Thai Journal of Mathematics
Volume 19 Number 4 (2021)
Pages 1555-1564

http://thaijmath.in.cmu.ac.th
ISSN 1686-0209

Some Fixed Point Theorems in Generalized Complex
Valued Metric Spaces

Warinsinee Chantakun* and Issara Inchan

Department of Mathematics, Faculty of Science and Technology, Uttaradit Rajabhat University
Uttaradit 563000, Thailand
e-mail : warinsinee@hotmail.com (W. Chantakun); peissara@uru.ac.th (I. Inchan)
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1. INTRODUCTION

The axiomatic development of a metric space was essentially carried out by Frence
mathematician Freehen in the year 1960. Recently, the Banach fixed point theorem in
a complex valued metric space introduced by Banach [1], has been generalized in many
space. In 2011 Azam [2], introduced the notrun of complex valued metric space and estab-
lished sufficient conditions for the existence of common fixed point of a pair of mappings
satisfying a contractive condition. In 2012, Sintunavarat and Kumam [3] introduced new
spaces called the complex valued metric spaces and established the existence of fixed point
theorems under the contraction condition. One year later, Sintunavarat, Cho and Ku-
mam, [4] established the existence of fixed point theorems under the contraction condition
in complex valued metric spaces, they introduce the concepts of a C-Cauchy sequence and
C-complete in complex-valued metric spaces and establish the existence of common fixed
point theorems in C-complete complex-valued metric spaces.

In 2015, Jleli and Samet [5] introduced a very interesting concept of a generalized met-
ric space, which covers different well-known metric structures including classical metric
spaces, b-metric spaces, dislocated metric spaces, modular spaces, and so on. In 2016,
Kumam, Sarwar, and Zada [0] to establish fixed point results satisfying contractive con-
ditions of rational type in the setting of complex valued metric spaces. In 2017, Ali [7]
to prove some fixed point theorems for a pair of weakly compatible satisfying (CLRg)
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property im complex value metric spaces. In 2019, Verma and Pethak [8] to prove some
common fixed point results for two pair weakly compatible mappings in complex valued
metric space and applied in GV-fuzzy metric space.

In 2017, Elkouch and Marhrani [9], obtain some generalizations of fixed point results
for Kannan contractive mapping, Chatterjea and Hardy-Rogers contraction mappings in
a new class of generalized metric spaces.

Let us recall that a mapping T' on a metric space (X, d) is a Kannan contraction [10]
if there exists a € [0, §) such that

d(Tz,Ty) < ad(z, Tx) + ad(y, Ty), (1.1)

for all z,y € X.

They prove that, in a complete generalized metric space (X, D), and let f be a self-
mapping on X satisfying for some constant A € [0, %) such that CA < 1. Then under
some condition the sequence { ™z} converges to some w € X, with a unique fixed point
of f.

Motivation of this paper, we introduce some results of Elkouch and Marharni [9] to
generalized complex valued metric spaces and then we prved some fixed point theorems
for general Kannan contraction mapping defined in section 2. The results is exfended and
improve the results of Elkouch and Morharni [9].

2. PRELIMINARIES

Let C be the set of complex numbers and z1, 29 € C. Define a partial order relation
=< on C as follows:

21 3 29 if and only if Re(z1) < Re(z2) and Im(z1) < Im(z2).

Thus z
(1

= 29 if one of the followings holds:
) Re(z1) = Re(z2) and Im(z1) = I'm(z2),
(2) )
(3) )
(

(21) = Re(z2) )

e(z1) < Re(z2) and Im(z1) = Im(z2),

e(z1) = Re(z2) and Im(z1) < Im(z3),

4) Re(z1) < Re(z2) and Im(z1) < Im(z2).
We write 21 3 20 if 21 2 22 and 21 # 23 i.e. one of (2),(3) and (4) is satisfied and we

will write 21 < z2 only (4) is satisfied.

=

v l=v ey

Remark 2.1. We can easily check the following:
(i) Ha,beR,0<a<band 21 3 29 then az; 3 bzq,Vz1, 29 € C.
(Z’L) 0 j 21 ;é 29 = ‘Zl| < |ZQ|
(#i1) 21 3 22 and 29 < 23 = 21 < 23.

In this work, we improve the Kannan contraction (1.1) into the general Kannan con-
traction mapping T on a complex valued metric space (X, d) if there exists a € [0, 3) such
that

d(Tz,Ty) 3 a(d(z, Tz) + d(y, Ty)), (2.1)

for all x,y € X.
In this paper we defined the set C(D,X,z) by let X be a nonempty set, and D :
X x X — C be a given mapping. For every x € X, we define the set

(D, X,z) = {{xn} C X : lim [D(wy, )| = o} . (2.2)
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Definition 2.2. Let X be a nonempty set, a mapping D : X x X — C is called a
generalized complex value metric space if it satisfies the following condition
1. For every z,y € X, we have
03 D(x,y).
2. For every z,y € X, we have
D(z,y) =0=z=y.

3. For every z,y € X, we have
D(z,y) = D(y, z).
4. There exists a complex constant 0 < r such that for all 2,y € X and {z,,} € C(D, X, x),
we have
D(z,y) 2 rlimsup |D(z,,y)|-

n—oo

Definition 2.3. Let (X, D) be a generalized complex valued metric space, let {z,}
be a sequence in X, and let z € X. We say that {z,} is converges to x in X, if
{z,} € C(D, X, x). We denote this by lim,,_,~ x, = x.

Example 2.4. Let X = [0,1] and let D : X x X — C be the mapping define by for any
z,y € X

{D(w,y) =(z+y)i;z#0andy #0

D(z,0) = D(0,z) = i

Proof. (1) Let z,y € X, we have z > 0 and y > 0, thus x +y > 0
If D(z,y) = (x+y)i =0+ (z+y)iz0+0i=0.
If D(x,0) = 3i=0+45iZ0+0i=0.

Hence D(z,y) 7 0.
(2) Let D(x,y) =0, since x > 0 and y > 0, it follows that
0= D(a,y) = (& + p)i.

Then 2 = 0=y. If y = 0 with D(x,0) = D(0,z) = 3i, we have

Z .
21 =0and y =0.
Then z =0 =y.
(B)Ifrx#0and y #0,D(z,y) = (x+y)i = (y+z)i = D(y,z) and D(z,0) = D(0,z).
(4) Let z,y € X and {z,} € C(D, X, z), we see that limsup,,_, . |D(z,,z)| = 0 and
put 7 =4, then we have D(0,y) = ¥i and if 2, = 0 for all n € N, we have
limsup |D(zy,, y)| = limsup |gz| _—

Then D(0,y) = %i 3 rlimsup,,_,, |D(xn,y)|. If 2, # 0 for all n € N, we have
Jim [D(zn,y)| = lim ([(z, +y)i]) = lim (2, +y) =z +y.
Hence, limsup,,_, . |D(zn,y)| = ¢+ y, and we have D(x,y) = (z + y)i, it follows that
D(z,y) = (z +y)i 3 rlimsup [D(zy, y)]-

n— oo

Hence, ([0, 1], D) is generalized complex valued metric space. [
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Definition 2.5. Let (X, D) be a generalized complex valued metric space. Then a
sequence {z,} in X is said to Cauchy sequence in X, if lim, o0 |D(Zp, Tnim)| = 0.

Definition 2.6. Let (X, D) be a generalized complex valued metric space. If every
Cauchy sequence is convergent in X then (X, D) is called a complete complex valued
metric space.

Lemma 2.7 ([11]). Let A be a real number such that 0 < A < 1, and let {b,} be a
sequence of positives reals number such that lim,_, o b, = 0. Then, for any sequence of
positives numbers {a,} satisfying

An+1 < an + bnyvn € Na

we have lim,, o a, = 0.

3. MAIN RESULTS

In this section we prove some proposition for use in the main theorem and prove some
fixed point theorem in generalized complex valued metric space.

Proposition 3.1. Let X be a nonempty set and D : X x X — C. Then C(D, X, x) is a
nonempty set if and only if D(x,z) = 0.

Proof. =) Suppose C(D, X, z) is a nonempty set. To show that D(z,z) = 0.
By Definition of C(D, X, x) there exists {z,} C X such that

lim |[D(z,,z)| =0.

n—oo

By Definition 2.2 (4), there exists 0 < r such that
D(z,z) 2 rlimsup |D(z,,z)| = 0.

n—oo

Thus D(z,z) 2 0. By Definition 2.2 (1), we have 0 3 D(z,z) 3 0. Hence D(z,x) = 0.
<) Suppose D(z,z) = 0. To show that C(D, X,x) # 0. Since D(z,z) = 0 = 0 + 04,
put x, = x, for all n € N. We see that

nlgr;o |D(zp, x)| = 711;11;O |D(z,x)| = |0+ 0i] = 0.
Hence C(D, X, z) # 0. m
Lemma 3.2. Let (X, D) be a generalized complex valued metric space, and let f : X — X
be a mapping satisfying condition that for any x,y € X,
D(fz, fy) T MD(z, fx) + D(y, fy)),
for some X € [0, %) Then any fized point w € X of f satisfies
|D(w,w)| < 0o = D(w,w) =0.

Proof. Let w € X be a fixed point of f such that |D(w,w)| < co. Since w is a fixed point
of f then fw = w. To show that D(w,w) = 0, we consider

D(w,w) = D(fw, fw) 3 A[D(w, fw) + D(w, fw)].
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By Remark 2.1 (ii), we have

[D(w,w)] AD(w, fw) + D(w, fw)]l
[AD(w; fw)| + [AD(w, fw)|
AD(w, fw)l + AlD(w, fw)
= 2M\D(w, fw)],

IN A

It follows that,

(1 -2))|D(w,w)| <0.
Since A € [0, 3), we obtain that 0 < [D(w,w)| < 0, then |D(w,w)| = 0. Hence, D(w,w) =
0. (]

Next, we can some sets that, for a mapping f : X — X, and for every x € X, we define

o(D, f,x) = sup{\D(fix,fjxﬂ 11,5 € N} (3.1)

Theorem 3.3. Let (X, D) be a complete generalized complex valued metric space, and let
f be a self-mapping on X satisfying (2.1) for some constant \ € [0, %) such that |rA| < 1.

(2) If there exists an element xg € X such that §(D, f,x0) < oo, then the sequence
{f"xzo} converges to some w € X.

(i) If |D(w, fw)| < 0o, then w is a fized point of f.
Moreover, for each fized point W' of f in X such that |D(w/,w/)| < 00, we have w = w'.
Proof. Let n € N(n > 1). For all 4,j € N, from (2.1), we have

D(f™* o, [ x0) I AD(f" o, [ o) + D(f*H g, 1M w0)].
By Remark 2.1 (ii), we have
|D(f" o, f"o)| < AD(F" o, [ wo) + D" " o, [P x0)]|

< ND(f o, [ o) | + AID(f g, f1H )],

and then

ID(f™ o, " x0)] < AS(D, f, " o) + AS(D, f, 7 )

<
< 2)‘5(D7fa fnilIO)a
we have,
|D(fn+im07fn+jax0)| < 2)\6(Dafa fn_1x0)~ (32)

By (3.2) we have 2\6(D, f, f"1xq) is upper bound of the set {|D(f" zg, f*x0)]| :
i,j € N} since 6(D, f, f"z0) is least upper bound of {|D(f" xq, f**x0)|} it follows that

(D, f, f"w0) < (20)8(D, £, £ o).
Consequently, we obtain
8(D, [, ["xo) < (20)"6(D, [, xo).
Since, |D(f*"xq, f™ "xo)| = [D(f™(f"z0), f™(f"x0))|, we have
[D(f*" w0, f" " 20)| < 8(D, f, f"w0) < (2X)"8(D, f, o) (3.3)
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for all integer m. Since §(D, f,x0) < oo and 2X € [0,1), we have lim,_,(2\)™ = 0, it
follows that

lim |D(f™xq, f™"xo)| = lim |D(f* zq, f™"x0)| = 0.
n—oo n—oo
Then we have {f™x¢} is a cauchy sequence, and thus there exists w € X such that
lim |D(f"xq,w)| =0.
n—oo
By Definition of generalized complex valued metric space (4), we have

D(fw,w) 3 rlimsup|D(fw, " ao)|. (34)

By Remark 2.1 (ii), we have

D) < Irltimsup ID(f, £ ). 35)
By (2.1) we have

D(f"*tag, fw) 3 MD(f* o, fa0) + D(w, fw)). (3.6)
By Remark 2.1 (ii), we have

ID(f"* o, fw)| < IMD(f" o, fa0) + D(w, fw))]. (3.7)
By (3.3) and (3.7) we obtain

limsup | D(fw, f"z0)| < [AD(w, fw)]. (3.8)

By (3.5) and (3.8), we obtain
[D(w, fw)| < [rAl|D(w, fw)]
or
(1= [rADID(w, fw)| < 0.

Since |rA| < 1 and |D(w, fw)| < oo, we deduce that |D(w, fw)| =0, and then D(w, fw) =
0. Which implies that fw = w. If w’ is any fixed point of f such that |D(w',w’)| < oo,
we obtain

’

ID(w,w)| = [D(fw, fw)]
< MD(fw,w) + D(fw',w)|
< MD(w,w) + D(w,w))|
= 0.
Which implies that w = w. [

If D: X x X — [0,+00) we can reduce the equation (2.2) to the set
C(D,X,z) = {{xn} C X: lim D(an,7) 20}7
n—oo

and the Definition 2.2 can be reduced to next.
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Definition 3.4 ([9]). D is called a generalized metric space on X if it satisfies the following
condition,
1. For every z,y € X, we have
2. For every z,y € X, we have
D(z,y) = D(y, z)-

3. There exists a real constant C' > 0 such that, for all (z,y) € X x X and {x,} €
C(D, X, z), we have

D(z,y) < Climsup D(zy,y).

n—oo
Next, equation 3.1 can be reduced to for every = € X,
8(D, f,x) = sup{D(f'x, flx) : i,j € N}.
From above condition we have a result of Elkouch and Marhrani [9].
Corollary 3.5 ([9]). Let (X, D) be a complete generalized metric space, and let | be a
self-mapping on X satisfying (1.1) for some constant A € [0, %) such that CA < 1.
If there exists an element xg € X such that §(D, f,xg) < 0o, then the sequence { f™xzo}

converges to some w € X. Moreover, if D(w, fw) < oo, then w is a fized point of f.
Moreover, for each fized point W of f in X such that D(w/,w/) < 00, we have w = w .

Next theorem we prove a fixed point theorem for some contractive condition with
different from (2.1).

Theorem 3.6. Let (X, D) be a complete generalized complex valued metric space and f
be a self-mapping on X satisfying that for some X € [0, %) such that

D(fz, fy) I MD(y, fx) + D(z, fy)) (3.9)

for any x,y € X.

(1) If there exists an element xg € X such that 6(D, f,zg) < oo, then the sequence
{f"zo} converges to some w € X.

(i) If |D(w, fw)| < 0o, then w is a fized point of f.
Moreover, for each fized point ' of f in X such that |D(w,w’)| < 0o, we have w = w'.

Proof. Let n € N(n > 1) for each i,j € N we have
D(f"* o, [ wo) = D(F (" o), f(f*T " o))
from (3.9), then
D(f"* ao, f*x0) ZND(f"H " o, [ w0) + D(f* o, [P 0)].
By Definition 2.2 (3), we have
D(f"* o, [ x0) ZAD(f" o, frH7 " o) + D(f* o, f1H o).
By Remark 2.1 (i%), we have

|D(f" 'z, o) < A|[D(F" o, 1T o) + DT g, 1 20)]|
< AID(™ ao, 1 @) | + AID(f"H  w, 7 )]
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From definition of § in (3.1), we have
[D(f"F o, [ x0)] < AO(D, f,f" " 20)) + MO(D, f, " x0))
< 20(D, f, f" o),
it follows that
ID(f"* ao, 1, @o)| < 208(D, f, f* o). (3.10)

From (3.10), we see that 2\6(D, f, f"~'xg) is a bounded above of {|D(f" 'z, f* i x0)| :
i,j € N}. Since, §(D, f, f"xo) is a least upper bound of {|D(f"xq, f" )|} it follows
that

(D, f, ["wo) < (2N)8(D, f, [~ o).

Similary, we obtain

5(D7f7 fnxo) < (2/\)6(D’f’ fn_lxo)
< (2N)*(D, f, [ ?x0)

From |D(f"zq, f™ "x0)| = |D(f(f" txo), [T (" Lxg))| we have
|D(fn'r07 fm+nx0)‘ S 5(D7 f7 fn_lxo) S (2/\)n5(Da f7 xO),

for any m € N. Since, §(D, f,zo) < co and 2X € [0,1) thus lim, - (2)\)™ = 0, it follows
that

lim |[D(f"xq, f™"20)| = 0. (3.11)

n—oo

Then, {f™x0} is a cauchy sequence then there exists w € X such that
nh_}rrgo |D(f"x0,w)| = 0. (3.12)
By Definition 2.2 (4), we have
D(fw,w) 3 rlim_}sup |D(fw, f* o). (3.13)
n o0

By Remark 2.1 (i¢), we have
|D(fw,w)| < \T|limsup|D(fw,f"+1x0)|. (3.14)
n— oo

From (3.9) again,
D(f"*wo, fw) 3 MD(w, [ ao) + D(f" w0, fw)), (3.15)
and from Remark 2.1 (i7), we have
[D(f" o, fw)l < IMD(w, [ o) + D(f"wo, fw))-

Let a,, := A|D(f"zo, fw)| and b,, := A\ (D(w, f""xq)|. From (3.12), we have lim,, o b, =
0. By Lemma 2.7, we have lim,,_,o |D(f"x0, fw)| = 0. Thus,

limsup | D(fw, f"ag)| = 0. (3.16)

n—oo
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From (3.14) and (3.16), we have
[D(fw,w)| < |r|limsup [D(fw, f"*ao)| = |r[ -0 = 0.
n—roo
Thus, |D(w, fw)| = 0, that is D(w, fw) = 0. It follows that fw = w. If W' is a fixed point
of f with [D(w', fw")| < oo, then
ID(w,w)| = |D(fw, f)|
IAD(w, fw) + D(w, fw))]
AD(W,w) + D(w,w)|
2A\(D(w,w)].

[ IA

It follows that ,

(1-2))|D(w,w)| <0.
Since 2\ < 1 and |D(w,w’)| < oo, we have |D(w,w’)| < 0. Thus, |D(w,w’)| = 0 and
D(w,w) = 0. Hence, w = w. ]

Corollary 3.7 ([9]). Let (X, D) be a complete generalized metric space and f be a self-
mapping on X satisfying that for some A € [0, 1) such that
D(fz, fy) < M(D(y, fx) + D(z, fy)) (3.17)

for any x,y € X. If there exists an element xg € X such that §(D, f,xo) < oo, then the
sequence {f"xo} converges to some w € X. Moreover, if D(w, fw) < 0o, then w is a fized
point of f, for any fized point ' of f in X such that D(w,w/) < 00, we have w = w' .
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