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1. INTRODUCTION

Let K be a nonempty closed and convex subset of a normed space, F. Let T : K — K
be a map. A point z* € K is called a fized point of T if Tx* = z*. We shall denote the
set of fixed points of any map T by F(T).

Let Hy, Ho and Hj3 be real Hilbert spaces, T : H; — H; and S : Ho — Hs be nonlinear
mappings such that F(T) # 0 and F(S) # 0. Let A: Hy — Hs and B : Hy — Hj be
bounded linear maps. The split equality fized point problem (SEFPP) studied by Moudafi
[1] and a host of other authors is the following:

find 2" € F(T), y* € F(S) such that Az" = By"*.

*Corresponding author. Published by The Mathematical Association of Thailand.
Copyright © 2021 by TJM. All rights reserved.
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We shall denote the set of solutions of the SEFPP by 2. The SEFPP has applications in
several important fields such as in decomposition method for partial differential equation,
game theory, intensity modulated radiation therapy, and in many other fields (see, e.g.,
[2], [3] and the references contained in them). Consequently, the problem has attracted
the attention of several researchers, especially within the past 15 years, or so (see, e.g.,
[1-7] and the references therein). We remark here that if Hy = Hs and B = I, where
I is the identity map on Hs, then the SEFPP reduces to the split common fixed point
problem (SCFPP) introduced by Censor and Segal [8] which is known to have applications
in several real life problems (see, e.g., [9] and the references therein).

Zhao [10] introduced the following iterative algorithm for approximating a solution of
SCFPP in real Hilbert spaces where T and S are quasi-nonexpansive mappings:

zo € Hy, yo € Ha,
Tnp+1 = QpUp + (]- - an)Tuna Up = Tn — ’YnA*(Axn - Byn)a (11)
Yn+1 = Brnvn + (1 - ﬁn)Svny Up = Yn + WnB*(Axn - Byn)>

where A* and B* are adjoints of A and B, respectively, {«,} and {3, } are sequences in
(0,1), {vn} is a sequence of positive numbers satisfying appropriate conditions. Under
the assumption that (I — T') and (I — S) are demiclosed at zero, Zhao proved that the
sequence generated by (1.1) converges weakly to a solution of the SCFPP.

Chidume et al. [11], studied the following algorithm for approximating a solution of the
SEFPP in real Hilbert spaces where T" and S are demi-contractive mappings.

x1 € Hy, y1 € Ho,

Tny1 = (1 —a) (ajn — yA*(Az, — Byn)) + aS(xn — yA*(Azy, — Byn)),

Yni1 = (1 — a)(yn — yB*(Ax,, — Byn)) + ozT(yn — yB*(Ax,, — Byn)), n > 1.
(1.2)

Under the assumption that (I —7) and (I —S) are demiclosed at zero, Chidume et al. [11]
proved that the sequence generated by (1.2) converges weakly to a solution of the SEFPP.

In 2014, Wu et al. [12] studied the split equality problem (SEP) and multiple sets
split equality problems for quasi-nonexpansive multi-valued mappings. In the same year,
Chang and Agarwal [13] proved a strong convergence theorem for general split equality

problems for quasi-nonerpansive mappings. For more on iterative algorithms for solving
SEFPP in real Hilbert spaces, the reader may consult the following references: [12-16],
and the references contained in them.

It is well-known that most mathematical problems that arise in real life lie in Banach
spaces more general than Hilbert space: Hazewinkel, Series Editor, Mathematics and its
Applications, rightly stated this fact when he wrote:

“

. many, and probably most mathematical objects and models do not
naturally live in a Hilbert space” [17], pg. viii.
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In 2018, Zhaoli et al. [18], studied the split feasibility and fixed point problem in 2-
uniformly conver and 2-uniformly smooth real Banach spaces. They considered the fol-
lowing algorithm:

zn = J7 H(J1zn +yA Jo(Pg — 1) Axy,),

Yo = J7 (1 — ) J12n + 0 J1S2,),

Cn+1 = {ﬁE € Cn : ¢(x7y’ﬂ) S ¢($7£L'n), ¢($7Zn) S ¢($7£Cn)},

Tpt1 =g, 21, n>1,

(1.3)

where S is a closed quasi-¢-nonexpansive map, FPg is the metric projection of E» onto
Q, Ilc, ., is the generalized projection of z; onto Cyy1, {Bn} C [6,1), 6 > 0 and v is a
constant satisfying 0 < v < W, K > 0 is best smoothness constant of the underlying

space. They proved that the sequence generated by (1.3) converges strongly to a solution
of the SEFPP.

In 2019, Chidume et al. [19] studied an iterative algorithm for solving SEFPP for quasi-
¢-nonexpansive mappings in a 2-uniformly convex and smooth real Banach space. They
proved that the sequence generated by their algorithm converges weakly to a solution of
the SEFPP.

Remark 1.1. We note, however, that if a real normed space is 2-uniformly convex and
2-uniformly smooth, it is necessarily a real Hilbert space.

Remark 1.2. While 2-uniformly convex and smooth real Banach spaces are more general
Banach spaces than Hilbert spaces (they include, for example, [, for 1 < p < 2), they do
not include the real Banach spaces: [, for 2 < p < oo.

Motivated by Remark 1.2, it is our purpose in this paper to introduce a new iterative
algorithm for studying the SEFPP for quasi-¢-nonexpansive mappings in real Banach
spaces that will include all l,, for 1 < p < oo.

2. PRELIMINARIES

A real Banach space E is called an Opial space (see, e.g., Opial [20]) or is said to satisfy
an Opial condition if for any sequence {x,,} in F such that {x,,} converges weakly to some
z € E, the inequality

liminf ||z, — z|| < liminf ||z, — y||, (2.1)
n—oo n—oo
holds for y # x. It is well known that every real Hilbert space is an Opial spaces (see,

e.g., Opial [20]). Furthermore, I, spaces, 1 < p < oo, are Opial spaces but L, spaces
1 <p< oo, p# 2 are not.

Remark 2.1. Gosse and Lami-Dozo [21] have shown that for any normed space E, the
existence of a weakly continuous duality map implies that F is an Opial space (i.e., F
satisfies condition (2.1)) but the converse implication does not hold.

Let E be a strictly convex and smooth real Banach space. For p > 1, define J, : £ — 2F”
by

Jp(@) = {u" € B* : (w,u”) = afllu’], lu]| = [l=]P~"}.
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Jp is called the generalized duality map on E. If p = 2, J, is called the normalized duality
map and is denoted by J. In a real Hilbert space H, J is the identity map on H. It is
easy to see from the definition that

Jp(@) = le|2 0z, and  (z,Jya) = |l2]]”, Vo € .
It is well-known that if F is smooth, then J is single-valued and if FE is strictly convex, J

is one-to-one, and J is surjective if F is reflexive.

Let E be a reflexive, strictly convex and smooth real Banach space with dual space E*.
For p > 2, Chidume [22] define the following functionals: ¢, : E x E — R* by

Gp(2,y) = [l]|” = pla, Jpy) + (p = Dlyll[”; Va,y € E.
V,: Ex E* — Rt by
Vp(w,2%) i= all? — pla,a”) + (p — Dlla” |77, Va € B, 2* € B,
It is clear from these definitions that
Vp(z,2™) = op(z, L]Ijlx’k)7 Ve e E, 2" € E. (2.2)

Remark 2.2. We observe that ¢, is the Bregman distance for the strictly convex func-
tional f(z) = ||z||P, p > 1. Thus, ¢,(z,y) > 0, V z,y € E. Furthermore, it is easy to see
that ¢,(x,z) =0, V & € E. Moreover, if p = 2, we shall denote ¢2(z,y) simply as ¢(z, y),
so that

$(x,y) = ||z]|* = 2(z, Jy) + |y|*, Y,y € E. (2.3)

The functional ¢ was first introduced by Alber and has been studied extensively by many
authors (see, for example, [23], [24], [25], [26], [27], [28], [29], [30], [31], and the references
therein). It is easy to see from the definition of ¢ that, in a real Hilbert space H, equation
(2.3) reduces to ¢(z,y) = ||z — y||?, Vz,y € H.

Definition 2.3. Let C be a nonempty, closed and convex subset of a real normed space,
E. A mapping T : C — C is said to be quasi-¢-nonezpansive if F(T) # () and

o(p, Tx) < ¢p(p,x), Vpe F(T), ze€C.

Definition 2.4. A mapping T : C' — C is said to be semi-compact if for any bounded
sequence {z,} in C with z,, — Tz, — 0, there exists a subsequence {z,,} of {z,} such
that {z,,} converges strongly to some x € C.

Definition 2.5. Let E be a real normed space with dimension F > 2. The modulus of
convezity of F is the function dg : (0,2] — [0, 1] defined by

op(e) = {1 -

Let p > 1 be a real number and dg : (0,2] — [0,1] be the modulus of convexity of E.
Then a normed space FE is said to be p-uniformly convex if there exists a constant ¢ > 0
such that

U+ v

Nl = ol = 15 e = |uv||}.

O0p(€) > ceP.
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It is well known that Ly, I, and the Sobolev spaces W, (€2), 1 < p < oo, are all p-uniformly
convex and that the following estimates hold:

%62 +o(e?) > %62, 1<p<2

d1,(€) = 0, (€) = dywp () (€) = i P
-] > 5(5) p2
(see, e.g., [32, 33]).
Lemma 2.6 ([34]). Forp > 1, let E be a p-uniformly convex real Banach space. Then,
there ewists a constant ¢, > 0 such that

Az + (1= Nyll” < Ml]|” + (1 = Nyll” = cpwp(M)l|lz = I, (2.4)
for all A €[0,1], z,y € E, where wy(A) = AP(1 —X) + A(1 — A)P.

Lemma 2.7 ([34]). Let E be a p-uniformly convex real Banach space. Then, there exists
a constant d, > 0 such that for all z,y € E,

2+ yll” = [z + py, jp(2)) + dpllyl]”- (2.5)

Lemma 2.8 ([35]). Let D be a nonempty, closed and convex subset of a reflexive strictly
convex and smooth Banach space X. Then,

¢(U7HDy) + ¢(HD2/72/) < ¢(U7y)a Vu € D7 Y€ X.
Lemma 2.9 ([30]). Let E be a real reflexive, strictly convex and smooth Banach space,
A E — 2F be a mazimal monotone operator with A=*0 # 0, then for any x € E,
y € A0 and r > 0, we have

¢(y. Q'z) + o(Qr'w,x) < d(y, ),
where Q2 : E — E is defined by QAx := (J +rA)~1Jr.

Lemma 2.10. Let E be a refiexive, strictly convex and smooth real Banach space. Then,
forp>1,

Vp(u, u*) —|—p<Jp_1u* —u,v*) < Vp(u,u” +v%), Vue E, u*,v" € E*. (2.6)
Proof. We compute as follows: Using the definition of V,,, expand V,(u, u*) —i—p(Jp_lu* —
u,v*) to establishing the lemma. L]

Lemma 2.11. Let E be a refiexive, strictly convex and smooth real Banach space. Then,
forp>1,

Op (@, I (Apu + (1= A)Jpv)) < Adp(2,u) + (1 — N)dp(x,v), Va,u,v € E. (2.7)
Proof. Use the definition of ¢, and Lemma 2.6 to establish the lemma. [

Lemma 2.12. Let E be a p-uniformly convexr and smooth real Banach space with dual
space E*. Forp > 1, let J, : B — E* be the generalized duality map. Then,

— — 1
15 2 = Tyl < wplle =yl 7=, Va,y € B, (2.8)

_ (1
where K, = (—

1
p—1
c2) , for some constant co > 0.

Proof. For E, the following inequality holds:
<1‘—y,Jp1'—pr> ZC2H[‘C_y||p7 vx7y S E7 (29)

for some constant ¢y > 0. Inequality (2.8) follows from inequality (2.9), establishing the
Lemma. ]
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2.1. ANALYTICAL REPRESENTATIONS OF GENERALIZED DUALITY MAPS
IN Ly, l,, AND W}, SPACES, 1 <p < o0

Using the analytic representation of the normalized duality maps in Ly, l,, and W2,
1 < p < 0o (see e.g., Lindenstrauss and Tzafriri [32]) and the relation J,(z) = ||z||P~2J(z),
we obtain the analytical representations of generalized duality maps in these spaces as
follows:

Jz=y€ely, y= {|211P %21, |22|P 222, ...}, 2 = {21, 22, ...},
J 2=y el, y= {272,202 2,..}, z={z1,22, ..},
Jz = ||2lI7, 7 |2(s)["22(s) € Lo(G), s € G,
J 7tz = |2(s)|7%2(s) € Ly(G), s € G, and
Jz = Z (=D De(|D2(s) P2 D2(s)) € W,,(G),m > 0,5 € G,

lo|<m

3. MAIN RESULT

3.1. A WEAK CONVERGENCE THEOREM
In Theorem 3.2 below, for p > 1,

(i) E1 and Es are p-uniformly convex and uniformly smooth real Banach spaces
which satisfy Opial condition, and E3 is a smooth real Banach space, with dual
spaces, B}, E5 and E3, respectively.

(i) T: Ey — E;y and S : Ey — FE5 are quasi-¢-nonexpansive maps.

(iii) A: Ey — FE5 and B : E; — E3 are bounded linear maps with adjoints A* and
B*, respectively.

(iv) JpE, denotes the generalized duality map on E;, for i = 1,2,3; J;b}i denotes
the generalized duality map on E7, for ¢ = 1,2, 3.

Algorithm 3.1.
x1 € By, y1 € By, 2y = pEg(Axn - Byn)7

Tpi1 = Jp_El1 (andppytn + (1 — o) Jpp, Tuy,),

Up, = J;E}l (Jpp @n — YA 2,), (3.1)

yn+1 = J;Elz (aanE2vn + (1 - an)JpEQS’U/n)a

Un = Jp_Elg (JpEgyn + ’YB*Zn>a

p—1
1

where o, € (0,1) and 0 < v < —p— —p—
©.1) wp (IAI7-T +1B]7°7)

We now prove the following theorem:

Theorem 3.2. Let {(zn,yn)} be a sequence generated in Ey x Es by algorithm 3.1.
Assume that (I —T) and (I — S) are demiclosed at zero and that Q := {(z,y) € F(T) x
F(S): Ax = By} # 0. Then, {(xn,yn)} converges weakly to some (z*,y*) € Q.
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Proof. We first show that {z,} and {y,} are bounded. Let (x,y) € Q. Then, using
Lemma 2.11, we obtain

GpEy (T, Tnt1) = OpE, (T, J]DE1 (andppytun + (1 — o) Jpp, Tuy,))
< anpr, (T, un) + (1 — an)dpe, (x, Tuy)
< Gpp, (T, Up). (3.2)
Furthermore,
bpE, (T,un) = ¢pE1( o (Jpe @ — 7A 2,))
i (T, JpElxn YA zp)
< Vpp, (2, Jpg, Tn) — 117’y<JZ;El1 (Jppyn — YA 2,) — x, A*2p)

= ¢Opp, (¥, Tn) — py(Aun — Az, ). (3.3)
Substituting (3.3) in (3.2), we obtain
Gp, (T Tny1) < Gpp, (¥, 20) — py(Aun — Az, 2p). (3.4)
Following a similar argument, we obtain the following:
Gpis (Y Yn+1) < ps (Y, Yn) — pY(BY — Bon, zn). (3:5)

Adding inequalities (3.4) and (3.5), we obtain that

¢pE1 (.T, $n+1) =+ ¢pE2 (y7 yn-i-l) < ¢pE1 (Z‘, xn) + (prz (y, yn)
— py{Au, — Buy, z,). (3.6)
Using Lemma 2.12 and the fact that z, = Jpg,(Az, — By,), we compute as follows:
*p7<Aun - ana Zn> = 7p'7||Axn - Byn”p - p7<Aun - ana Zn) + p'Y(Axn - Byna Zn>
=Y Az — Byn||” + py(A(zn — un), 2n) + pY(B(Vn — Yn), Zn)

< —pyllAzn = Byall” + oy (1Al - llon = Ty, (Jpp, 20— 7A™20) |
+IBIl - llyn = Ty, (Tpmatin + 1B 2a)ll) - l1znl
_p_ N 1
< | Av, — Byl + py7 s, (4] - A% 7

B 1820757 - [zl (37)
But [ Al [ A2 |77 [[2n]| < [|A||77 || Az, — Bynl?,  and,
IBI| - (1B 2|77 |12l < 1BII7T[| Az, — Byall”.
Substituting these inequalities in inequality (3.7), we obtain:
—py{ Aty —Bon, z) < —pyl[ Az~ Bynll” + py 7T sy (4177 + [ BII7T ) [ Az — Byn .
Substituting this inequality in inequality (3.6), we obtain:
Ppby (T, Tnt1) + GpBs (Y5 Ynt1) < bpm, (2, %0) + dpi, (Y Yn)
= py|1 =77 TRy (AT + |[BII77)] | Az, — Byl
< GpE, (%, 20) + GpEs (Y, Yn)- (3.8)
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Define A, (x,y) := ¢p(z, ) + &p(y,yn). Then, from inequality (3.8), we obtain that
{An(z,y)} is convergent. This implies that {z,} and {y,} are bounded and, consequently,
{u,} and {v,} are bounded. Furthermore, ||Az,, — By,| — 0, as n — co. Hence,

1
|20 —unll = H‘]p_Ell(JpEﬂfn_’YA*Zn)_xn” < ”fp('Y”A”)p_l |Azy,— By, | — 0, as n — oo.

Similarly, ||v, — yn|| — 0, as n — cc.

Using the definition of ¢,, Lemma 2.6 and the quasi-¢-nonexpansiveness of T, we obtain

Gp(@, Tnt1) = dp(a, J;:Ell (andppyun + (1 = an)Jpp, Tun))
< ”sz _p<1‘7 an']pElun> - p(I, (1 - O‘n)JpElTun> + an||JpE1un||p
(1= )l i D7 = () [y — Ty, T
= andp(x,un) + (1 — an)pp(x, Tun) — cpwp(an) | Jpe, un — Jpm, Tun|”,
so that
Op( Tnt1) < Gp(T,un) — cpwp(an)l|JpE, un — Jpm, Tun||P.
From inequality (3.3), we obtain that:
Gp (7, Zng1) < Gp(@, Tn) =Y (Aun — Az, 2n) —cpwp(an) | JpE, Un—JpE, Tun |- (3.9)
Following a similar argument, we obtain that:
¢p(y7yn+1) < ¢p(yvyn)_P"/<By_B'UmZn>_cpwp(04n)”JpEzvn_JpElSUan~ (3~10)

Adding (3.9) and (3.10), and using the fact that Az = By, and the condition on v, we
obtain that

An+l('r7 y) < An(xa ?J) - prp(an) |:HJpE1un - JpElTuan

+ [ JpEavn — JpElsun”p] (3.11)
Since lim A, (zx,y) exists, it follows from inequality (3.11) that:
n—oo
lim || Jpp tn — Jp, Tupl| =0 and  lim ||J,p,0n — JpE, Svn| = 0.

By the uniform continuity of Jp_El1 and Jp_El2 on bounded sets, we obtain that |lu, —
Tuy| — 0 and ||v, — Sv,|| — 0, as n — oo. Since {z,} and {y,} are bounded, there
exist 71 > 0 and 7o > 0 such that {z,} C B1(0,71) := {u € E; : |lu|| < r1} and
{yn} C B2(0,73) := {v € Ey : ||v|| < r1}. Furthermore, there exist subsequences {z,, }
and {yn, } of {x,,} and {y,} respectively such that z,,, — z* and y,, — y*, as k — oo,
for some z* € By, y* € Ba. Since ||z, —u,| — 0 and ||y, —vn|| — 0, as n — oo, we have,
in particular, that u,, — z* and v,, — y*, as k — oo. By demi-closedness of (I — T
and (I —S), we obtain that z* € F(T') and y* € F(S). Furthermore, by the weak lower
semi-continuity of the norm, we obtain that:

0= lim ||Az,, — By,| = liminf ||Az,, — By,|| > ||Az* — By*||,
n—roo n—oo

which implies that Az* = By*. Hence, (z*,y*) € Q.
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Let {xn,} be an arbitrary subsequence of {z,} such that z,, = ¢ € E1, as j — oo. We
claim ¢ = x*. Suppose this claim is false. Then g # z*. Since F; satisfies Opial condition,
we have:

liminf ||z, — z*| < liminf ||z, — ¢|| < liminf ||z, — 2*],
n—oo n—oo n—r00

and this contradiction yields that ¢ = «*. Hence, {z,} has a unique weak cluster point
and so x,, — z*. A similar argument yields that y, — y*. The proof of the theorem is
complete. -

3.2. A STRONG CONVERGENCE THEOREM

In Theorem 3.4 below, for p > 1,

(i) Eq and Ey are p-uniformly convex and uniformly smooth real Banach spaces
which satisfy Opial condition, and FE3 is a smooth real Banach space, with dual
spaces, B, E5 and E3, respectively.

(ii) T: By — Eq and S : E5 — E5 are quasi-¢-nonexpansive maps.

(iii) A: Ey — FE5 and B : E3 — E3 are bounded linear maps with adjoints A* and
B*, respectively.

(iv) Jpp, denotes the generalized duality map on E;, for i = 1,2,3; Jp_bli denotes
the generalized duality map on E7, for 1 =1,2,3.

Algorithm 3.3.
z1 € Bv, y1 € Ba, 2, = Jpp, (Azy, — Byn),
Tntl = J;b}l (aanElun +(1- an)JpElTun),
Uy, = J;él (JpElxn — 7A*zn), (3.12)
Ynt1 = J,,_Elz (oszpEzvn +(1- an)JpEZSun),
Vp = Jp_El2 (JPEQyn + ’yB*zn),

p—1
1

where a;, € (0,1) and 0 < v < —— ——
wp (ILAIP=T +1| B P-T )

We now prove the following theorem:

Theorem 3.4. Let {(x,,yn)} be a sequence generated in Ey X Eo by algorithm (3.3).
Assume that T and S are semi-compact and, (I —T) and (I —S) are demiclosed at zero
and that Q = {(z,y) € F(T) x F(S) : Ax = By} # 0. Then, {(zn,yn)} converges
strongly to some (z*,y*) € Q.

Proof. Following the same argument as in the proof of Theorem 3.2, we obtain that:

lim ||u, — 2] =0= lim |jv, —yn|| and (3.13)
n—o0 n—0o00
lim ||uy, — Tup| =0= lim |v, — Sv,]. (3.14)
n— 00 n—oo

Thus, u, — z* and v, — y*. By semi-compactness of 7" and S, there exist subsequences
{tn, } of {u,} and {vy,} of {v,} such that u,, — * and v,; — y*, as j — oco. Let {uy, }
be any other subsequence of {u,, } such that w,, — ¢, asi — oo. Let w := lim inf(é(q, un)—
n—oo
(™, un)).
O(q,un) — Pa*,up) = 2(x* — q, Jun) + gl — [J2*] . (3.15)
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Since un, —+ ¢, as i — oo and u,; — x*, as j — oo, from (3.15) we have
w=2(z" —q, Ja*) + [lqlf* — [|2*|?

and
w=2(z" —q,Jq) +[lgl* — [|2"|*.

Thus, (z* — ¢q,Jz* — Jg) = 0. This implies that * = ¢, since J is strictly monotone.
Therefore, {u,} converges strongly to z*. Hence, from (3.13), {z,} converges strongly
to z*. Following a similar argument, we obtain that {y,} converges strongly to y*. This
completes the proof. n

3.3. COROLLARIES
The setting for Corollary 3.6 is as follows:

(i) B1 = Ly,, and Ey = Ly, p1,p2 € [2,00), and E3 is a smooth real Banach
space;

(ii) T: By — Eq and S : E5 — E5 are quasi-¢-nonexpansive maps;

(iii) A: Ey — E3 and B : E5 — Ej3 are bounded linear maps with adjoints A* and
B*, respectively;

(iv) Jp,, Jp, and Jp, are the generalized duality maps on Ey, Es and Es, respec-
tively.

Algorithm 3.5.
1‘1 e E17 yl 6 E27 Zn = Jpg(Amn - Byn)?
xn_;'_l = Jp_11 (aJplun + (1 - (X)JplTun),

Un = Jy  (Jpan — A% 2), (3.16)
Yns1 = S, (@Tpyvn + (1 — @) Jp, Suy),
Uy = Jp_21 (men + ’yB*zn),
p—1
where @ € (0,1) and 0 < v < 1 . We now deduce the following

_D _D
wp (AN 7T+ B 7-T)
corollary:

Corollary 3.6. Let {(zn,yn)} be a sequence generated in E; X Es by algorithm 3.5.
Assume that (I —T) and (I — S) are demi-closed at zero and that Q := {(z,y) € F(T) x
F(S): Az + By} # 0. Then, {(xn,yn)} converges weakly to some (z*,y*) € Q.

The setting for Corollary 3.8 is as follows:

(i) B1 =Ly, and By = L, p1,p2 € (1,2], and Ej is a smooth real Banach space;
(ii) T: By — Ey and S : E5 — E5 are quasi-¢-nonexpansive maps;

(iii) A: Ey — FE5 and B : E3 — E3 are bounded linear maps with adjoints A* and
B*, respectively;

(iv) Jp,, Jp, and Jp, are the generalized duality maps on Ey, Es and Es, respec-
tively.
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Algorithm 3.7.
xr1 € E1, Y1 € EQ, Zn = Jg,(A{,Cn — Byn),
Tpa1 = Jl_l(aJlun +(1- a)JlTun),
up, = J; (S — vA 2,), (3.17)
Ynt1 = Jy (adav, + (1 — @) J2Suy,),
Uy = ng(ngn + WB*zn),

where o € (0,1) and 0 < 7y < [ )} . We now deduce the following corollary:

- r
ra (llAI2+]1 B2
Corollary 3.8. Let {(zn,yn)} be a sequence generated in Ey x Ey by algorithm 3.7.
Assume that (I —T) and (I —S) are demi-closed at zero and that Q := {(z,y) € F(T) x
F(S): Az + By} # 0. Then, {(xn,yn)} converges weakly to some (z*,y*) € Q.

Remark 3.9. The condition on v involves the norms, ||A||, || B|| of A and B, respectively.
This is not a drawback on implementing the algorithm because, for applying the algorithm,
one does not need to compute these norms. The norms can be replaced with two
constants associated with the maps A and B, as follows. To assert that A is a bounded
linear map, one has to show that:

[Az|| < K|z, V& € E,

and some constant K > 0. This constant K > 0 which is an upper bound for ||A]|
is generally fairly easy to obtain (since it is not unique) for any bounded linear map.
Similarly, to assert that B is a bounded linear map, one has to show that:

|Bx| < L|z||, Vz € E,

and some constant L > 0. Again, this constant L > 0 is an upper bound for ||B]| and
is generally fairly easy to obtain for any bounded linear map. It is easy to see from the
proof of Theorem 3.2 that the condition

1 p-1
kp ([ A 7=T + ||B|7-T)

can be replaced with the condition

1 p-l
0<’Y< |: P D :| )
kp(K7-T + L7-T)

where K and L are easily obtained.

4. APPLICATIONS

In this section, we shall present some applications of Theorem 3.2. In the sequel, we
assume that Hy, Ho, and Hj are real Hilbert spaces, C' and ) are nonempty, closed and
convex subsets of Hy and Hs, respectively, and A : H; — Hj3, B : Ho — Hj3 are bounded
linear mappings.
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4.1. SpLiT EQUALITY PROBLEM (SEP)
The split equality problem (SEP) is to
find x € C, y € @ such that Az = By.

Several iterative algorithms have been proposed to approximate solutions of SEP in
real Hilbert spaces and in Banach spaces more general than Hilbert spaces (see, e.g.,

[19, 37, 38]).

We shall apply Theorem 3.2 to approximate a solution of the SEP in Banach spaces more
general than Hilbert spaces.

In Theorem 4.2 below, for p > 1,

(i) E1 and E5 are p-uniformly convex and uniformly smooth real Banach spaces
which satisfy Opial condition, and E3 is a smooth real Banach space, with dual
spaces, B}, E5 and E3, respectively.

(i) T: Ey — Ey and S : E5 — FE5 are quasi-¢-nonexpansive maps.

(iii) A: Ey — FE5 and B : E; — E3 are bounded linear maps with adjoints A* and
B*, respectively.

(iv) Jpg, denotes the generalized duality map on E;, for i = 1,2,3; J;b}i denotes
the generalized duality map on EY, for ¢ = 1,2, 3.

Algorithm 4.1.
x1 € Ev, y1 € Ea, 2z, = Jpp, (Az, — Byy),
Tpt1 = Jp_El1 (aanElun +(1- ozn)JpEll_[Cun),
Up = J;él (Jp,@n — YA 2,), (4.1)
Uni1 = Jop, (anTpmatn + (1 — ) Jpp, qun),
v = g, (JpBatn + 7B ),

p—1
1

_P _P
wp (J1AI P~ 4B P-T)

where a,, € (0,1) and 0 < v <

We now prove the following theorem:

Theorem 4.2. Let {(z,,yn)} be a sequence generated in Ey x Es by algorithm 4.1.
Assume that Q := {(z,y) € C x Q : Az = By} # 0. Then, {(zy,yn)} converges weakly
to some (xz*,y*) € Q.

Proof. Set T =1I¢ and S =1lg. Clearly, F(T) = C and F(S) = Q are nonempty. Thus,
using Lemma 2.8 it is easy to see that T and S are quasi-¢-nonexpansive. Hence, the
conclusion follows from Theorem 3.2. n

4.2. SPLIT EQUALITY VARIATIONAL INCLUSION PROBLEM (SEVIP)

Let M : Hy — 271 and N : Hy, — 2¥2 be maximal monotone mappings. The split
equality variational inclusion problem (SEVIP) is:

finding * € M~1(0), y € N~1(0) such that Az = By,
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where M~1(0) = {x € H; : 0 € M(2)} and N~1(0) = {z € Hy : 0 € N(z)} are called
the set of zeros of M and IV, respectively. We shall apply Theorem 3.2 to approximate a
solution of a SEVIP in certain Banach spaces. Theorem 4.4 below improves the results
in [39] and [19].

In Theorem 4.4 below, for p > 1,

(i) Eq and Ep are p-uniformly convex and uniformly smooth real Banach spaces
which satisfy Opial condition, and E3 is a smooth real Banach space, with dual
spaces, B, I3 and E3, respectively.

(ii) T : By — E7 and S : B3 — F5 are quasi-¢-nonexpansive maps.

(iii) A: Ey — E3 and B : E5 — E3 are bounded linear maps with adjoints A* and
B*, respectively.

(iv) Jpp, denotes the generalized duality map on E;, for i = 1,2,3; Jp_Eli denotes
the generalized duality map on EJ, for i = 1,2, 3.

Algorithm 4.3.
x1 € Ev, y1 € Ba, 2p = Jpp, (A2 — Byn),
Tpy1 = Jp_El1 (o dppytn + (1 = an)Jps, QM uy),
Uy = JP_E}1 (JpElxn - ’yA*zn), (4.2)
Ynil = J];E12 (nJpEavn + (1 — o) Jp, QN vy,
Un = Jog, (JpmsYn + VB 2n),
where QM = (Jpp, +rM) e, and QY = (Jpyp, +rN)  Jpg,, r > 0, a,, € (0,1) and

p—1
1

_D _D
rp (1A P=T +]|BI|P-T)

0<y<

We now prove the following theorem:

Theorem 4.4. Let {(z,,yn)} be a sequence generated in FEy x Es by algorithm 4.3.
Assume that Q = {(z,y) € M~Y(0) x N=20) : Az = By} # 0. Then, {(zn,yn)}
converges weakly to some (x*,y*) € Q.

Proof. Set T = QM and S = ny Clearly, F(T) = C and F(S) = @ are nonempty.
Thus, using Lemma 2.9, it is easy to see that T" and S are quasi-¢-nonexpansive. Hence,
the conclusion follows from Theorem 3.2. n

5. NUMERICAL ILLUSTRATIONS

In this section, we give numerical examples to illustrate the convergence of sequences
generated by our algorithm.

Example 5.1.

In Theorem 3.4, set By =R, E5 =R? and E3 =R?. Let A: E; — Es and B: By — Fj4
be defined by
T T
Ax = (535)3 B(l’,y) = (£L'+2y,y)7
respectively. Then,

A" (u,v) = -+ and  B*(u,v) = (u,2u + v).

wl <

u
2
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Let T: Ey — Fy and S : E5 — E5 be defined by
Tz = % and  S(u,v) := (u,v).

It is easy to verify that T and S are quasi-¢-nonexpansive and, (I — T) and (I — S)
are demiclosed at zero. Furthermore, since 0 € Q, Q # (. In algorithm 3.3, we take
1

v=0.3, a, = g1z s our parameters. Clearly, these parameters satisfy the hypothesis

of Theorem 3.4. Using a tolerance 10~® and setting maximum number of iterations
n = 100, we obtain the following iterates:

TABLE 1. Numerical results of Example 5.1

Table of values choosing 1 = —3 and y; = (2, —2)7
Algorithm 3.3

S lyn+1 — ynll
1 1.0156 3.1784
20 9.36E-4 0.0475
40 2.14E-4 0.0164
60 7.41E-5 5.69E-3
80 2.56E-5 1.97E-3
99 9.37E-6 7.19E-4

TABLE 2. Numerical results of Example 5.1

Table of values choosing x1 = 1.25 and y1 = (0.5, 2.15)T
Algorithm 3.3

n o [Znt1 — Tnl lyn+1 — ynll
1 0.0309 4.3415
20 4.61E-4 6.89E-3
40 2.68E-5 2.04E-3
60 9.22E-6 7.07E-4
80 3.19E-6 2.45E-4
99 1.16E-6 8.94E-5
1.2
—— Algorithm 3.3 —— Algorithm 3.3
1.4
1.04
124
10 0.8

[Xn+1 = Xn|
|Xn+1 = Xn|
)

o

o
IS

=3
)

0.4 4
0l M "
0.0 T T T

0 20 40 60 80 100 0 20 40 60 80 100

o
=)

Number of iterations Number of iterations
(A) Graph of the first 99 iterates of (B) Graph of the first 99 iterates of
Algorithm 3.3 choosing 1 = —3 Algorithm 3.3 choosing 1 = 1.25

FIGURE 1. Graph of the iterates of {z,,} generated by Algorithm 3.3
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=
N

—— Algorithm 3.3 —— Algorithm 3.3
1.4
1.04
124
10 0.8
3 3
L 08 L o6
¥ ¥
< <
=06 =
0.4
0.4 4
0.2
0.2
0.0

o
=)

0 20 40 60 80 100 0 20 40 60 80 100
Number of iterations Number of iterations
(A) Graph of the first 99 iterates of (B) Graph of the first 99 iter-
Algorithm 3.3 choosing y1 = (2,- ates of Algorithm 3.3 choosing
9T (0.5,2.15)T

FIGURE 2. Graph of the iterates of {y,} generated by Algorithm 3.3

Example 5.2.

In Theorems and 3.2, set Fy = Fy = E5 = L3([0,1]). Let A: Ey — E3 and B: E3 — Ej
be defined by

(Az)(t) = 2z(t), and (Bz)(t)=x(t), then A*=A and B*=B.
Let T: Ey — Fy and S : E5 — E5 be defined by
t
= w and

It is easy to verify that T and S are quasi-¢-nonexpansive and, (I —7T) and (I — 5)
are demiclosed at zero. Furthermore, since 0 € Q, Q # 0. In algorithm 3.3 v = 0.01,
1

Qn = Gz S our parameters. Clearly, these parameters satisfy the hypothesis of

Theorems . Using a tolerance 10~® and setting maximum number of iterations n = 10,
we obtain the following iterates:

TABLE 3. Numerical results of Example 5.2

Table of values choosing x1(t) = e’ and y;(t) = sint
Algorithm 3.3

n o [zng1 — an] [yn+1 — ynll
1 1.608 0.9811
2 0.3116 0.3132
3 0.0196 0.2127
4 0.0123 0.0805
5 4.78E-3 0.0256
6 1.46E-3 7.78E-3
7 4.22E-4 2.33E-3
8 1.21E-4 7.03E-3
9 3.55E-5 2.12E-4
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TABLE 4. Numerical results of Example 5.2

Table of values choosing x1(t) = ¢ + cost and 1 (t) = 2t
Algorithm 3.3

n o [Tnp1 — Tnl MYnt1 — yall
1 1.1701 1.3055
2 0.2916 0.4081
3 0.0449 0.1607
4 0.019 0.0562
5 3.42E-3 0.0176
6 1.01E-3 5.33E-3
7 2.89E-4 1.59E-3
8 8.33E-4 4.81E-4
9 2.42E-5 1.45E-4
161 —— Algorithm 3.3 121 —— Algorithm 3.3
14 10
124
038
% 109 5
1 1
708 7 0.6
"o B 04
0.4
0.2
02
0.0 0.0
0 2 4 6 8 0 2 4 6 8
Number of iterations Number of iterations
(A) Graph of the first 9 iterates of (B) Graph of the first 9 iterates of
Algorithm 3.3 choosing 1 = et Algorithm 3.3 choosing z1 = t +
cost
FIGURE 3. Graph of the iterates of {z,,} generated by Algorithm 3.3
164 —— Algorithm 3.3 121 —— Algorithm 3.3
14 .
124
0.8
T 101 I
I: 0.8 I: 0.6 1
= 06 = 04
0.4
02
0.2
0.0 0.0
0 2 4 6 8 0 2 4 6 8
Number of iterations Number of iterations
(A) Graph of the first 9 iterates of (B) Graph of the first 9 iterates of
Algorithm 3.3 choosing y; = sint Algorithm 3.3 choosing y1 = 2t

FIGURE 4. Graph of the iterates of {y,} generated by Algorithm 3.3
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Observations. From the numerical illustrations presented in Examples 5.1 and 5.2 (see
Tables 1, 2, 3 and 4 and Figures 1, 2, 3 and 4) we observe that the sequence {z,}
approaches the solution faster than {y,} and the performance of our proposed algorithm
is relatively the same as we vary the starting points.

6. CONCLUSION

This paper presents a new iterative algorithm for solving SEFPP for quasi-¢-nonexpan-
sive mappings in real Banach spaces that will include all I, for 1 < p < co. Weak con-
vergence of the sequence generated by the algorithm is proved and strong convergence is
proved under the assumption that the operators are semi-compact. Furthermore, appli-
cations of the theorem to split equality problem and split variational inclusion problem
are also presented. Finally, numerical implementation of the algorithm is presented.
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