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Abstract In this paper, we prove strong and ∆−convergence theorem for monotone nonexpansive

mapping in a partially ordered hyperbolic metric space using Mann iteration scheme. Moreover, we give

an numerical example to illustrate the main result in this paper.
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1. Introduction

Banach contraction principle is one of the most utilized result ever proved in nonlinear
analysis. It’s applications are enormous to different field of mathematics. Recently, Ran
and Reuring [1] and Nieto and Rodriguez-Löpez [2] extended the Banach contraction
principle in partially ordered metric space. Ran and Reuring [1] applied their results
to prove the solution of matrix equations while Nieto and Rodriguez-Löpez [2] utilized
that result to prove the existence of solution of differential equations. After the three
basic discovery due to Browder [3, 4], Göhde [5] and Kirk [6], the fixed point theory of
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nonexpansive mapping has been attracting a number of researchers. Due to rich geometric
and convex structure, Banach space provide a natural platform to study the existence and
approximating results for nonexpansive mapping. The results given by Browder [3, 4],
Göhde [5], Kirk [6], Edelstin [7], Mann [8], Ishikawa [9] and Halpern [10] are of central
attraction.

It is always a challenge to extend the results of linear spaces (like Banach space or
Hilbert space) to nonlinear spaces (like metric spaces and topological vector spaces). There
are many hurdles in proving the existence and approximation the fixed point result due
to absence of linear and convex structure in metric spaces. To overcome this problem,
Takahasi [11] introduced the concept of convex metric spaces and proved some fixed point
theorems for nonexpansive mappings. Reich and Shafrir [12] introduced the hyperbolic
metric spaces and proved some convergence theorems for Mann iteration while Kohlenbach
[13] gave another approach for the same. Recently, Dehaish and Khamsi [14] proved
Browder fixed point theorem for a monotone nonexpansive mapping in a partial order
Banach space. Buthania and Khamsi also studied the convergence behavior of Mann
iteration scheme for monotone nonexpansive mappings in Banach spaces. In 2016, Song et
al. [15] proved convergence theorem for Mann iteration under some different conditions in
respect of monotone nonexpansive mapping in a partially ordered Banach space.

In this paper, we study the convergence behaviour of Mann iteration in hyperbolic
spaces for monotone nonexpansive mapping. Our results generalize and improve the results
of Dehaish and Khamsi [14] and Song et al. [15]. Moreover, we give an numerical example
to illustrate the main result in this paper.

2. Preliminaries

To make our paper self contained, we collect some needed results and definitions. Let
(X, d,≤) be a metric space with partial order. Let T : K → K be a map preserve monotone
order if x ≤ y ⇒ T (x) ≤ T (y), for any x, y ∈ X. A point x ∈ X is said to be a fixed point
of T whenever Tx = x. The set of fixed point of T is denoted by F (T ). T is said to be
monotone nonexpansive if T is monotone and d(Tx, Ty) ≤ d(x, y) for any x, y ∈ X such
that x and y are comparable (x ≤ y or y ≤ x). Let (X, d) be a metric space. Suppose
there exist a family F of metric segments such that any two points x, y in X are endpoints
of a unique metric segment [x, y] ∈ F([x, y]) is an isometric image of the real line interval
[0, d(x, y)]. We shall denote z by βx⊕ (1− β)y the unique point of [x, y], which satisfies
d(x, z) = (1− β)d(x, y) and d(z, y) = βd(x, y), where β ∈ [0, 1]. Such metric space with a
family F of metric segments are usually called convex metric space. Moreover, if we have

d(αp⊕ (1− α)x, αq ⊕ (1− α)y) ≤ αd(p, q) + (1− α)d(x, y),

for all p, q, x, y in X and α ∈ [0, 1], then X is said to be a hyperbolic metric space. Linear
example of hyperbolic metric space is normed linear space. Hadmard manifolds, the Hilbert
open unit ball equipped with the hyperbolic metric and the CAT(0) spaces are example
of nonlinear hyperbolic metric space (e.g. Kumam [16], [17], Pakkaranang [18], [19] and
Thounthong [20]). The fixed point theory in nonlinear domain is rapidly growing (e.g.
Kirk [21], Shukla et al. [22], Reich and Shafrir [12], Uddin et al. [23] etc).
Hyperbolic metric space endowed with partial order is called partially ordered hyperbolic
metric spaces. In this paper, we will assume that order interval are convex and closed.
Recall that an order interval is any of the subset [a,→) = {x ∈ X; a ≤ x} and (←, b] =
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{x ∈ X;x ≤ b}, for any a, b ∈ X.
The following notion of a uniformly convex hyperbolic metric space is

Definition 2.1. Let (X, d) be a hyperbolic metric space. We say that X is uniformly
convex if for any a ∈ X, for every r > 0, and for each ε > 0

δ(r, ε) = inf

{
1− 1

r
d

(
1

2
x⊕ 1

2
y, a

)
; d(x, a) ≤ r, d(y, a) ≤ r, d(x, y) ≥ rε

}
> 0.

In 1976, Lim [24] introduced the concept of ∆−convergence in metric spaces.

Definition 2.2. A bounded sequence {xn} in X is said to ∆−converge to x ∈ X if x is
the unique asymptotic center of every subsequence {un} of {xn}. We write xn ⇁ x ({xn}
∆−converges to x).

Lemma 2.3 ([25, 26]). Let K be a nonempty, closed and convex subset of complete
uniformly convex hyperbolic metric space X. Then every bounded sequence {xn} ∈ X has
a unique asymptotic center with respect to K.

Lemma 2.4 ([27]). Let X be a uniformly convex hyperbolic space. Let R ∈ [0,∞) be such
that lim sup

n→∞
d(xn, a) ≤ R, lim sup

n→∞
d(yn, a) ≤ R and lim

n→∞
d(a, αnxn ⊕ (1− αn)yn) = R

where αn ∈ [a, b], with 0 < a ≤ b < 1. Then we have, lim
n→∞

d(xn, yn) = 0.

Now, we present Mann iteration [8] in the setting of hyperbolic metric space is defined
by {

x1 ∈ K,
xn+1 = βnxn ⊕ (1− βn)Txn,

(2.1)

for each n ≥ 1, where βn ∈ (0, 1).

In this paper, we prove some strong and ∆−convergence for iteration scheme (2.1) in
the setting of hyperbolic metric spaces.

3.∆-Convergence and Strong Convergence Theorems

Let us start with following useful lemma.

Lemma 3.1. Let K be a nonempty, closed and convex subset of a partially ordered
hyperbolic metric space X and T : K → K be a monotone nonexpansive mapping. If {xn}
is a sequence defined by (2.1) such that x1 ≤ T (x1) (or T (x1) ≤ x1). Then,
(i) xn ≤ xn+1 ≤ T (xn) (or T (xn) ≤ xn+1 ≤ xn);
(ii) xn ≤ p (or p ≤ xn), provided {xn} ∆−converge to a point p ∈ K for all n ∈ N.

Proof. We shall use induction method to prove this result. Since by assumption we have
x1 ≤ T (x1). By the convexity of order interval [x1, T (x1)] and by (2.1), we have

x1 ≤ x2 ≤ Tx1.
Thus, the result is true for n = 1. Now suppose that the result is true for n, that is,

xn ≤ xn+1 ≤ Txn.
Since xn ≤ xn+1, by monotonicity of T , we get

Txn ≤ Txn+1.
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Which implies

xn+1 ≤ Txn+1.

Now, by convexity of ordered interval [xn+1, Txn+1],
we get

xn+1 ≤ xn+2 ≤ Txn+1.

By induction, we get first result, that is

xn ≤ xn+1 ≤ Txn.

Suppose p is a ∆−limit of {xn}. As the sequence {xn} is monotone increasing and the
order interval [xm,→) is closed and convex. We claim that p ∈ [xm,→) for a fixed m ∈ N.
If p 6∈ [xm →), then the asymptotic center of subsequence {xr} of {xn} defined by leaving
first m− 1 terms of sequence {xn} will not equal to p which is a contradiction as p is a
∆−limit of {xn}. This completes the proof.

Lemma 3.2. Let K be a nonempty, closed and convex subset of a uniformly convex
partially ordered hyperbolic metric space X and let T : K → K be a monotone nonexpansive
mapping with F (T ) 6= φ. Assume that the sequence {xn} is defined by (2.1) and x1 ≤ Tx1
(or Tx1 ≤ x1). If p ≤ x1 (or x1 ≤ p) for some p ∈ F (T ), then

lim
n→∞

d(xn, Txn) = 0.

Proof. It follows from the Lemma 3.1, that p ≤ x1 ≤ xn
by monotonicity

Tp ≤ Txn.

For any p ∈ F (T )

d(xn+1, p) = d(βnxn ⊕ (1− βn)Txn, p)

≤ βnd(xn, p) + (1− βn)d(Txn, Tp)

≤ d(xn, p)

which implies that {d(xn, p)} is a decreasing and bounded below sequence of real numbers.
Hence, lim

n→∞
d(xn, p) exist. Let lim

n→∞
d(xn, p) = c. As d(Txn, p) ≤ d(xn, p) therefore

lim sup
n→∞

d(Txn, p) ≤ c. Also, lim
n→∞

d(βnxn⊕ (1− βn)Txn, p) = lim
n→∞

d(xn+1, p) = c. In view

of Lemma 2.4, lim
n→∞

d(xn, Txn) = 0.

Theorem 3.3. Let K be a nonempty, closed and convex subset of a complete uniformly
convex partially ordered hyperbolic metric space X and let T : K → K be a monotone
nonexpansive mapping with F (T ) 6= φ. If sequence {xn} is defined by (2.1) with x1 ≤ Tx1
(or Tx1 ≤ x1). If p ≤ x1 (or x1 ≤ p) for some p ∈ F (T ), then {xn} ∆− converges to a
fixed point x∗ of T .

Proof. From Lemma 3.2 lim
n→∞

d(xn, p) exist for each p ∈ F (T ), so that the sequence is

bounded and lim
n→∞

d(xn, Txn) = 0.

By Lemma 2.3, {xn} have unique asymptotic center.
Let A(xn) = x∗ and {un} is any subsequence of {xn} such that A(un) = u. Now claim
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x∗ = u.
On contrary, suppose that x∗ 6= u. Now

lim sup
n→∞

d(un, u) < lim sup
n→∞

d(un, x
∗)

≤ lim sup
n→∞

d(xn, x
∗)

< lim sup
n→∞

d(xn, u)

= lim sup
n→∞

d(un, u)

which is a contradiction and hence ∆− lim
n→∞

xn = x∗.

Now, we claim that x∗ ∈ F (T ). As x∗ ≤ xn ⇒ Tx∗ ≤ Txn

lim sup
n→∞

d(Tx∗, xn) ≤ lim sup
n→∞

d(Tx∗, Txn) + lim sup
n→∞

d(Txn, xn)

≤ lim sup
n→∞

d(x∗, xn).

Since ∆− lim
n→∞

xn = x∗

lim sup
n→∞

d(x∗, xn) < lim sup
n→∞

d(Tx∗, xn).

Thus, we have Tx∗ = x∗.

Theorem 3.4. Let K be a nonempty and closed convex subset of a complete uniformly
convex partially ordered hyperbolic metric space X and T : K → K be a monotone
nonexpansive mapping with F (T ) 6= φ. If sequence {xn} is defined by (2.1) with x1 ≤ Tx1
(or Tx1 ≤ x1). If p ≤ x1 (or x1 ≤ p) for some p ∈ F (T ), then {xn} converges to a fixed
point of T iff lim inf

n→∞
d(xn, F (T )) = 0.

Proof. It is easy to see that if {xn} converges to a point x ∈ F (T ) then lim inf
n→∞

d(xn, F (T )) =

0.
For converse part, suppose that lim inf

n→∞
d(xn, F (T )) = 0 From Lemma 3.2, for any p ∈ F (T ),

we have

inf
p∈F (T )

d(xn+1, p) ≤ inf
p∈F (T )

d(xn, p)

so that

d(xn+1, F (T )) ≤ d(xn, F (T )).

Hence, lim
n→∞

d(xn, F (T )) exist. As lim inf
n→∞

d(xn, F (T )) = 0, we get lim
n→∞

d(xn, F (T )) = 0.

Now, we show that {xn} is a Cauchy sequence in K. Let ε > 0 be arbitrary chosen that
there exist n0 ∈ N such that

d(xn, F (T )) <
ε

4
.

In particular

inf{d(xn0 , p) : p ∈ F (T )} < ε

4
then there must exist a p ∈ F (T ) such that

d(xn0
, p) <

ε

2
.
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Now, for m,n ≥ n0, we have

d(xm+n,xn
) ≤ d(xn+m,p) + d(p, xn)

< 2
ε

2
= ε.

Hence, {xn} is a Cauchy sequence in closed subset K of X therefore it must converge to a
point of K.
Let lim

n→∞
xn = q. Now

d(q, T q) ≤ d(q, xn) + d(xn, Txn) + d(Txn, T q)

≤ d(q, xn) + d(xn, Txn) + d(xn, q)

→ 0 as n→∞.
Thus, Tq = q.

Example 3.5. Let T : [−2, 2]→ [−2, 2] be a mapping defined by

Tx =
x

5

for any x ∈ [−2, 2].
Now, we will show that T is a monotone nonexpensive mapping.
First, we prove that T is a monotone mapping. We divide the proof into two cases.
Case1 x ≤ y, let x = −2 and y ∈ [−2, 2] then Tx = −2

5 ≤
y
5 = Ty for all y ∈ [−2, 2]

Case2 y ≤ x, let y = −2 and x ∈ [−2, 2] then Ty = −2
5 ≤

x
5 = Ty for all x ∈ [−2, 2]

then T is a monotone mapping.
Second, We prove that T is a nonexpansive mapping.

d(Tx, Ty) = |Tx− Ty| =
∣∣∣x
5
− y

5

∣∣∣ =
1

5
|x− y| ≤ |x− y| = d(x, y)

then T is a nonexpansive mapping. Hence, T is a monotone nonexpansive mapping. Also
0 is a fixed point of T . Define the sequence {βn} = n

5n+1 the following table shows the
numerical example for convergence theorem.

Figure 1. The numerical solution for βn = n
5n+1 , x0 = 2 and x0 = −2
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Table 1. The convergent step of {xn} for Example 3.5 with {βn} = n
5n+1

Number of iterations
Sequence value of Mann’s iterations
x0 = 2 x0 = −2

1 2.000000 -2.000000
5 1.067178 -1.067178
10 0.458736 -0.458736
15 0.194904 -0.194904
20 0.082424 -0.082424
25 0.034768 -0.034768
30 0.014643 -0.014643
35 0.006160 -0.006160
40 0.002589 -0.002589
45 0.001087 -0.001087
50 0.000456 -0.000456
55 0.000191 -0.000191
60 0.000080 -0.000080
65 0.000033 -0.000033
70 0.000014 -0.000014
75 0.000005 -0.000005
80 0.000002 -0.000002

4. Conclusion

In this article, we proved strong and ∆-convergence theorems for monotone nonexpansive
mapping in ordered hyperbolic metric space. In part of numerical example, we gave a
example of monotone nonexpansive such the sequence defined by Mann iterative scheme to
show the convergent behavior, we saw that behavior of two initial sequences are monotone
to the fixed point of its.
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