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n G (n+1) ◦

◦(◦(x, y1, . . . , yn), z1, . . . , zn) = ◦(x, ◦(y1, z1, . . . , zn), . . . , ◦(yn, z1, . . . , zn))
x, y1, . . . , yn, z1, . . . , zn ∈ G n = 1

R+

◦ : (R+)n+1 → R+ ◦(x0, . . . , xn) = x0
n
√
x1 · · ·xn,

n
n

An n A An

A n
T (An, A) T (An, A)

(n+ 1) O : T (An, A)n+1 → T (An, A)

O(f, g1, . . . , gn)(a1, . . . , an) = f(g1(a1, . . . , an), . . . , gn(a1, . . . , an)),

f, g1, . . . , gn ∈ T (An, A), a1, . . . , an ∈ A. n
n T (An, A) n

A n

n n
n

n

n (n + 1)
(G, f) f : Gn+1 → P ∗(G) (n+ 1)

f(f(x, y1, . . . , yn), z1, . . . , zn) = f(x, f(y1, z1, . . . , zn), . . . , f(yn, z1, . . . , zn))

x, y1, . . . , yn, z1, , . . . , zn ∈ G.
n = 1

H
[0, 1] x0, x1 . . . , xn ∈ H

f(x0, x1 . . . , xn) = [0, x0x1·...·xn
n+1 ]

(H, f)

n
n ζ



A

ζ(a1, a2, . . . , an−1, an) = ζ(an, a2, . . . , an−1, a1)

a1, . . . , an ∈ A. ζ ζ(a1, . . . , an) = ζ(aσ(1), . . . , aσ(n))
σ ∈ Sn
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n
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n

n

n

n

n ≥ 2
n

n ≥ 2 A n γ : An → A
a1, . . . , an ∈ A

γ(a1, a2, . . . , an−1, an) = γ(an, a2, . . . , an−1, a1).

SA(An, A) n
n

Z n f Z
f(a1, . . . , an) = {a1, . . . , an}

A A f

SA(An, A) n

n
O

γ,β1, . . . ,βn ∈ SA(An, A) O(γ,β1, . . . ,βn)
n a1, a2, . . . , an−1, an A

O(γ,β1, . . . ,βn)(a1, a2, . . . , an−1, an)
γ(β1(a1, a2, . . . , an−1, an), . . . ,βn(a1, a2, . . . , an−1, an))
γ(β1(an, a2, . . . , an−1, a1), . . . ,βn(an, a2, . . . , an−1, a1))
O(γ,β1, . . . ,βn)(an, a2, . . . , an−1, a1)



(SA(An, A),O) γ,β1, . . . ,βn ∈ SA(An, A)

O(γ,β1,β2, . . . ,βn−1,βn) = O(γ,βn,β2, . . . ,βn−1,β1).

a1, . . . , an ∈ A
O(γ,β1,β2, . . . ,βn−1,βn)(a1, . . . , an)

γ(β1(a1, . . . , an),β2(a1, . . . , an), . . . ,βn−1(a1, . . . , an),βn(a1, . . . , an))
γ(βn(a1, . . . , an),β2(a1, . . . , an), . . . ,βn−1(a1, . . . , an),β1(a1, . . . , an))
O(γ,βn,β2, . . . ,βn−1,β1)(a1, . . . , an)

n

(G, ◦) n ≥ 2
n

(G, ◦)
◦(a, b1, b2, . . . , bn−1, bn) = ◦(a, bn, b2, . . . , bn−1, b1).

ϕ G SA((G′)n, G′)
G′ a, b1, . . . , bn G

ϕ ϕ(◦(a, b1, b2, . . . , bn−1, bn)) =
O(ϕ(a),ϕ(b1),ϕ(b2), . . . ,ϕ(bn−1),ϕ(bn)) = O(ϕ(a),ϕ(bn),ϕ(b2), . . . ,ϕ(bn−1),ϕ(b1)) =
ϕ(◦(a, bn, b2, . . . , bn−1, b1)) ϕ(◦(a, b1, b2, . . . , bn−1, bn)) =
ϕ(◦(a, bn, b2, . . . , bn−1, b1))
ϕ ◦(a, b1, b2, . . . , bn−1, bn) = ◦(a, bn, b2, . . . , bn−1, b1).

e, c G
G′ = G ∪ {e, c} g ∈ G′ n G′

λg(a1, . . . , an) =

⎧
⎪⎨

⎪⎩

◦(g, a1, . . . , an) ai ∈ G 1 ≤ i ≤ n,

g ai = e 1 ≤ i ≤ n,

c .

n λg

a1, . . . , an ∈ G′ a1, . . . , an ∈ G
λg(a1, a2, . . . , an−1, an) = ◦(g, a1, a2, . . . , an−1, an) = ◦(g, an, a2, . . . , an−1, a1) =
λg(an, a2, . . . , an−1, a1) a1 = · · · = an = e λg

λg(a1, a2, . . . , an−1, an) = λg(e, . . . , e) = g = λg(an, a2, . . . , an−1, a1).
λg(a1, a2, . . . , an−1, an) = c = λg(an, a2, . . . , an−1, a1) n λg

λg ∈ SA((G′)n, G′) SA((G′)n, G′) := {λg | g ∈ G}
SA((G′)n, G′) S((G′)n, G′)

(n+ 1) O
ϕ : (G, ◦) → (S((G′)n, G′),O)

ϕ(g) = λg

ϕ
ϕ(g1) = ϕ(g2) λg1 = λg2 λg1(a1, . . . , an) = λg2(a1, . . . , an)

a1, . . . , an ∈ G′ λg1(e, . . . , e) = λg2(e, . . . , e) g1 = g2
ϕ



a1, . . . , an ∈ G x, y1, . . . , yn ∈ G
(n+ 1) ◦ G

λ◦(x,y1,...,yn)(a1, . . . , an) ◦(◦(x, y1, . . . , yn), a1, . . . , an)
◦(x, ◦(y1, a1, . . . , an), . . . , ◦(yn, a1, . . . , an))
λx(λy1(a1, . . . , an), . . . ,λyn(a1, . . . , an))
O(x, y1, . . . , yn)(a1, . . . , an).

ai = e 1 ≤ i ≤ n λg λ◦(x,y1,...,yn)(e, . . . , e) =
◦(x, y1, . . . , yn)

O(x, y1, . . . , yn)(e, . . . , e) = λx(λy1(e, . . . , e), . . . ,λyn(e, . . . , e) = λx(y1, . . . , yn) =
◦(x, y1, . . . , yn). λ◦(x,y1,...,yn) = O(x, y1, . . . , yn) n

λg λ◦(x,y1,...,yn)(a1, . . . , an) = c = λx(c, . . . , c) =
λx(λy1(a1, . . . , an), . . . ,λyn(a1, . . . , an)) = O(x, y1, . . . , yn)(a1, . . . , an).

ϕ (G, ◦) (SA((G′)n, G′),O).

n

n
An n A T (An, P ∗(A))
n f : An → P ∗(A) (n + 1)

• : T (An, P ∗(A))n+1 → T (An, P ∗(A)), •

•(f, g1, . . . , gn)(x1, . . . , xn) =
⋃

yi∈gi(x1,...,xn)
i∈{1,...,n}

f(y1, . . . , yn),

f, g1, . . . , gn ∈ T (An, P ∗(A)) x1, . . . , xn ∈ A.
•

n
f, g1, . . . , gn, h1, . . . , hn n

•(•(f, g1, . . . , gn), h1, . . . , hn) = •(f, •(g1, h1, . . . , hn), . . . , •(gn, h1, . . . , hn)).

(T (An, P ∗(A)), •)

(T (An, P ∗(A)), •)
n n

(T (An, P ∗(A)), •)
n ν A

ν(a1, a2, . . . , an−1, an) = ν(an, a2, . . . , an−1, a1)

a1, . . . , an ∈ A
SA(An, P ∗(A)) n

A
n n



n
n

γ : An → A n γ : An → P ∗(A)
n γ(a1, . . . , an) = {γ(a1, . . . , an)} a1, . . . , an ∈

A γ γ σ : SA(An, A) →
SA(An, P ∗(A))

σ(γ) = γ

γ ∈ SA(An, A) •
σ

σ(O(γ,β1, . . . ,βn)) = O(γ,β1, . . . ,βn) = •(γ,β1, . . . ,βn) = •(σ(γ),σ(β1), . . . ,σ(βn)).

a1, . . . , an ∈ A
O(γ,β1, . . . ,βn)(a1, . . . , an) {O(γ,β1, . . . ,βn)(a1, . . . , an)}

{γ(β1(a1, . . . , an), . . . ,βn(a1, . . . , an))}
γ(β1(a1, . . . , an), . . . ,βn(a1, . . . , an))⋃
yi∈{βi(a1,...,an)}

i∈{1,...,n}

γ(y1, . . . , yn)

⋃

yi∈βi(a1,...,an)
i∈{1,...,n}

γ(y1, . . . , yn)

•(γ,β1, . . . ,β1)(a1, . . . , an)

γ,β ∈ SA(An, A) a1, . . . , an ∈ A γ(a1, . . . , an) = β(a1, . . . , an)
{γ(a1, . . . , an)} = {β(a1, . . . , an)} γ = β σ

n

SA(An, P ∗(A)) •
SA(An, P ∗(A)) (n + 1)

•

n

ν, µ1, . . . , µn n A

•(ν, µ1, µ2, . . . , µn−1, µn) = •(ν, µn, µ2, . . . , µn−1, µ1)

• n

(G, f)
n

f(a, b1, b2, . . . , bn−1, bn) = f(a, bn, b2, . . . , bn−1, b1).



(G, f) f(a, b1, b2, . . . , bn−1, bn) =
f(a, bn, b2, . . . , bn−1, b1). e, c G

G = G ∪ {e, c} g ∈ G n
ηg : (G)n → G

ηg(x1, . . . , xn) =

⎧
⎪⎨

⎪⎩

f(g, x1, . . . , xn) x1, . . . , xn ∈ G;

{g} x1 = · · · = xn = e;

{c} .

n ηg A
G ηA

ηA(x1, . . . , xn) =

⎧
⎪⎨

⎪⎩

f(A, x1, . . . , xn) x1, . . . , xn ∈ G;

A x1 = · · · = xn = e;

{c} .

ηg x1, . . . , xn ∈ G
x1, . . . , xn G ηg(x1, x2, . . . , xn−1, xn)
= f(g, x1, x2, . . . , xn−1, xn) = f(g, xn, x2, . . . , xn−1, x1) = ηg(xn, x2, . . . , xn−1, x1)
xi = e 1 ≤ i ≤ n ηg(x1, x2, . . . , xn−1, xn) = ηg(e, . . . , e) = {g} =
ηg(xn, x2, . . . , xn−1, x1).

ηg(x1, x2, . . . , xn−1, xn) = {c} = ηg(xn, x2, . . . , xn−1, x1).

n ηg
ϕ : G → SA((G)n, P ∗(G)) ϕ(a) =

ηa a ∈ G

ηf(a,b1,...,bn) = •(ηa, ηb1 , . . . , ηbn)

a, b1, . . . , bn ∈ G
x1, . . . , xn ∈ G ηa ηA

ηf(a,b1,...,bn)(x1, . . . , xn) f(f(a, b1, . . . , bn), x1, . . . , xn)
f(a, f(b1, x1, . . . , xn), . . . , f(bn, x1, . . . , xn))
f(a, ηb1(x1, . . . , xn), . . . , ηbn(x1, . . . , xn))⋃
yi∈ηbi

(x1,...,xn)
i∈{1,...,n}

f(a, y1, . . . , yn)

⋃
yi∈ηbi

(x1,...,xn)
i∈{1,...,n}

ηa(y1, . . . , yn)

•(ηa, ηb1 , . . . , ηbn)(x1, . . . , xn).

1 ≤ i ≤ n xi e ηA



ηf(a,b1,...,bn)(x1, . . . , xn) ηf(a,b1,...,bn)(e, . . . , e)
f(a, b1, . . . , bn)
ηa(b1, . . . , bn)⋃
yi∈{bi}

i∈{1,...,n}

ηa(y1, . . . , yn)

⋃
yi∈λbi

(e,...,e)
i∈{1,...,n}

ηa(y1, . . . , yn)

•(ηa, ηb1 , . . . , ηbn)(e, . . . , e)
•(ηa, ηb1 , . . . , ηbn)(x1, . . . , xn),

ηf(a,b1,...,bn)(e, . . . , e) = •(ηa, ηb1 , . . . , ηbn)(e, . . . , e).
(z1, . . . , zn) ∈ (G)n \ (Gn∪{(e, . . . , e)})

ηf(a,b1,...,bn)(z1, . . . , zn) {c}
ηa(c, . . . , c)⋃
yi∈{c}

i∈{1,...,n}

ηa(y1, . . . , yn)

⋃
yi∈λbi

(z1,...,zn)
i∈{1,...,n}

ηa(y1, . . . , yn)

•(ηa, ηb1 , . . . , ηbn)(z1, . . . , zn).

ηf(a,b1,...,bn)(z1, . . . , zn) = •(ηa, ηb1 , . . . , ηbn)(z1, . . . , zn).

ϕ ηa = ηb ηa(e, . . . , e) = ηb(e, . . . , e)
{a} = {b} a = b

H = {0, 1, 2}
1

⋆ 0 1 2
0 0 {0, 1} {0, 2}
1 {0, 1} 1 {1, 2}
2 {0, 2} {1, 2} 2

⋆ H ⋆(a, b) = ⋆(b, a) a, b ∈ H
H

η0 : H1 → P ∗(H1) η0(0) = 0⋆0 = 0 η0(1) = 0⋆1 =

{0, 1} η0(2) = 0 ⋆ 2 = {0, 2} η0 =

(
0 1 2
0 {0, 1} {0, 2}

)
0 (→ η0 =

(
0 1 2
0 {0, 1} {0, 2}

)
η1 : H1 → P ∗(H1)

η1(0) = {0, 1} η1(1) = 1 η1(2) = {1, 2} 1 (→ η1 =

(
0 1 2

{0, 1} 1 {1, 2}

)

1 H 2 (→ η2 =

(
0 1 2

{0, 2} {1, 2} 2

)



(H, ⋆) ∼= ({η0, η1, η2}, •) •

• η0 η1 η2
η0 η0 η{0,1} η{0,2}
η1 η{0,1} η1 η{1,2}
η2 η{0,2} η{1,2} η2

H η

n
n

n
n = 2

n = 2 1

n ≥ 2
n

n n
n

n
n

k n

σ n



n

n

n

n

n

n

n


