 ◦nd σnd

2

)
ˆ◦ σnd

3

=
(
σ̂nd
1 ◦ σ̂nd

2

)
◦ σnd

3

= σ̂nd
1 ◦

(
σ̂nd
2 ◦ σnd

3

)

= σnd
1 ◦nd

(
σnd
2 ◦nd σnd

3

)

σnd ∈ Hypnd(τ, τ ′)
(
σnd
id ◦nd σnd

)
(fi) = σ̂nd

id

[
σnd(fi)

]
= σnd(fi)(

σnd ◦nd σnd
id

)
(fi) = σ̂nd

[
σnd
id (fi)

]

= σ̂nd [{fi(x1, . . . , xni)}]
= Ŝni

n

(
σnd(fi), σ̂nd[{x1}], . . . , σ̂nd[{xni}]

)

= Ŝni
n

(
σnd(fi), {x1}, . . . , {xni}

)

= σnd(fi).(
σnd
id ◦nd σnd

)
(γj) = σ̂nd

id

[
σnd(γj)

]
= σnd(γj)(

σnd ◦nd σnd
id

)
(γj) = σ̂nd

[
σnd
id (γj)

]

= σ̂nd
[
{γj(x1, . . . , xnj )}

]

= R̂
nj
n
(
σnd(γj), σ̂nd[{x1}], . . . , σ̂nd[{xnj}]

)

= R̂ni
n

(
σnd(γj), {x1}, . . . , {xnj}

)

= σnd(γj).
σnd
id Hypnd(τ, τ ′) =

(
Hypnd(τ, τ ′); ◦nd,σnd

id

)
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