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Abstract Functions of many variables and their algebras are generally called multiplace functions and
Menger algebras, respectively. The purpose of this paper is to present a particular kind of n-ary operations
which is called semiabelian n-ary operations where n is a positive integer. Menger algebras of such n-ary
operations, defined on some sets, are constructed and some of their algebraic properties are proposed.
Particularly, we really provide the necessary and sufficient conditions under which an abstract Menger
algebra can be isomorphically embedded into the algebras of semiabelian n-ary operations. Additionally,
based on the theory of hypercompositional algebra, the structure of semiabelian n-ary hyperoperations
are further defined. This leads us to give an abstract characterization and representation of Menger

hyperalgebras satisfying a certain identity.
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1. INTRODUCTION AND PRELIMINARIES

It is widely accepted that Menger algebras always play a vital role in different branches
of mathematics, espectially in the theory of multiple valued logic and multiplace functions.
The study of Menger algebras traces back to the mathematical work of K. Menger [l],
while the first attempt to present an interaction of Menger algebras and the theory of
multiplace functions is due to W. A. Dudek and V. S. Trokhimenko [2-4]. In recent
years, a number of scientific publications of V. S. Trokhimenko in the theory of multiplace
functions were memorial collected in [5]. Actually, a Menger algebra of rank n for a fixed
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positive integer n is a pair of a nonempty set G with an (n -+ 1)-ary operation o satisfying
the following identity, called superassociative law:

O(O(xayla' . '7yn)7zl7' ce 7zn) = o(x7o(y17217' . '7Zn)7' . '7O(ynvzl>' . >ZTL))7

for all z,y1,...,Yn,21,..-,2n € G. Obviously, if n = 1, it is a semigroup. Menger
algebras of different types have been studied by various authors for a long time, see for
example [6-13]. Fundamental properties of Menger algebras were examined in [11]. We
now propose a basic example of Menger algebras. The set RT of all positive real numbers
with the operation o : (RT)"*1 — R*, defined by o(zo, ..., x,) = zo {/T1 - - - Tp, forms a
Menger algebra.

The most natural example of Menger algebras is a Menger algebra of all full n-ary
functions or a Menger algebra of all n-ary operations, which has been widely used in
mulitivalued calculus. In fact, some primary tools are essentially recalled as the following.
Let A™ be the n-th Cartesian product of a nonempty set A. Any mapping from A™ to
A is called a full n-ary function or an n-ary operation. The set of all such mappings is
denoted by T(A™, A). One can consider the Menger’s superposition on the set T(A™, A),
i.e., an (n + 1)-ary operation O : T(A", A)"*1 — T(A", A) defined by

O(f,91,- -, 9n)(ar, - an) = flgr(ar, .- an), - - gnlar, .. ., an)), (1.1)

where f,g1,...,9n € T(A", A),a1,...,a, € A. A Menger algebra of all full n-ary functions
or a Menger algebra of all n-ary operations is a pair of the set T(A", A) of all full n-ary
functions defined on A and the Menger composition of full n-ary functions satisfying the
superassociative law.

In a structural point of view, both of semigroups and groups can be isomorphically
represented by functions of one variables. Analogously, some types of Menger algebras are
also investigated in the same direction. Namely, it turned out that some types of Menger
algebras of rank n can be represented by n-ary operations. The construction of many
kinds of arbitrary n-ary operations was given by W. A. Dudek and V. S. Trokhimenko
in the last few years. For more details, one can refer the reader to [15]. A connection of
polynomial functions and n-ary semigroups was investigated in [10].

Recently, the authors were firstly introduced the concept of Menger hyperalgebras,
which is an algebraic hypercompositional extension of original Menger algebras. Recall
from [17] that a Menger hyperalgebra of rank n is a pair of (n + 1)-ary hypergroupoid
(G, f) where f: G"Tt — P*(G) which is called an (n + 1)-ary hyperoperation satisfying
superassociative law:

f(f(xayla"-ayn)azla"'7Zn):f(xaf(ylvzlz-"Mzn)?'"7f(yn7217"-7zn))

for every x,y1,...,Yn,21,,---,2n € G. We can say that every Menger algebra can be
constructed a Menger hyperalgebra. In general, in case of n = 1, Menger hyperalgebras
can be considered as a generalization of semihypergroups, see [18].

Some fundamental examples of Menger hyperalgebras are collected. Let H be the unit
interval [0, 1]. For every xg, 1 ...,%, € H, we define

f(x(]):z;l s 7xn) = {07 womﬁ.},_]_mw]

Then (H, f) is a Menger hyperalgebra. For more details on hyperstructure, one can refer
the reader to [19-25].

In 2016, a precise idea of an n-ary opearation which is called semiabelian was firstly
mentioned by N. A. Shchuchkin [26]. Tt is represented by an m-ary operation ¢ on a
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nonempty set A satisfying the identity

C(aly a2,...,0n-1, an) = g(anu a2, ...,0n—1, al)
for every ai,...,a, € A. If ( satisfies ((a1,...,an) = ((@s(1),- -+ 0o(n)) for any permu-
tation o € S, then it said to be abelian or commutative.

The purpose of this paper is to apply the notions of semiabelian n-ary opearation for
studying in an algebraic viewpoint, specifically, to propose two novel algebraic structures
which are called a Menger algebra of semiabelian n-ary opearation and a Menger algebra
of semiabelian n-ary hyperopearation. Further more, the necessary and sufficient condi-
tions under which a Menger algebra of rank n satisfying some certain equation can be
isomorphically embeded by a Menger algebra of cyclic operation and a Menger algebra
of semiabelian n-ary opearation are presented in the Section 2. After we concentrate on
algebraic structure of Menger algebras, we continue our investigation of a representaion of
Menger hyperalgebras in Section 3 by presenting a structure of semiabelian n-ary hypero-
pearations. We attempt to study a characterization of abstract Menger hyperalgebras by
semiabelian n-ary hyperopearations. We complete this paper in Section 4 by discussing
some of our results and giving some further topics for the interested readers.

2. MENGER ALGEBRAS REPRESENTED BY SEMIABELIAN n-ARY OPERA-

TIONS

In this section, we aim to construct a Menger algebra of semiabelian n-ary operations
and to present a characterization of any abstract Menger algebras. The answer to the
challenging question “When is a Menger algebra of rank n > 2 isomorphically embed-
ded into a Menger algebra of all semiabelian n-ary operations defined on some set?” is
absolutely given in this section.

Let n > 2 and A be a nonempty set. An n-ary operation v : A™ — A is said to be
semiabelian if for all a1, ...,a, € A, it satisfies the identity

’y(ala ag,...,0p-1, an) = W(Gm ag,...,0p-1, al)'

The symbol SA(A™, A) denotes the set of all semiabelian n-ary operations.

There are several possibilities to provide examples of semiabelian n-ary operation. Let
us present in the following example.

Example 2.1. Let Z be the set of all integers. An n-ary operation f on Z is defined by
flai,...,a,) = max{ay,...,an}
where maxA denotes the maximum of elements in A. Then f is semiabelian.

The fact that the set SA(A™, A) of all semiabelian n-ary operations closed with respect
to the Menger superposition can be proved by the following lemma.

Lemma 2.2. The set of all semiabelian n-ary operations forms a Menger algebra with
respect to the Menger’s composition O.

Proof. Let v,p1,...,8, € SA(A™, A). In order to show that O(~,S1,...,8,) is also a

semiabelian n-ary operation, we assume that a1, as,...,an_1, a, are elements in A. Then
O, By, Bn)(ar,a2, ... an_1,an)

= v(Bi(a1,a2, - Gn-1,0n),-.,Bnla1,a2,...,60n_1,0y))

= v(Bi(an,a2, . 0n-1,01),- -, Bn(Gn,a2,...,0,-1,a01))

= 0(77517 . '7Bn)(a’n7a27 R an—bal)'
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The proof is completely finished. [

Lemma 2.3. In (SA(A", A),O), for all~y,B1,...,Bn € SA(A™, A), the following identity
is satisfied
0(77/817 527 cee 7571*17 Bn) = 0(77 ﬁn’/827 s 7577,71751)’

Proof. Let aq,...,a, € A. Then we have

O(v,ﬂl,ﬁg,...,ﬁn_l,ﬁn)(al,...,an)
= v(Bi(a1,...,an),B2(a1,...yan), ..., Bno1(a1,...,an), Bn(as,...,an))
= Y(Bnla,...,an),B2(a1,...,an),...,Bn-1(a1,...,an),f1(a1,...,a,)) n
= O(V?ﬁ?’uﬁQw"7/8n71a51)(a17"‘7an)'

The following theorem presents the necessary and sufficient conditions for embedding
of an abstract Menger algebra to a Menger algebra of semiabelian n-ary operations.

Theorem 2.4. A Menger algebra (G, o) of rank n > 2 is isomorphically embedded into
the Menger algebra of all semiabelian n-ary operations defined on some set if and only if
(G, 0) satisfies the identity

O(CL, b17b27 R 7bn—1vbn) = O((l, bn7b27 R 7bn—17b1)-

Proof. Assume that ¢ is a monomorphism from a Menger algebra G to SA((G')",G’)
for some set G'. Let a,by,...,b, be arbitrary elements in G. Then the homomor-
phism property of ¢ and Lemma 2.3 directly imply that ¢(o(a,by,ba,...,bn_1,bs)) =
O((,O(CL), (P(bl)v SD(bQ)v cee 790(1)7171)7 (p(bn)) = O((p(a)a @(bn>7 (p(bQ)? SER) (p(bnfl)v @(bl)) =
w(o(a,bp,ba,...,bp_1,b1)). This means that the equality ¢(o(a,bi,ba,...,bn_1,bs)) =
w(o(a,bp,ba, ..., bp_1,b1)) is valid. Tt follows directly from the injectivity of a mapping
2] that O(a, bl, bg, ey bnfl, bn) = O(a, bn, bg, ey bnfl, bl)

For the converse, let e,c be different two elements not belonging in G. Consider
G' = GU/{e,c}. For each element g € G’, we define an n-ary operation on G’ by setting

o(g,a1,...,a,) ifa; €Gloralll<i<nmn,

Aglar,...,an) =<g ifa; =eforalll <i<mn,
c otherwise.

First, we prove that the n-ary operation )\, defined above is semiabelian. For this,
let at,...,a, € G'. If a1,...,a, € G, then according to the assumption, we have
)\g(al,ag, S Ap—1,0p) = o(g,al,ag, ey Up_1,0n) = 0(g, Gy, A2, .., Gp_1,01) =
Ag(an,ag,...,an—1,a1). If a1 =--- = a,, = e, then by defining \,, we get
Aglar,ag, ... an—1,a,) = Ag(e,...,e) = g = Ag(an,as,...,an—1,a1). In all other cases,
Aglar,ag, ..., an_1,0,) =c= )\g(an, as,...,an—1,a1). So, the n-ary operation A, is semi-

abelian, i.e., Ag € SA((G")™,G"). Put SA((G")",G") :={\y | g € G}. It follows directly
from Lemma 2.2 that the set SA((G’)",G’) forms a Menger subalgebra of S((G')™,G")
under the (n + 1)-ary Menger composition O.

Later, we show that a mapping ¢ : (G,0) — (S((G')",G’), O) which is defined by

p(9) = Ag
is an isomorphism. Clearly, a mapping ¢ is surjective. The injectivity is also satisfied,
because from ¢(g1) = ¢(g2), we have A\, = Ag,. Then Ay, (a1,...,an) = Ag,(a1,...,an)
for all a1,...,a, € G'. Particularly, Ay, (e,...,e) = Ag,(e,...,e), which implies g1 = go.
To show that ¢ have a preserving operation property, we consider in the following cases.
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We begin with the case when aq,...,a, € G. Then, for z,y1,...,y, € G, applying the
superassociativity of (n + 1)-ary operation o on G, we have

/\o(:c,yl,‘..,yn)(ala cee >an) = O(O(‘T’yla .. -ayn)a Ay, .- - 7an)
= O(ajvo(ylaalv-"7an)7'"7O(ynaa17"'7an))
= XAy (a1, an), .. Ay (a1, .. an))
= O(xvylv"'7yn>(a17"~7an)~

If a; = e for every 1 < i < n, by the definition of Ay, we obtain Ao(g 4., .. y.)(€, ..., €) =
o(x,y1,.--,Yn). On the other hand, by the definition of Menger composition, we also
have O(z,y1,...,yn)(e;....€) = Ag(Ayy(e,..ose),. . Ay (e, e) = Ap(Yi, ..o yn) =
= O(z,y1,-.-,Yn). Otherwise, by defining an n-ary

O(.Z‘, Y1y - - 7yn). Thus, )‘O(I,yh-»-,yn)

operation A\, we obtain immediatly that Aoz, (@1,...,00) = ¢ = Xa(c,...,c) =
Az Ay (@1, ..o, an), .. Ay, (a1, .. a,)) = O(z,y1,...,9n)(a1,...,a,). Consequently, a
mapping ¢ is an isomorphism from (G, o) to (SA((G")™,G"),O). L]

3. AN EMBEDDING THEOREM FOR MENGER HYPERALGEBRAS VIA SEMI-
ABELIAN n-ARY HYPEROPERATIONS

We begin this section with recalling some useful definitions of Menger hyperalgebras
and mn-ary hyperoperations. For an overview of these topics, we refer to [17].

Let A™ be the n-th Cartesian product of a nonempty set A. On the set T(A™, P*(A))
of all n-ary hyperoperations f : A" — P*(A), one can define the following (n + 1)-
ary operation e : T(A™, P*(A))"T! — T(A", P*(A)), called the Menger superposition e,
defined by

.(f;glw--7gn)(x17--~7xn): U f(yla'-'ayn)7
Yi€gi(T1,..,Tn)
i€{1,...,n}

where f,g1,...,9, € T(A™, P*(A)), x1,...,2, € A.
We now obtain the primary properties of the Menger composition e.

Theorem 3.1. [17] The composition of n-ary hyperoperations is superassociative, i.e., if
f,91,---,9n,h1,..., hy, are n-ary hyperoperations, then

.(.(fagla'-'agn>7hla--'ah’n) :.(f7.<glvhla'-'ahn)a"-a.(gnah17~--7hn))-

By Theorem 3.1, we immediately obtain the following important corollary:
Corollary 3.2. [17] The structure (T'(A™, P*(A)), e) forms a Menger algebra.

So it forms a Menger algebra (T'(A™, P*(A)), ), which will be called a Menger algebra
of all n-ary hyperoperations. By a Menger algebra of n-ary hyperoperations, we mean a
Menger subalgebra of (T'(A™, P*(A)),e).

Formally, an n-ary hyperoperation v on A is said to be semiabelian if it satisfies

V(al7a'25 .. ~aan—1;an) = V(an7a27" . 7an—17a1)

for all ay,...,a, € A. Actually, both of the left and right handside of this identity is a
nonempty set. By SA(A", P*(A)) we denote the set of all semiabelian n-ary hyperoper-
ations on a set A.

A strong relationship between semiabelian n-ary operations and semiabelian n-ary
hyperoperations is naturally presented as follows.
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Theorem 3.3. Any Menger algebra of semiabelian n-ary operations can be embedded into
a Menger algebra of semiabelian n-ary hyperoperations.

Proof. Assume that v : A™ — A is a semiabelian n-ary operation. Let 7 : A™ — P*(A) be
an m-ary hyperoperation defined by 7(aq,...,a,) = {vy(a1,...,a,)} for all a1,...,a, €
A. Since v is semiabelian, then so 7 is. We now define a mapping o : SA(A", A) —
SA(A™, P*(A)) by

o(y) =7
for all v € SA(A™, A). Using the definition of the composition e, it is clear that the
mapping o preserves the operations, i.e.,

U(O(’y’ﬁla .. aﬁn)) = O(’y)ﬁla e 7ﬂn) = .(Waaa o am) = .(U(’Y))U(ﬂl)v e 7U(ﬂn))
In fact, if we let aq,...,a, € A then

O(W?ﬁla'--,Bn)(al,-..,an) = {0(77517'"7B’n><a17"'7a’n)}
= {’y(ﬁl(al,...,an),---,5n<a17"'7an))}
= ﬁ(ﬁl(al,...,an>,...,5n(ala"'?an)>

= U Y15 Yn)
yi€{Bi(a1,...,an)}
i€{l,...,n}

= U i(yla"'ayn)

yieE(alw-wan)
1€{1,...,n}

= .(77/817"'7E)(a17"'7an)' B
Finally, let v, 8 € SA(A™, A) and ay, . ..,a, € Abesuch that¥(as,...,a,) = B(a1,...,an).
Then we have that {v(a1,...,a,)} = {B(a1,...,a,)} and thus v = 5. Hence o is injective.
(]

The fact that a composition on the set of all n-ary hyperoperations is superassociative
was already proved in [17]. Then we obtain the following lemmas.

Lemma 3.4. On the set SA(A™, P*(A)), the Menger superposition e satisfies the superas-
sociative law, i.e., SA(A™, P*(A)) forms a Menger algebra under the (n + 1)-operation

o,
Some algebraic properties of semiabelian n-ary hyperoperations are given below.

Lemma 3.5. Let v, pu1,...,u, be semiabelian n-ary hyperoperations on A. Then the
identity

.(Vﬂ M1, 2y - v oy n—1, N’n) = .(Vv Moy 25 -« o5 i —1,4 H’l)
holds.

Proof. Tt is not difficult to prove the statement by using the definition of Menger super-
position e and the definition of semiabelian n-ary hyperoperations. [

The main result of this section concerns a representation of Menger hyperalgebras
satisfying some condition. In the following theorem, we give a proof of this fact.

Theorem 3.6. An abstract Menger hyperalgebra (G, f) can be represented by semiabelian
n-ary hyperoperations defined on some set if and only if it satisfies the equation

f(a7 b1>b27'° . 7bnflybn) = f(a; bn7b27‘ . '7bn717b1)~
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Proof. The necessity follows immediatly from Lemma 3.5, hence we prove only the con-
verse direction. Let (G, f) be a Menger hyperalgebra satisfying f(a, b1, b2, ..., bn_1,b,) =
fla,bp,ba, ... by_1,b1). Let e, ¢ be two different elements which are not belonging to G.
Let G = G U {e,c}. For every element g € G, we define the n-ary hyperoperation
ng : (G)™ — G by setting

f(gaxlv"'vxn) 1fx1,,$n€G7
77g($1,...,33n): {g} lfxlzzxn:e’
{c} otherwise .

Moreover, we extend the n-ary hyperoperation 7, as follows: For any nonempty subset A
of G, the hyperoperaion 14 is defined by

f(A ey, .. xy) zy,..., 2, € G;

na(zy,...,xn) =< A ifr;=-- =z, =c¢;
{c} otherwise .

In order to show that n, is semiabelian, we let z1,..., 2, € G. We first consider when
x1,...,Ty are arbitrary elements in G. By the hypothesis, we have ng (21,22, ..., Tp_1,2Zy)
= flg,z1,22, ..., Tpn-1,Tn) = f(g,Zn,T2,..., Tn_1,21) = Ng(Tp,T2,...,Tp_1,21). If
x; = e for all 1 < i < n, then we obtain ny(x1,22,...,Tn_1,2n) = n4(e,...,e) = {g} =
Ng(Zn, T2, ..., Tn_1,21). In all oher cases, we also have

Ng(X1,T2, ..., Tpo1,Tn) = {c} = ng(xn, T2, ..., Tn_1,21).

Hence, the n-ary hyperoperation 7, is semiabelian.
We now prove that the mapping ¢ : G — SA((G)", P*(G)) which is defined by ¢(a) =
e for all a € G, is a monomorphism. For this, we first show that the equality

Nf(a,bi,...,bn) = °(77a777b17 .- -777bn)

holds for any a, b1, ...,b, € G.
Let x1,...,x, € G. Then, by defining the hyperoperation 7, and its extension 14, we
obtain

Nf(abryebn) (@150 Tp) = f(f(a,br,y ... bp), @1, . p)

fla, f(br, 21, o y@n),y ooy f(bp, @1,y 2p))
flaymp, (X1, osxn)y ooy, (1, ..., 2n))
. U flasyr, - yn)

Yi €M, (T1400,%n)
i€{l,...,n}

= U Na(Y1,- - Yn)
Yi €M, (T150-,%n)
i€{l,...,n}

= ®(NayMoys---s M, ) (T1,- -y Tn).

For each 1 < i < n, if an element x; equals to e, then according to the definition of 74,
we have
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Wf(a,bl,...,bn)(fvly-~-7$n) = nf(a,bl,.i.,bn)(evu-ye)
= f(a7b17"‘7bn)
= ﬁa(bl,...,bn)
= U Na y17~--7yn)
yie{bi}
i€{1,...,n}

= U na(yla“'ayn)
Yi€Xp, (€,...,€)
ie€{1,...,n}

= .(naanblv-~~,77bn)(€,...7€)
= (Mg, Mgy M, )(T1, -+, Tn),

which implies nf(a,bl,...,bn)(fa <o 76) = .(77&7 Moys - 777177,,)(67 ) 6)'
Finally, let (z1,...,2,) € (G)"\ (G"U{(e,...,e)}). This means that we consider in other
cases. Then

nf(a,bl,...,bn)(zla cenzn) = Ac}
= e, ..., 0)
== U na(y17~"7yn)
yi€{c}
i€{1,...,n}

= U 77a(3/1;--~;3/n)
yi€>\bi (zl,...,zn)
i€{1,...,n}

= .(na7nbl7'"7nbn)(zl7"'72n)'

Hence ¢ (a,b,,....60) (215, 2n) = ®(Na, Mys -+ -1, ) (21, - - -, 2n). This completes the proof
of the homomorphism property.

To prove the injectivity of ¢, let n, = m,. Then n,(e,...,e) = np(e,...,e), and
{a} = {b}. Hence a = b. The proof is actually finished. ]

Below we give a concrete example that demonstrates a representation of Menger hy-
peralgebras in a specific rank.

Example 3.7. Let H = {0,1,2} be a semihypergroup, i.e., a Menger hyperalgebra of
rank 1 with respect to the following Cayley’s table.

x| 0 1 2

0 0 {0,1} {0,2}

11{0,1} 1 {1,2}

2 {0,2} {1,2} 2
Clearly, a hyperoperation = on H satisfies x(a,b) = x(b,a) for all a,b € H. We now
illustrate that H is isomorphic to some set of a semigroup of unary hyperoperations. For
this, we consider a mapping no : H' — P*(H?!) such that 1(0) = 0x0 = 0, 79(1) = 0%1 =

0 1 2
{0,1} and no(2) = 0x2 = {0,2}. Thus ny = 0 {0,1} {0,2} and then 0 — 79 =
0 1 2 _ ) - Lo
(0 (0.1} {0, 2}> Furthermore, we consider a mapping 77 : H' — P*(H"') is defined
0 1 2
by m1(0) = {0,1}, (1) = 1 and m(2) = {1,2}. Thus 1 = <{0,1} 1 {1,2}>.

1 2

Similar to the element 1 in H, we obtain 2 — 1y = <{002} {1,2} 2

) . By Theorem
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3.6, we conclude that (H,*) = ({no, 11,12}, ) where e can be described by the following
table.

e | m m 12
Mo Mo N{o,1} 7{0,2}
m | N{o,1} m N{1,2}
m2 | Mo,2y 41,2} 2

In addition, the table for these representations is just like the original table with
elements in H, renamed by a unary hyperoperation 7.

4. CONCLUSIONS AND FUTURE WORK

In the paper we have introduced two algebraic structures of the n-ary operations and
n-ary hyperoperations which are called semiabelian. We remark here that our concepts
can be regarded as a natural similarity with others kind of n-ary operation in case of
n = 2. But the result of this paper offered a different perspective proof. For instance,
if n = 2, then semiabelian binary operations and 1-commutative binary operations [/]
are the same concepts. For the significant results, we have particularly proved that every
Menger algebra of rank n > 2 is isomorphically embeded into a Menger algebra of all
semiabelian n-ary operations defined on some set if it satisfies certain identity. In Section
3, we also attempted to extend our study from classical algebras to hypercompositional
algebras, whence, the main results of this paper are novel contributions for solving the
challenging problem of subclasses of both n-ary operations and n-ary hyperoperations.

In the future work, we would like to extend this idea to the study of commutative n-ary
operations and its many-sorted operations.

Acknowledgment. This work was supported by Chiang Mai University, Chiang Mai
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