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1. INTRODUCTION

Let Hy; and Hs be two real Hilbert spaces and A : H; — Hs be a bounded linear
operator. For nonlinear operators T : H; — H; and U : Hy — Hs, the split fixed point
problem (SFPP) is to find a point

x € Fiz(T) such that Az € Fix(U). (1.1)

In particular, if T = Pc and U = Pj, then the SFPP reduces to the split feasibility
problem (SFP); that is, to find « € C such that Az € @, where C and @ are nonempty
closed convex subsets in H; and Hy, respectively, and Pc, Pg are the respective metric
projections.

The SFP in finite-dimensional Hilbert spaces was first introduced by Censor and Elfving
[1] for modeling inverse problems which arise in phase retrievals and in medical image
reconstruction [2]. Various iterative algorithms have been proposed to solve the SFP or
related problems in Hilbert spaces, as well as in Banach spaces, see for instance [1, 3-9]
and the references therein.
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In the Hilbert space setting, the SFPP has been studied by several authors; see, for
instance, [10-12]. In [13], Censor and Segal introduced the iterative scheme:

Tny1 =UI — pp A(I —T)A)z,, (1.2)

which solves the problem (1.1) for directed operators. This algorithm was then extended
to the case of quasi-nonexpansive mappings [14], as well as to the case of demicontractive
mappings [15].

On the other hand, the hybrid steepest descent method is an algorithmic solution to the
variational inequality problem over the fixed point set of a nonlinear mapping. We know
that the hybrid steepest descent method is applicable to a broad spectrum of convexly
constrained nonlinear inverse problems in real Hilbert spaces.

In [16] Yamada introduced the following hybrid steepest descent method for solving the
variational inequality for nonexpansive mappings:

Tpt1 = (1 — apuF)Sz,,

where F': H — H is a k-Lipschitzian and 7-strongly monotone operator with constants
k> 0and n > 0;and p € (0, i—’;) He proved that if {«,, } satisfies appropriate conditions,
then the sequence {x,} converges strongly to the unique solution of the variational in-
equality related to F', of which the constraint set is the fixed point set Fiz:(S) of S.
Recently, Jung [7] has presented some iterative algorithms based on Yamada’s hybrid
steepest descent method for solving the SFP. We should mention that some split type
feasibility problems have been studied because of their applications in science, engineer-
ing, medical sciences, and so on. In [I1], Ansari et al. introduced an implicit and an
explicit algorithm for the SFPP for firmly nonexpansive mappings and for nonexpansive
mappings in a Hilbert space.

Now, the following question arises:

Question : Does the hybrid steepest descent method work for A-strictly pseudo-
contractive mappings in spaces beyond Hilbert spaces?

Our aim in this paper is to answer the above question in the affirmative. Motivated by
[11] and [7], we present an algorithm based on hybrid steepest descent method for solving
the split fixed point problem for A-strictly pseudo-contractive mappings in uniformly
convex and 2-uniformly smooth Banach spaces. First, we present an implicit algorithm.
Next, by discretizing the continuous implicit algorithm, we obtain an explicit algorithm.
We show that both algorithms converge strongly to a solution of the variational inequality
problem over the solution set of SFPP. Our results improve and extend some recent results
of the literature including those of Ansari et al [11], Yao et al [8], as well as those of Jung

[7]-

2. PRELIMINARIES

Let E be a real Banach space. A proper function f : E — (—o0,+00] is said to be
convex if

flaz+ (1 —a)y) <af(x)+ (1 -a)f(y),
for all z,y € E and o € (0,1). The function f is said to be lower semicontinuous if the

set {x € E: f(x) <r}is closed in E, for all » € R. For a proper lower semicontinuous
convex function f: E — (—o00,400], the subdifferential 9f of f is defined by

Of(x) ={z" € E*: f(x) + (y —z,2") < f(y) Vye€ L}
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On the other hand, the normalized duality map J from E into 2€" is defined by
J(x) = {z* € E*: (z,2%) = ||z|* = [|=*]?}.
It is well-known that J(z) is the subdifferential of the function (3)|.|[* at .

Lemma 2.1. Let Ey and FEs be two real Banach spaces, and Ji and Jo be the duality
mappings on Fy and Es, respectively. Let A : E1 — FEs be a bounded linear operator and
A* be the adjoint of A. Then, for all x € E,

Ay (A) C [[ A2 (2).
Proof. Let x1 € Fy and «* € A*Jo(Ax1) C Ef. So, there exists y* € Ja(Axp) such that
x* = A*y*. Since y* € Jo(Axy), by definition of J; = 19]|.||%, we have
(= = Avs,y") < a2 = 54w, vz € B
Also, for x € Eq,
(Az — Azy,y") < SllAz) — ]| Az .
Thus, for xz € E,

x* 1 1
<‘T*I1,7>:7<I’7I17I*>:
22 Y[  PEY IA]*

It now follows from the definition of J; that ﬁ € Ji(z1). Hence z* € [|[A||*J1(2z1). =

(o — a1, A7) < Sl = 5l

A Banach space E is said to be strictly convex if |%32| < 1 for all 2,y € E with
llz]| = |lyll = 1 and @ # y. It is well known that if Ef and Ej are strictly convex, then
Ji and Jy are single valued. Therefore, for all z € Ey, A*Jo(Ax) = ||A||*J1(z).

A Banach space E is said to be uniformly convex if for each e € (0, 2], there exists a § > 0
such that [|Z52|| < 1 — 6 for for all z,y € E with [|z[| = ||y[| = 1 and ||z — y|| > €. The
Banach space E is said to be smooth if the limit

e+ ty] ~ o]
t—0 t
exists for all z,y € {z € E : ||z|| = 1}. The modulus of convexity of E is defined by

. 1
dp(e) = mf{l — |5z +y)l : llzll, lyll < L |z — yll = e}
for all € € [0,2]. We call E uniformly convex if §(0) =0, dg(2) = 1 and dg(e) > 0 for
all 0 < e <2. Let pg : [0,00) = [0,00) be the modulus of smoothness of E defined by
1
pe(t) =sup{5 (e +yll + llz —yl) = 1+ llzll = 1, llyl] < t}.

A Banach space F is said to be uniformly smooth if pET(t) —0ast— 0. Let ¢ > 1 be
a fixed real number. Then a Banach space E is said to be g-uniformly smooth if there
exists a constant ¢ > 0 such that pg(t) < ct? for all t > 0. It is well known that every
g-uniformly smooth Banach space is uniformly smooth.

Lemma 2.2 ([17]). If E is a 2-uniformly smooth Banach space with the best smoothness
constant m > 0, then the following inequality holds:

Iz +yl* < ll2l* + 2{y, Jo) +2||yl?, Vz.y € E.
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Definition 2.3. Let E be a Banach space.

(1) A mapping f : E — FE is called k-contractive if || fz — fy|| < k||z — y|| for some
constant k € [0,1) and for all z,y € F;

(2) A mapping V : E — E is called I-Lipschitzian if [|[Va — Vy| < ||z — y|| for
some constant [ € [0,00) and all z,y € E;

(3) A mapping T : E — F is called nonexpansive if [|Tx—Ty|| < ||z—y||, Vz,y €
E;

(4) A mapping T : E — F is called averaged if ' = (1—v)I +vG, where v € (0,1),
I is the identity, and G : E — E is a nonexpansive mapping.

(5) A mapping A : E — E is called monotone if (Az — Ay, J(x —y)) >0, Va,yé€
E;

(6) An operator F' : E — E is called n-strongly monotone with constants k& > 0
and n > 0 if

<F$*Fy,<]($fy)277”$7y”2, VI,yGE~
Let E be a real Banach space and C' be a nonempty closed convex subset of E. A

mapping T : C' — C is called a-inverse strongly monotone (or briefly, a-ism) with constant
a > 0 if, for each z,y € C, there exists j(x — y) € J(z — y) such that

(Tx — Ty, j(x —y)) > of| Tz — Ty|]?,

where J is the normalized duality mapping from FE into the dual space E*. If a« =1, T'is
said to be a firmly nonexpansive mapping. A mapping T : C' — C is said to be A-strictly
pseudo-contractive (A < 1) if, for each x,y € C, there exists j(z —y) € J(z —y) such that

(Tw =Ty, j(z —y)) < o —ylI* = M| = D)z — (I - T)yll*. (2.1)
Observe that (2.1) can be rewritten as (see [18])
(I =T)x = (I =Ty, jx—y)) = N = T)x — (I = Tyl (2.2)

When F is a 2-uniformly smooth Banach space having the best smoothness constant m,
T :C — C is called M-strictly pseudo-contractive if for each x,y € C,

|72 — Ty|? < lle — ylI? + (2m? — 20)[(I = T)e — (I - Ty

Browder and Petryshyn [19] introduced the concept of a strict pseudo-contractive map-
ping. Let C be a nonempty closed convex subset of a real Hilbert space H, and T : C — C
be a mapping. T is said to be a k-strictly pseudo-contraction, if there exists a k € [0,1)
such that

ITx = Ty|* < |lz — yl|* + kl|(z = Tz) — (y — Ty)|I*, (2.3)
for all z,y € C. Tt is easy to see that (2.3) is equivalent to

1—k
(T = Ty,z —y) <|lz = y|* = ——l(z = T2) = (y = Ty)II*,

for all x,y € C.
The following proposition was proved in [20] in a Hilbert space setting. The statement
is true in Banach spaces as well. To avoid repetition, we omit the details of the proof.
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Proposition 2.4 ([20]). Let T : H — H be an operator. (i) if T is v-ism, then for
v >0,~T is %-ism. (i) T is averaged if and only if the complement I — T is v-ism for
some v > 1. Indeed, for a € (0,1), T is a-averaged if and only if (I — T) is 5 -ism.
(#it) The composition of finitely many averaged mappings is averaged. In particular, if
T; is aj-averaged, where oy € (0,1) fori = 1,2, then the composition Ty T is a-averaged,
where & = a1 + g —aqag. () If the mappings {T;}Y., are averaged and have a common
fized point, then NN, F(T;) = F(Ty ---Tw). (iii) In case E is a uniformly convex Banach
space, every a-averaged mapping is nonerpansive.

Lemma 2.5. Let Ey and Es be two real uniformly convex and 2-uniformly smooth Banach
spaces with the best smoothness constants n and m, and J; and Jy be the duality mappings
on Ey and Es, respectively. Let A : By — Es be a bounded linear operator and A* be
the adjoint of A. Let S : Es — Fs be a [B-psuedo-contractive mapping. Then U =
I —~yJ7 A Jo(I — S)A is averaged.

Proof. Since S is f-strict pseudo-contractive, according to (2.2), I —S is S-inverse strongly
monotone. Therefore, for all z,y € Fy,

<J1(a: — ),y AT I (I — S) Az — v J P A* Jo(I — S) Ay)
([AI2 1 (& = y), J7 A" T2 (I — S) Az — J7A* (1 — S) Ay)

IIAII2
= W<A*JQ(A(:C — ), JT A T (I — S)Ax — J7 A Iy (I — S) Ay)
- WUQ(A@ — ), AJT YA Jo(I — S) Az — AJTPA* Jo(I — S) Ay)

||A||2 (A" T (A(x — y)), || AP T3 Jo (1 — S) Az — ||A[]? Iy Mo (I — S) Ay)

> 8|1 = 8)Az — (I — 8) Ayl
= vﬁ||J51J2< — 8)Az — Jy ' o (I — S)Ay|?

> ”A*”2HA LI T (I — S)Ax — A7 ISV (1 — S) Ay|)?

= ”A*”4 AT AT A o (1 — S)Ax — ATYATTTA* Jo (1 — S) Ayl|?

7||£*||4||7J YA* Iy (I — S) Az — ~J; AT Ty (1 — S) Ayl

Noticing that ||A|| = ||A*||, we have yJ; ' A* Jo(I — S)A is ﬁ—ism. Since v € (0, ﬁ),
we have ’YH’W > 1. So from Proposition 2.4, U = I — vJ; "A*Jo(I — S)A is averaged. m

Lemma 2.6 ([21]). Let {z,} and {z,} be bounded sequences in a Banach space E and
{vn} be a sequence in [0, 1] which satisfies the following condition:

0 < liminf~, <limsup~y, < 1.

n— oo n—oo

Suppose that Tn41 = YnZn + (1 — Yn)2n, n > 0, and limsup,,_, . (||zn+1 — 2nll — |2n+1 —
zy|]) 0. Then |zn — 2yl = 0.
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Recall that a Banach space E is said to satisfy Opial’s condition [22] if whenever {z,}
is a sequence in F which converges weakly to = as n — oo, then

liminf ||z, — 2|| < liminf ||z, —y|, forall ye E,y#x.
n—oo n—oo

Remark 2.7. If F is a real uniformly convex and uniformly smooth Banach space, then
E satisfies Opial’s condition [22].

Lemma 2.8. (Demiclosedness Principle). Let C be a nonempty, closed and convex subset
of a real uniformly convex and uniformly smooth Banach space E and T : C — C be a
nonexpansive operator with Fix(T) # 0. If the sequence {x,} C C' converges weakly to p
and the sequence {(I — T)x,} converges strongly to y, then (I —T)p = y. In particular,
if y=0, then p € Fix(T).

Proof. Let the sequence z,, — p and (I =Tz, — y. We show that (I —7T)p = y. Suppose
p—Tp # y. From Remark 2.7 and the fact that T is nonexpansive, we have

liminf |Tz, — Tp|| < liminf ||z, — p||
n—oo n—oo
< liminf ||z, — (y + Tp)||
n—o0

= liminf |z, — Tx, —y + Ta, — TD)||

n— oo

= liminf || Tz, — Tp||
n—oo
which is a contradiction. Therefore, the result follows. [

Lemma 2.9 ([23]). Let E be a real uniformly smooth Banach space with the dual space
E* and J be the duality mapping of E, and C' be a nonempty closed convexr subset of E.
Assume that the mapping F : C — E is monotone, single-valued, and hemicontinuous in
the sense of Brower (i.e, the restriction of F to any line-segment in C is continuous).
Then the variational inequality problem:

find z* € C such that (F(z*),J(x —2*)) >0, forall ze€C,
18 equivalent to the dual variational inequality

find z* € C such that (F(x),J(x—2")) >0, forall zeC.

Lemma 2.10 ([24]). Let {yn} be a sequence in (0,1) and {6,} be a sequence in R satis-
fying

(1) Y opiy Tn = 00, -
(2) limsup,,_, oo v <0 or >0 [1ndn| < co.
If{a,} is a sequence of nonnegative real numbers such that

Any1 < (1 - 'YH)an + 'Ynana
for each n > 0, then lim,_, a, = 0.

The following lemma can be easily proved, and therefore, we omit the proof (see also

[16])-
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Lemma 2.11. Let E be a 2-uniformly smooth Banach space . Let F : E — E be a
k-Lipschitzian and n-strongly monotone operator with constants k > 0 and n > 0. Let
0<p< i—;’ and 0 <t <& <1. Then S :=&I —tuF : E — E is a contractive mapping
with constant & —t7, where T =1 — /1 — pu(2n — pk?).

In the following arguments we shall use the following notation: for a mapping 7" and
a number « € [0, 1],
Tox = (1 —a)x+ oTz.

3. THE MAIN RESULT
We start this section by proving the main result of this paper.

Theorem 3.1. Let E; and E5 be two real uniformly convexr and 2-uniformly smooth
Banach spaces with the best smoothness constants m and n, and J; and Jo be the duality
mappings on Ey and Es, respectively. Let A : Ey — E5 be a bounded linear operator and
A* be the adjoint of A. Let T : E1 — Ey be a &-strictly pseudo-contractive mapping with
Fiz(T)# 0 and S : E; — Es be a 3-strictly pseudo- contractive mapping with Fix(S) #
(. Let V : Ey — Ey be l-Lipschitzian with constant | € [0,00) and let F : By — F; be k-
Lipschitzian and n-strongly monotone operator with constants k > 0 and n > 0 such that
the constants u,o,l and T satisfy 0 < p < i—g and 0 < ol <7 =1—/1—pu(2n— pk?).

Suppose Q@ = {z € Fiz(T) : Az € Fiz(S)} # 0. For any t € (0, ), define a net
{z:} C E1 by
xp = To[I —yJT A Jo(I — S)|TuftoVa, + (1 — tuF)a,] (3.1)

where v € (0, ﬁ) and o € (0, %) Then the net {x;} converges strongly to x* € Q
which is a solution of the following variational inequality

x* € Q such that (oVa* —pFa*, Ji(x —2™)) >0 Vae (3.2)

Proof. First, we show that T, is nonexpansive. Form Lemma 2.2, for each x,y € C, we
have

|1 Tor = Toyll® = I(1 = @)z + aTz — [(1 - a)y + oTy]|?
= ||z —y) +al(y — Ty) — (z — Ta)]|”
< llo = ylI? + 20°m?||(y = Ty) — (v — T)|*
+2a(i(z —y), (y - Ty) — (x - Tx))
< llz = yl* + 20°m?||(y = Ty) — (z — T)|?
—2a€||(y — Ty) — (z — T)|?
= llo = ylI* = 20(¢ — am?)||(y = Ty) — (x = T)|*.
Since « € (0, ﬁ), it follows that
To = Tugll < o .

Set U = I—'nylA* Jo(I—S)A. From Lemma 2.5, U is an averaged mapping. Since every
averaged mapping is nonexpansive, U is nonexpansive. Since composition of nonexpansive
mappings is nonexpansive, we conclude that T,UT, is nonexpansive. We consider the
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mapping wy = ToUT,(teV + (I — tuF)) on E;. Clearly, w; is a self-mapping on Fjy,
moreover, for z,y € F1, we have
lwex — wiyl] = | TaUTo(taV + (I — tuF))x — T, UT, (taV + (I — tuF))y||
< |toVaz+ (I —tpF))x — [toVy + (I — tuF)y]||
<to|Va = Vyl + (I — tpF)z — (I —tpF)y||
<tolllz =yl + (1 —tr)llz —yl| = [1 — t(r — oD]f|z — yl|.

Therefore, w; is a contractive mapping when ¢ € (0, ﬁ) By the Banach contraction

principle, w; has a unique fixed point in E7, say xy, that is,
2t = ToUT,(toV + (I — tuF))xs.

It is now clear that the net {z;} defined by (3.1) is well-defined. Let p € Q. Then,
p € Fiz(T) and Ap € Fiz(S). From the definition of U we have p € Fiz(U). It now
follows that

[z¢ = pl| = |TaUTa(toV + (I — tuF))z; — p||
<|to(Vay = Vp)| + (I = tuF)x, — (I — tuF)p|| + [[toVp — tuFp||
<tollze —pl| + (1 = t7)||lze — pll + t|loVp — uFp|
=[1 = (7 —al)t]||z; — pll + t|Vp — uFpl|.
(3.3)

Hence

|lze —p|| < loVp — uFp||.

T—ol
Therefore {x:} is bounded and so are {Vz;}, {Ux:} and {Fz;}. From (3.1), we have

2t — Tl — I A Ty (I — S)A|Tozt|| = |TaUTa(toV 4 (I — tpF))zy — ToUT a2
<tlloVz, — pFx.

By the boundedness of {Vz;} and {Fz;}, we obtain

}E;% ||$t — TaUTa-TtH =0. (34)

Next, we show that {z;} is relatively norm-compact as ¢ — 0%. Assume that {t,} C
(0, L) is such that ¢, — 0% as n — oco. In particular from (3.4), we have

nlggo @, — TaUTowe, || = 0. (3.5)

Put zx = toVay + (I — tuF)ay, ypo = Ta(toVey + (I — tuF)xy) = Taze, 2n = 2, and
Yn =Y, = Lazn. Then we have, for any p € Q,
Yyo—p=Toz—p=(1-a)n+alz —p=alz —z)+z—p
=Tz — z) +to(Ve, — Vp) (3.6)
+ U = tpF)ze — (I — tpF)p+ t(oVp — pFp).
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Since T is &-strictly pseudo-contractive with a fixed point p, for all x € F;, we have
[Toz —p|* < [lz = pl* — 2a(§ — am?)[|lz — Tz|?
= |l& = p+ Toz — Taz|® — 2a(§ — am?®)||lz — Tz|?
< 2m’|je — Tox|? + || Tox — p||?
+2(x — Tox, Jy(Tox — p)) — 2a(€ — am?) ||z — Tz||?
< || Toz — plf? = 20(€ — 20m2) & — Ta||? + 2(x — To, Jy (Toz — p)).
So,
20(& — 2am?) ||z — Tz||* < 2(x — Tox, Jy (Tax — p)).
Since 2a(¢ — 2am?) > 0, we have
(x = Toz, J1(Tox — p)) > 0. (3.7)
Combining (3.6) with (3.7) along with Lemma 2.11, we get
|yt —P||2 =yt —p, J1(y: — p))
= (y¢ — 20, Ju(ye — p)) + to(Vay — Vip, Ji(ye — p))
+ (I = tpF)xy — (I = tuF)p, Ji(ye — p)) + t{oVp — uFp, Ji(y: — p))
< tol||Viay = Vpllllye — pll
+ (1 = t7)llze = pllllye — pll + LoVp — uFp, Ji(ye — p))
<[ =t(r = oD]llze — plllye — pll + toVp — uFp, Ji(yr — p))
<1 —t(r = al)lllas — plI* + t(aVp — uFp, i (ys — p))-
Thus,
lze = plI* = 1 TaUye — pII* < llye — 2l
<1 =t(r = oD)]le: —p* + t{oVp — uFp, Ji(y — p))-

Hence, we obtain

lze — pl* < 1 (0VD = pFp, Ji(y: = p)).

T—0o
In particular, we have

1
|z, —p)? < ——(oVp = uFp, Ji(yn —p)) Vp € Q. (3.8)

— ol
Note that

lzr — ze]] = ||z — [toV ey + (I —tpuF)x]|| < tlloVay — pFael]] -0 as ¢ — 0.
So,
lim ||z, — z,] = 0. (3.9)

n—oo

Observe that
e = ll = o Virn + (I — tupF)as ]
= [(xn —p) +tu(oVa, — pFa,)| (3.10)
< llzn = pll + talloVaen — pFa].
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Then, from (3.10) and the fact that T, is a £-psuedo-contractive mapping with a fixed
point p, we deduce

20 = pl|* = | TaUTuazn — ToUTuap||* < ||Tazn — pl|?
< [lzn = pl* = 2a(€ — am?)||z, — Tz
< [ln = pll + talloVitn — pFan P - 20(6 — am?) 2 — Tonl?
< lan = pI* + tolloVan — pFan|®
2l — plloVien — i — 20(6 — am?) 2 — ol
< lan = pl* + taM — 20(€ — am?)||2p, — T2,

where 0 < M = sup{t,||oVz, — uFx,|* + 2|z, — p|/||cV 2, — pFx,||} is an appropriate
constant. Since 2a(£ — am?) > 0, it follows that

lim |z, — Tz,| = 0.
n—oQ
So, we have
lim ||yn — zoll = m [|Tazn — 20| = 2 lim ||z, — Tz,|| = 0. (3.11)
n—oo n—oo n—oo

Since {z,} is a bounded sequence in a uniformly convex Banach space, there exists a
subsequence {z,,} of {x,} which converges weakly to z*. From Remark 2.7, we conclude
that E; satisfies Opial’s condition. Therefore, x, — z*. Then by (3.9) and (3.11),
yn — x*. With regard to (3.5), we can use Lemma 2.8 to get a* = T, UT,2*. By
Proposition 2.4 (iv), we have Tox* = * and Uz* = z*, and hence S(Axz*) = Az*. Thus
x* € Fiz(T) and Ax* € Fiz(S), that is, 2* € Q. Therefore, we can substitute z* for p in
(3.8) to obtain

lzn — 2|* < jloVa® — pFa®, Ji(yn —a¥)).

T—0
Consequently, y, — x* actually implies that x,, — x*. This argument proves the relative
norm-compactness of the net {z;} as ¢ — 07. Letting n — oo in (3.8), we have

la* — pll* <

l<0Vp — pFp, Ji(z" —p)), pe

This implies that x* € €2 solves the variational inequality
(cVp— pFp, Ji(z* —p)) >0, pe. (3.12)
By Lemma 2.9, (3.12) is equivalent to its dual variational inequality
(cVa* —pFz*, Ji(p—2*)) >0 pell.

This is exactly (3.2). By uniqueness of the solution of the variational inequality (3.2), we
deduce that each cluster point of {z;} as t — 0% equals z*. Therefore z; — z* ast — 0%.
This completes the proof. L]

Remark 3.2. If we consider T' = P¢, S = Py, Fiz(T) = C and Fiz(S) = @, then The-
orem 3.1 generalizes Theorem 3.2 and other results obtained by Jung in [7]. Furthermore,
if F' is a self-adjoint, strongly positive bounded linear operator and V' = I, then Theorem
3.1 generalizes the results of Yao et al [3].



Hybrid Steepest Descent Method ... 1509

Theorem 3.3. Let Hy and Hy be two real Hilbert spaces. Let A : Hy — Hs be a bounded
linear operator and A* be the adjoint of A. Let G : Hi — H; be a firmly nonerpansive
mapping with Fix(G) # 0 and S : Hy — Hy be a nonexpansive mapping with Fiz(S) # .
Let V : Hy — Hy be l-Lipschitzian with constant | € [0,00) and let F : Hy — Hy be k-
Lipschitzian and n- strongly monotone operator with constants k > 0 and n > 0 such
that p,o,l and T satisfy 0 < p < i—’; and 0 < ol <17 =1—+/1—p(2n— pk?). Suppose
Q= {z € Fiz(G) : Az € Fiz(S)} # (. For any t € (0, —), define a net {x;} C Hy by

' T—ol

xy = G[I —vA*(I — 9)|G[toVxy + (1 — tpuF )z, (3.13)

where v € (0, %) and o € (0,1). Then the net {x:} converges strongly to z* € Q which
a solution of the following variational inequality

x* €Q  such that (oVa* —uFz*,x—2") >0 Vre.

Proof. A simple calculation shows that every firmly nonexpansive mapping is a non-
expansive mapping, and every nonexpansive mapping is a %—strictly pseudo-contractive
mapping. Therefore every firmly nonexpansive mapping is a %—strictly pseudo-contractive
mapping. Set h = £G + (1 — 2)I. Then
2 1 2 2
(=R (IRl = ST~ G)a—(T-Gpyll* < (I~ G)a—(T-G)y,z—)

1
=—(({I—-hx—-(I—-h —
o (T = hya — (= )y, — ).
from which it follows that h is an §-strictly pseudo-contractive mapping. Now, putting
T = h in Theorem 3.1, the result follows. ]

Remark 3.4. Theorem 3.3 generalizes Theorem 3.5 and its follwing results already ob-
tained by Ansari et al [11] based on the hybrid steepest decent method. Our result also
generalizes the results of Ansari et al regarding variational and equilibrum problems.

Theorem 3.5. Let Ey and Es be two real uniformly convexr and 2-uniformly smooth
Banach spaces with the best smoothness constants m and n, and Jy and Jo be the duality
mappings on E1 and Es, respectively. Let A : Ey — FEs be a bounded linear operator and
A* be the adjoint of A. Let T : E1 — E; be a &-strictly pseudo-contractive mapping with
Fiz(T) # 0 and S : E5 — FE5 be a B-strictly pseudo-contractive mapping with Fiz(S) # (.
Let V : By — Ep be l-Lipschitzian with constant | € [0,00) and let F : Ey — E; be a
k-Lipschitzian and n-strongly monotone operator with constants k > 0 and n > 0 such

that p,o,l and T satisfy 0 < p < i—’; and 0 < ol <7=1—+/1— p(2n — pk?). Suppose
Q= {z € Fiz(T) : Az € Fiz(S)} # 0.
For any t € (0, —), define a sequence {x,} C E; by

' T—ol

Tpy1 = To[l — I A Jo(I — S)|Tw[Bro Vi, + (1 — BupF)x,) (3.14)

where x1 € Ey is arbitrary, v € (0, Hflﬁ\l“)’ a € (0, QEW) and the sequence {B,} satisfies
the following conditions:
(2) EnZO Bn = 00.
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Then the sequence {x,} converges strongly to x* € Q which a solution of the following
variational inequality

x* € Q such that (oVa* —pFz* Ji(x —2%)) >0 Voe.

Proof. Let p€ Q and U = I —~J; *A*Jo(I — S)A. Then (3.14) becomes
Tnt1 = ToUTo(BroVa, + (I — BouF)x,) n>0.
We divide the proof into five steps as follows.
Step 1. We show that {z,} is bounded. In fact, from (3.14) we deduce that
201 = pll = 1TaUTa[BnoVan + (I = BrpF)zn] — ToUTap||
< |BnoVan + (I = BapF)zn — pl|
< BnollVan = Vpll + (I = BupF)zn — (I = BupF)p||
+ BnlloVp — pnFp||
< Bnolllzn = pll + (1 = Ba7)l|lzn = pll + BalloVp — pFp|

Vp— uF
— L= (r = o)Bullan — pl| + (v — ol)B, 17V LD
T—o0l
loVp — pF'p||
< — _—
< max{||z, — pl|, ol }
It now follows by induction that
|oVp — uFp||

|
— < — .
lns = pll < ma{fo — pll, T E—EELE

This means that {z,} is bounded. It is easy to see that {Vz,}, {Ux,} and {Fz,} are
bounded too.
Step 2. We show that lim, e || TaUTa2n — 2n|| = 0. To this end, set
Yn = Tq [Bnvan + (I - ﬁn/ffF)xn]»
and
2n = PpoVa, + (I — BppF)x,.
Since U is averaged by Lemma 2.5, and since every nonexpansive mapping is averaged, it
follows that T, is averaged. Since the composition of finitely many averaged mappings is
averaged by Proposition 2.4 (iv), T,U is averaged. Hence, there exists a positive constant
A1 € (0,1) such that T,U = (1 — A1) + A\1G1, where G is a nonexpansive mapping.
Since T, is averaged, there exists Ao € (0,1) such that T, = (1 — A2)I + A\aG2, where G2
is a nonexpansive mapping. It follows that
Yn = Tozn = ((1 — /\2)[ + )\QGQ)Zn
= ((1 = X)L+ XaG2)(BroVxy, + (I — BpupuF)xy)
=1 = X)(BnoVa, + I = BppF)x,) + AaGaz,
(

=(1=Xo)(xn+ Bn(cVz, — pFx,) + A2Gazy (3.15)
1—
=(1- X))z, + )\2[()\7/\2)6”(01/% — puFx,) + Gazy)
2

(1 - )\2)(571 + )\2qnv
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where
1— )\2

dn = ﬁn(avxn Man) + Gazp.

Moreover, we get
1-X
lgni1 — anll = ||( o 2)5n+1(0V9€n+1 — pFrpp1) + Gazngr
1—X
— ()\72)6”(0‘/55” — pFx,) + Gazy||
2

< |G2znt1 — Gazn ||

1—A 3.16
+ (Aizz)[ﬁwrlnavxnﬂ — pFrn ]| ( )
+ Bn”avxn - NFan]
1—-AX
< lents =l + S22 sV mss = P
+ BulloVx, — pFz,]|].
In view of (3.14) and (3.15), we have
Tn41 = TaUyn
- ((1 - )\1)[ + )\1G1)yn
= (1= 2)yn + MG1yn
= (1= 2)[(1 = A2)zn + A2qn] + M G1yn
(1 - )‘1) 1 - )\2>$n + (1 - )‘1))‘2qn + AlGlyn (317)
(1 - ()‘1 + /\2 Al)‘Q))xn + (1 - A1)AQQn + A16;(1Z~/n
1—X)A A
= (1 - )\3)11” + )\3[qu iGlyn]
A3 A3

= (1 - )\S)xn + )\3pn>

where
A3 = A1+ Ao — A g
and
1— A1) A
Pn = QQVL + 1G1yn
A3
Thus, from (3.16), we derive that
1 \)he A (1— A
n —Pnll = |7/~ 4n —G n e — 7G n
[Prt1 — pull = | N, It Gt " 1Ynll
11—\ A
< w”‘]n+l - QnH + 71||G1yn+1 - GlynH
A3 A3
(1= A)As At
<\ 772 _ 21 _
< " g1 — qnll + " Yn+1 — Ynll
11—\ A
< U220 10—l + s = 2l

< s



1512 Thai J. Math. Vol. 19 (2021) /A. Abkar and E. Shahrosvand

(1 =X)A2

< (I=X)(1 =)
- A3 A3

1znt1 = 2l + [BrialloVanir — pFan |

A
+ BulloVa, — pFa,|] + /\7;”'37#1 — 2zn|

A+ A= M)
- \ |Zn+1 — 2nl]
3

(1 =23)
A3

=||Bnr10Veni1r + (I — BpyrppF) st — BnoV, + (I — BupnF)xy,||
11—

+ ()\733)[5n+1||0‘/xn+1 — pFz, | + BulloVa, — pFx,]]

S ||$n+1 - xn” + 5n+1||0Vxn+1 - Man+1|| + 6n||0'V.1‘n — /,LFq;nH

1—A
+ %[@LHU‘/%LH — uFxp 1| + BulloVa, — pFz,||].

This implies that

+ [BrtilloVanir — pFapia || + BulloVa, — pFan|]

(3.18)

IPn+1 = Pull < 1Tns1 — 2ol + BrsilloVantr — pF2niall + BulloVa, — pFa, ||

1-A
+ U2 50Vt — sl + Ballo Vi = pFrall
and

lim sup([|pn+1 = pnll = [[2n1 — znl)) < 0.
n—roo

Thus, from (3.17), (3.19) and Lemma 2.6, we have

lim ||p, — zn] = 0.
n—roo

Also, by (3.17) and (3.20), we get
Jm [z —aall = As lim |l —zall =0,
lim ||z, — 2| = lim B,||oVz, — uFz,| =0.
n—oo n—00

Therefore, from (3.21) and (3.22), we have

|1 TaUTwzn — 20l = |Tn+1 — 20l = 0 as n — oco.

(3.19)

(3.20)

(3.21)

(3.22)

Step 3. We show that lim, || Tazn — zn|| = limy— o0 ||yn — 2zn|| = 0. To this end, let

p € Q. Then we have
1TaUTazn — pll = llzn — pll < [[TaUTa2n — znl|-
By taking limit from both sides, and using Step 2, we obtain
lim (|ToUTqzn — pll — |2 — p||) = 0.
n—oo
By nonexpansiveness of T,,U and T, we get
||TaUTaZn 7p|| < ||Tazn 7p|| < ”Zn 7pH’

and so,
1ToUTozn — pll — Hzn —pll < [ Tazn —pll - HZn —pl <0.

(3.23)
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Thus, from (3.23), we deduce that
Tim (| Zazn — pll = 7 = pl) = .

Since || Tozn —p||? < ||zn —plI* = 20(§ — am?) || Tz, — 2, ||?, @ € (0, ﬁ) and the sequences
{Tz,} and {z,} are bounded, we have

Hm || Thzn — 20|l = @2 lim [Tz, — 2,|| = @ lim |y, — 2,]| = 0.
n n—oo n—oo

Step 4. We show that limsup,,_, (cVa* — pFa*, Tz, —2*) <0, where 2* is the unique
solution of the variational inequality (3.2). Indeed, we can choose a subsequence {,,, } of
{z,} such that

limsup(ocVa* — uFz*, x, —z*) = lim (cVz* — pFa*, z,, —x*).
n—oo 1—> 00

Since {z,,} is bounded, there exists a subsequence of {z,,} which converges weakly to
a point p. Without loss of generality, we may assume that {z,,} converges weakly to p.
Therefore, from Step 2, (3.22) and Lemma 2.8, we have z,,, = p € Fix(To,UT,). Since
T, and U are averaged, by Proposition 2.4 (iv), we have p € Fiz(T,) and p € Fiz(U),
and hence Ap € Fiz(S). Thus p € Q. Therefore we have

limsup(ocVa* — uFz*, z, —z*) = lim (cVa* — pFa*, z,, —z*)
n—oo 71— 00

= (oVa* — uFz*,p—2*) <0.
This together with (3.22) and Step 3 implies that
limsup(ocVa* — pFz*, Tz, —2*) <0

n—0oo

Step 5. We show that lim,, .. x, = x*, where z* is the unique solution of the variational
inequality (3.2). We observe that

1Tz — 2*|1? = (Tazn — 2n, J1 (Tazn — %)) + (25 — 2%, J1(Tazn — x¥)).
Since (Tozn — 2zn, J1(Tozn — x*)) < 0, we have
|Tozn — 2*||* < (20 — 2%, J1(Tazn — %))
= (Bno(Va, —Vz*)
+ (I = BppF )z — (I = BppF)z", Ji(Tazn — 7))
+ BuloVa* — pFa*, Jy(Tozn — x*))
< Buolllxy — 2| + (1 = BuT) |20 — ¥ | Tazn — ™|
+ BnloVa* — uFa*, Jy(Tozn — x*))
= (1= Bn(r —ol))[|zn — 2| Tazn — 2|
+ BuloVa* — pFa*, Jy(Tozn — x*))
< 1- ﬂn(;' —ol)
+ Bn(oVa* — uFa*, Jy(Tozn —x")).

* 1 *
70 = 2"|* + 5| Tazn — 2"[”

It follows that
[ Tazn — 2" < (1 = Bu(r — o)) |20 — z*|? (3.24)
+ Bu{oVa* — pFx*, Ji(Tazy — T°)). (3.25)
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From (3.14) and (3.24), we have

[€nt1 = 2*|* = | TaUTazn — @*||* < ||Tazn — 2"
< (1= (7 — ob)) n — 2| (3.26)
+ Bn(r — crl)T — (oVa* — uFz*, Jy(Tozn — z*)).
Put A, = B,(7 — ol) and 8, = 2 (oVa* — pFa*, J1(Taz, — x*)). It is easily seen from

Step 4 and the conditions (1) and (2) that A, — 0, Y77 ; A\, = 0o and limsup,,_, ., §,, <O0.
Since (3.26) reduces to

21 = 2*[2 < (1= M) |20 — 2|1 + Andn,

by Lemma 2.10, we conclude that lim,_, ||2, — 2*| = 0. This completes the proof. m

Remark 3.6. If we consider T = Pc, S = Py, Fiz(T) = C and Fiz(S) = @, then
Theorem 3.5 generalizes Theorem 3.5 of Jung in [7]. Furthermore, if F' is a self-adjoint,
strongly positive bounded linear operator and V' = I, then Theorem 3.5 generalizes the
results of Yao et al [8].

Theorem 3.7. Let Hi and Hy be two Hilbert spaces. Let A : Hi — Hy be a bounded
linear operator and A* be the adjoint of A. Let G : Hi — H; be a firmly nonerpansive
mapping with Fix(G) # 0 and S : Hy — Hy be a nonexpansive mapping with Fiz(S) # .
Let V : Hy — H;y be l-Lipschitzian with constant | € [0,00) and let F' : Hy — H; be a
k-Lipschitzian and n-strongly monotone operator with constants k > 0 and n > 0 such
that p,o,l and T satisfy 0 < p < i—’; and 0 < ol <17 =1—+/1—p(2n— pk?). Suppose
Q = {z € Fiz(G) : Az € Fiz(S)} # 0. For any t € (0, =), define a sequence
{zn} C Hy by

Tni1 = G —yA* (I = 8)|G[BnoVan + (1 — BupF)x,) (3.27)

where 1 € Hy is arbitrary, v € (O,ﬁ) and a € (0,555). Then the sequence {x,}

? 2m?2
converges strongly to x* € ) which a solution of the following variational inequality

x* € Q such that (oVa* —uFz*,x—2*) >0 Vre.

Proof. By a similar argument as in the proof of Theorem 3.3, the result follows. [

Remark 3.8. Theorem 3.5 generalizes both Theorem 3.7 of Ansari et al [11] based on
hybrid steepest decent method, and the results of Ansari et al regarding variational and
equilibrum problems.

In the next example we compare our method (the hybrid steepest descent method)
with the viscosity iterative method [3, 25, 20]:

Tpy1 = BnJV(:rn)+(I—BnF)(:rn+7A*(S—I)Axn+#(T—I)(xn—i—'yA*(S—I)Axn))

and the other iterative method presented in [13-15], (we call it CSM method, for Censor,
Segal, and Moudafi):

Tpt1 = T(xy —yA* (I — S)Axy,).
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Example 3.9. Let E, be the real Hilbert space [, and let S : I — Iy be a mapping
defined by

S(xy, @0, 23,--+) = (w2, 23,24, ).

Then, Fixz(S) = {0} and

oo o0
|Sx — Sy||* = Z |z — yif* < Z |z — il
i=2 i=2

= |z —yl* < lz — y|* + Bl (x — Sz) — (y — Sy)|*.

Therefore, each S is a [-strictly pseudo-contractive mapping. Let F; be the set of real
numbers R, and T : R — R be a mapping defined by:

r <0

X
T >0
7 =

Then Fix(T) = (—o0,0] and:

If 2 >0 and y <0, then we have Tx = x and Ty = =¥ and so

2
Te =Ty = o+ 52 = a® +-ay + &

2
§x2+y2—2my+3xy+yz
1 932 1
<(@—y)?+ g = llz—ylP + g ll(@ = Tz) — (y = Ty)|>.
9 4 9
It is easily seen that if z,y < 0 or x,y > 0, then T is %—strictly pseudo-contractive.

Therefore, T is %—strictly pseudo-contractive. Let A : R — Iy be the linear operator
defined by

T T T
Alx)=(z,5,=, - R.
(x) (27 4’ 8’ )’ x 6
Then, A is bounded and ||A| = . It now follows that
A* :lQ*}R, A*(l'l,flfg,"'): ?

i=1

We define Vz = %x and F' = I. It is claimed that the mapping V is Lipschitzian with
% and F' is Lipschizian and a strongly monotone operator with constants

k =mn = 1. On the other hand, we can take y =1 and o = % which satisfy 0 < p < i—;?

constant [ =

and 0 < ol < 7=1—+/1— p(2n — pk?), respectively. We now put, for n € N, 3, = ﬁ,
v = % and a = %. Furthermore, we have
Q={zxe F(T): Az € F(S5)} = {0}.

Now, all the assumptions in Theorem 3.5 are satisfied. Let us consider the following
numerical algorithm:
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yn =Ty (2n) = —zn Ty >0,
(1= §) Ay = (U2 V2 ) LA (1= 8) Ay = 1o,
478716 12
%(1 — %)xn T, <0
= %( — %)xn z, > 0.
If we choose zo < 0, then zp41 = 15(1 — ﬁ)ﬂ% If we choose xg > 0, then z,1; =

25(1 - ﬁ)xn By Theorem 3.5, the sequence {x,} converges to an element of Q. By
the viscosity iterative method, we obtain

1 8
(11— D)z <0
=5 o <
Tn+1 = 1 2
S (11— a1 >0
TR

By the CSM method, we have

11
Exn Tn < O
Int1 =19 —11

We have displayed the convergence behavior of x,, for zo = 2 and n = 20 (some steps
have been skipped) with respect to the three algorithms in Table 1. It is seen that the
sequence generaed by our algorithm vanishes to the fixed point 0 faster than the other
two algorithms. In general, we cannot claim that our algorithm is the best one, this
indeed requires more work, but al least in some instances our method works better. As
the above example shows, the hybrid steepest descent method (HSDM) converges to zero
faster than the viscosity iteration method (VIM) and the CSM method.
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[Table 1]

T,-VIM z,-CSM method r,-HSDM

2 2 2
5x 1071 —-9.1x 10! 1.7 x 107!
1.33 x 1071 —-8.3x 1071 3.01 x 1072
3.6 x 1072 —7.6x 101! 6.11 x 1073
1.01 x 1072 —6.9 x 1071 1.36 x 1073
2.8 x 1073 —6.2x 1071 3.2x 1074
8.03 x 1074 —5.7x 1071 8.08 x 1075
2.28 x 1074 —52x 10! 2.07 x 1075
6.53 x 1075 —4.7%x 107! 5.46 x 1076
17 3.2x107° —2.0 x 1072 2 x 10710
18 9x 1010 —1.8 x 1072 1x 1010

20 1x10°10 —1.6 x 1072 0

0~ U W~ O
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