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On Weak McCoy rings
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Abstract : In this paper we prove that all semicommutative rings are weak
McCoy, and also we show that Tn(R) is weak McCoy. Then we give an example
of weak McCoy ring that is not semicommutative. We also classify how the weak
McCoy property behaves under direct product and direct limit.
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1 Introduction

Throughout in this paper, all rings are associative with identity. Recently
Nielsen [4] called a ring R is right McCoy if the equation f(x)g(x) = 0 where
f(x), g(x) ∈ R[x]\{0}, implies that there exists s ∈ R\{0} such that f(x)s = 0.
Left McCoy rings are defined similarly. McCoy rings was chosen because McCoy
[3] had noted that every commutative rings satisfies this condition.
We say that a ring R is right weak McCoy whenever, f(x) = a0 + a1x + ... +
amxm, g(x) = b0 + b1x + ... + bnxn ∈ R[x]\{0} satisfies f(x)g(x) = 0 then
ais ∈ Nil(R) for some s ∈ R\{0}. Left weak McCoy rings are defined simi-
larly. If a ring is both left and right weak McCoy we say that the ring is weak
McCoy ring.
We investigate this generalization of McCoy rings and their properties. Clearly,
McCoy rings are weak McCoy. Examples are given to show that the converse is
not true.
For notation Nil(R), Mn(R), Tn(R), R[x] and R[x, x−1] denote nillradical, the
n × n matrix ring over R, upper triangular matrix ring over R, polynomial ring
over R and laurent polynomial ring over R respectively.
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2 WEAK McCoy RINGS

Definition 2.1. Let R be an associative ring with identity. We say that a ring R
is right weak McCoy whenever f(x) = a0 +a1x+ ...+amxm, g(x) = b0 + b1x+ ...+
bnxn ∈ R[x]\{0} satisfies f(x)g(x) = 0 then ais ∈ Nil(R) for some s ∈ R\{0}.
We defined left weak McCoy rings similarly. If a ring is both left and right weak
McCoy we say that the ring is a weak McCoy ring.

Clearly, any McCoy ring is weak McCoy. In the following we will show that
the converse is not true.

Proposition 2.2. Let R be a ring then for all n ≥ 2, Tn(R) is weak McCoy ring.

Proof. It is clear that for any A ∈ Tn(R), there exist B 6= 0 in Tn(R) such that
AB and BA be elements of Nil(Tn(R)).

In Theorem 2.2 [4], it is shown that Tn(R) is not McCoy ring. Thus we have
examples of weak McCoy rings which are not McCoy ring.
A ring R is called weak Armendariz ring [6] if f(x) = a0 +a1x+ ...+anxn, g(x) =
b0 + b1x + ... + bmxm ∈ R[x] satisfy f(x)g(x) = 0, then aibj ∈ Nil(R) for each
i,j. It is clear that every weak Armendariz ring is weak McCoy, but the following
example shows that weak McCoy rings need not be weak Armendariz.

Example 2.3. Let R be a ring and let S = M2(R), then S is not weak Armendariz
by Example 2.5 [6]. Therefore the ring

Rn :=





























a a12 · · · a1n

0 a · · · a2n

...
...

. . .
...

0 0 · · · a











| a, aij ∈ S



















is not weak Armendariz, but it is clear that Rn is weak McCoy ring.

From Proposition 2.2 we may suspect that if R is weak McCoy then every
n-by-n full matrix ring Mn(R) is weak McCoy, when n ≥ 2. But the following
example erase the possibility.
Recall that a ring R is reduced if R has not nilpotent element.

Example 2.4. Let R be a reduced ring, then R is weak McCoy ring. Let S =
M2(R),

f(x) =

(

0 1
0 0

)

+

(

1 0
0 0

)

x
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and

g(x) =

(

1 1
0 0

)

+

(

0 0
−1 −1

)

x

be polynomials in S[x]. Then f(x)g(x) = 0, but if P

(

1 1
0 0

)

∈ Nil(R) and

P

(

0 0
−1 −1

)

∈ Nil(R) for some P ∈ S\{0} then it is obvious that P=0, Thus

S is not weak McCoy.

Given a ring R and a bimodule RMR, the trivial extension of R by M is the
ring T (R, M) = R ⊕ M with the usual addition and the multiplication

(r1, m1)(r2, m2) = (r1r2, r1m2 + m1r2).

This ring is isomorphism to the ring of all matrices

(

r m
0 r

)

, where r ∈ R and

m ∈ M and usual matrix operation are used.

Corollary 2.5. Let R be a weak McCoy ring, then the trivial extension T (R, R)
is weak McCoy.

Proof. It is obvious.

Proposition 2.6. Let R be a ring and I an ideal of R such that R/I is weak
McCoy ring. If I ⊆ Nil(R), then R is weak McCoy.

Proof. Let f(x) = a0 + a1x + ... + amxm, g(x) = b0 + b1x + ... + bnxn ∈ R[x]\{0}
be such that f(x)g(x) = 0 then (

∑m

i=0
āix

i)(
∑n

j=0
b̄jx

j) = 0 in R/I. Thus there
exists ni such that (āis̄)

ni = 0 for some s /∈ I . Hence ais ∈ Nil(R). This means
that R is weak McCoy.

Recall that a ring R is called semicommutative if for all a, b ∈ R, ab = 0
implies aRb = 0[1].

Proposition 2.7. Let R be a ring which Nil(R) � R. Then R is weak McCoy.

Proof. Let Nil(R)�R, then R is weak Armendariz and so R will be weak McCoy.

In Lemma 3.1[6] Liu and Zhao proved that if R be a semicommutative then
Nil(R) is an ideal of R . Let R be a ring such that Nil(R) � R. By the following
example we show that R need not be semicommutative.

Example 2.8. Let R be a semicommutative ring then Rn [Example 2.3] is not
semicommutative by Example 1.3 [2]. But Rn is a ring which Nil(Rn) � Rn.

The recent example give an example of weak McCoy ring which is not semi-
commutative.
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3 Basic structure and extension of weak McCoy

rings

In this section we study the properties of weak McCoy rings. The notation
∏

denotes the direct product.

Proposition 3.1. finite direct product of weak McCoy rings is weak McCoy.

Proof. Let R1, ..., Rn be weak McCoy rings and let R =
∏n

k=1
Rk. Consider

f(x) = a0 + a1x + ... + amxm, g(x) = b0 + b1x + ... + bnxn ∈ R[x]\{0} such that
f(x)g(x) = 0 where ai = (ai1, ..., ain), bj = (bj1, ..., bjn) in R. For each k = 1, ..., n
we put fk(x) = Σm

i=0
aikxi, gk(x) = Σn

j=0
bjkxj in Rk[x]. Then fk(x)gk(x) = 0. So

by weak McCoy property of Rk there exist 0 6= sk ∈ Rk such that aiksk ∈ Nil(Rk)
for all i. Take s = (s1, ..., sn), thus ais ∈ Nil(R) for each i.

In following proposition we consider the case of direct limit of direct system
of weak McCoy rings.

Proposition 3.2. The direct limit of a direct system of weak McCoy rings is also
weak McCoy.

Proof. Let D = {Ri, αij} be a direct system of weak McCoy rings Ri for i ∈ I and
ring homomorphism αij : Ri → Rj for each i ≤ j satisfying αij(1) = 1, where I is
directed partially ordered set. Set R = lim

−→
Ri be direct limit of D with li : Ri → R

and ljαij = li. We will prove that R is weak McCoy ring. Take x, y ∈ R, then
x = li(xi), y = lj(yj) for some i, j ∈ I and there is k ∈ I such that i ≤ k, j ≤ k.
Define x + y = lk(αik(xi) + αjk(yj)) and xy = lk(αik(xi)αjk(yj)), where αik(xi)
and αjk(yj) are in Rk. Then R forms a ring with li(0) = 0 and li(1) = 1.
Now suppose f(x)g(x) = 0 for f(x) = Σm

s=0
asx

s, g(x) = Σn
t=0

btx
t in R[x]\{0}.

There are is, jt, k ∈ I such that as = lis
(ais

), bt = ljt
(bjt

), is ≤ k, jt ≤ k. So
asbt = lk(αisk(ais

)αjtk(bjt
)). Thus f(x)g(x) = (Σm

s=0
lk(αisk(ais

))(Σn
t=0

ljt
(bjt

)) =
0. But Rk is weak McCoy ring and so there exist 0 6= d ∈ Rk such that lk(aiskd) ∈
Nil(Rk). Thus aslk(d) ∈ Nil(R) and R is weak McCoy ring.

Proposition 3.3. Let R be a ring and ∆ be a multiplicative closed subset of R
consisting of central regular element and R be a weak McCoy ring. Then ∆−1R is
weak McCoy.

Proof. Let R be a weak McCoy ring and S = ∆−1R. Suppose f(x) = Σm
i=0

αix
i, g(x) =

Σn
j=0

βjx
j are in S[x]\{0}, (αi, βj ∈ S), Then we can assume that αi = aiu

−1

and βj = bjv
−1 for some ai, bj ∈ R, u, v ∈ ∆ for all i, j. Now suppose that

f(x)g(x) = 0. Let f1(x) = Σm
i=0

aix
i, g1(x) = Σn

j=0
bjx

j . Thus f1(x)g1(x) = 0 in
R[x]. Thus ais ∈ Nil(R) for some 0 6= s ∈ R (0 ≤ i ≤ m). So αis ∈ Nil(S) for
any 0 ≤ i ≤ m. Thus ∆−1R is weak McCoy ring.
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The ring of Laurent polynomials in x, coefficients in a ring R, consists of all
formal sums Σn

i=kaix
i with obvious addition and multiplication, where ai ∈ R and

k, n are (possibly negative) integers; denotes it by R[x; x−1].

Corollary 3.4. For a ring R, Let R[x] is weak McCoy ring. then R[x, x−1] is
weak McCoy.

Proof. Let ∆ = {1, x, x2, ...}. Then clearly ∆ is multiplicatively closed subset of
R[x]. Since R[x, x−1] = ∆−1R, it follows that R[x, x−1] is weak McCoy ring.

Also we know that if R be a semicommutative ring, then R[x] is weak Armen-
dariz by Theorem 3.8[6]. Thus R[x] is weak McCoy rings.
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