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1. INTRODUCTION AND PRELIMINARIES

In recent times the metric fixed point theory was attracted by many authors [1]. There
were many types of contractions to ensure the existence and uniqueness of the fixed
point of maps on metric spaces [2-5]. In 2012 Wardowski [6] introduced the notion of an
F-contraction. By using F-contractions Wardowski proved a fixed point theorem which
generalizes Banach contraction principle in a different way than in the known results from
the literature. Later, Piri and Kumam [7] proved Wardowski type fixed point theorems
in metric space by using a modified generalized F-contraction maps.

After that Wardowski and Dung [8] introduced the notion of an F-weak contraction and
proved a fixed point theorem for F-weak contractions. Note that F-weak contractions
were considered in [9] and [10] under the name F-generalized contractions [10, Defini-
tion 2.3.(3)]. Recently Dung and Hang [11] generalized an F-weak contraction to a gen-
eralized F-contraction and proved a fixed point theorem for generalized F'-contraction.
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In 2014 Hussain and Salimi [12] introduced the notion of an a-n-GF-contraction and
stated fixed point theorems for a-n-GF-contractions. In 2006, Padcharoen et al [13] in-
troduced the notion of a-type F-contraction in the setting of modular metric spaces and
also Janwised and Kitkuanestablish [14] improved the notion of oo — p—Geraghty contrac-
tion type mappings some common fixed point theorems for the mappings satisfying this
conditions. On the other hand, Piri and Kumam [15] establish some new fixed point theo-
rems for generalized F-Suzuki-contraction mappings in complete b-metric spaces. In 2007,
Khammahawong, et al. [16] show the existence of best proximity points for multi-valued
Suzuki aF-proximal contraction mappings in complete metric spaces.

In this paper we introduce the notion of a generalized a-n-G F-contraction to generalize
both an a-n-GF-contraction and a generalized F-contraction. Then we prove Suzuki-
Wardowski type theorems for generalized a-n-GF-contractions. These results generalize
and improve the main results of [3], [L1] and [12]. An application to the Urysohn integral
equation is obtained. Also, examples are given to illustrate the obtained results.

The following notions will be needed throughout the paper.

Definition 1.1 ([6], Definition 2.1). Let F be the family of all functions F': (0,00) — R
such that
(F1) F isstrictly increasing, that is, for all o, 8 € (0, 00) if e < 3, then F(a) < F(B).

(F2) For each sequence {a,} of positive numbers,

lim o, =0 if and only if lim F(a,)= —oo.
n—oo n— oo

(F3) There exists k € (0,1) such that lir{)l+ (e*F(a)) = 0.
a—

Let (X, d) be a metric space and T : X — X be a map. T is called an F-contraction on
(X, d) if there exist F' € F and 7 > 0 such that for all z,y € X,

d(Tz,Ty) > 0= 7+ F(d(Tz,Ty)) < F(d(z,y)). (1.1)

Definition 1.2 ([8], Definition 2.1). Let (X, d) be a metric space and T : X — X be
a map. T is called an F-weak contraction on (X,d) if there exist F' € F and 7 > 0 such
that for all z,y € X,

d(Tz,Ty) >0 (1.2)
d(z, Ty) + d(y, T'z) })
5 .
Definition 1.3 ([11], Definition 7). Let (X,d) be a metric space and T': X — X be a

map. T is called a generalized F'-contraction on (X,d) if there exist F € F and 7 > 0
such that for all z,y € X,

= 7+ F(d(Tz,Ty)) < F(max {d(m, y),d(x, Tx),d(y, Ty),

d(Tz,Ty) > 0 (1.3)
d(z,Ty) + d(y, Tx)
2 )

= T+ F(d(Tx,Ty)) < F(max {d(z,y), d(z,Tx),d(y, Ty),
d(T?z,x) +d(T?x, Ty)
2

Definition 1.4 ([12], Definition 2.1). Let (X, d) be a metric space, T : X — X be a
map and «,n : X x X — [0,00) be two functions. T is called an a-n-GF-contraction

Ld(T?z, Tx),d(T?z,y), d(T?z, Ty) }) .
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if there exist G € G and F € F such that for z,y € X with a(x,y) > n(z,Tz) and
d(Tz,Ty) > 0,

G(d(x,T:v),d(y,Ty), d(x,Ty),d(y,T:E)) + F(d(Tm,Ty)) < F(d(x, y)) (1.4)

Definition 1.5. Let T: X — X be a map and «,n : X x X — [0, 00) be functions.
(1) [17, Definition 2.2] T is called an a-admissible map if for all z,y € X,

alz,y) > 1= o(Tz,Ty) > 1.

(2) [18, Definition 2.1] T is called an a-admissible map with respect to n if for all
z,y € X,

a(z,y) 2 n(z,y) = a(Tz,Ty) = n(Tz, Ty).
(3) [19, Definition 7] T is called an a-n-continuous map if for all z € X,

lim z, =z, a(xn, Tnt1) = N(Tn, Tpyr) for alln € N = lim Ta, = Tz.

n—oo n—oo
(4) [12, page 2] T is called orbitally continuous at p € X if lim T"x = p implies
n—oo
that lim T7T"x = Tp. T is called orbitally continuous on X if T is orbitally
n—oo

continuous for all p € X.
(5) [20, page 2] T is called to have property (P) if for every n € N, Fix(T™) =
Fix(T'), where Fix(T) is the set of all fixed points of T

Remark 1.6 ([19], Remark 6). Let T': X — X be a map, X be an orbitally T-complete
metric space and a,n : X X X — [0, 00) be defined by

[ 38 ifz,yeOw) B
a(z,y) = { 0 otherwise and n(z,y)=1forall x,y € X

where
O(w) = {w, Tw, T?w,...,T"w,...}

is called an orbit of a point w € X. If T : X — X is an orbitally continuous map on
(X,d), then T is a-n-continuous on (X, d).

Let G be the family of all functions G : [0, 00)4 — [0, 00) such that for all ¢, to,t3,t4 €
[0, 00) with t1tatsty = 0, there exists 7 > 0 such that G(ty,to,ts,t4) = 7. Some examples
of elements of G were given in [12].

Example 1.7 ([ ]). (1) IfG(tl,t27t3,t4) = Lmin{tl,tg,t3,t4}+7', for all t1,ta,t3,t4 €
[0,00), where L € [0,00) and 7 > 0, then G € G.
(2) If G(t1,ta,ts,ty) = Telminttitatata} for all t1,ty,t5,t4 € [0,00), where L € [0,00)
and 7 > 0, then G € G.
(3) If G(tl,tg,t37t4) = Lln(min{tl,tg,t37t4}) for all t1,t2,t3,14 € [0700), where L €
[0,00) and 7 > 0, then G € G.

The paper is presented in three sections. Suzuki-Wardowski type fixed point theorems
for generalized a-n-G F-contractions are presented in Section 2. Examples that illustrate
the results and applications are presented in Section 3.
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2. MAIN RESULTS

First we introduce the notion of a generalized a-n-GF-contraction on a metric space.

Definition 2.1. Let (X, d) be a metric space, T : X — X beamap, and a,n: X xX —
[0, 00) be two functions. T is called a generalized a-n-GF -contraction if there exist G € G
and F € F such that for all 2,y € X with a(z,y) > n(x, Tx) and d(Tz, Ty) > 0,

G(d(z,Tx),d(y, Ty),d(x,Ty),d(y, Tz)) + F(d(Tz, Ty)) < F(M(z,y)) (2.1)
where
M(z,y) = max {d(q;, y), d(z, Tz), d(y, Ty), d(z,Ty) —gd(y,Tx),
d(T%x, ) + d(T?x, Ty)

y (1%, Tw), (T2, ), d(T%2, Ty)}.

Remark 2.2. By definitions following implications are easy to see.

F-contraction =  F-weak contraction = generalized F-contraction

U U
a-n-G F-contraction = generalized
a-1n-G F-contraction

The following examples show that the inversions of above implications do not hold.

Example 2.3. (1) There exists an F-weak contraction which is not an F-contraction.
(2) There exists a generalized F-contraction which is not an F-weak contraction.
(3) There exists an a-n-GF-contraction which is not an F-contraction.
Proof. (1). See [8, Example 2.3].
(2). See [11, Example 9].
(3). See [12, Example 2.4]. "

Example 2.4. There exist a complete metric space (X,d), amap T : X — X, two
functions o, n : X x X — [0,00) and G € G, F € F such that T is a generalized a-7-
G F-contraction which is neither an a-n-GF-contraction nor a generalized F-contraction.
Proof. Let X = [0,00) with the usual metric, T : X — X, a,n: X x X — [0, 00),
G :[0,00)" — [0,00) and F : [0,00) — R be defined as follows for some 7 > 0

]‘ —T 2 :
Tw — z¢ if x €[0,1]
3 if x € (1,00)
1
= ifzel0,1]]Ule",00),y € [0,1]
alzy) = ¢ 1
—  otherwise
9
1
G(tlat23t3;t4) = T
F(r) = lInr

First we prove that T is a generalized a-n-G F-contraction. Let a(x,y) > n(z, Tx) and
d(Tx,Ty) > 0. Then x € [0,1] U [e7,00),y € [0,1]. We consider the following two cases.
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Case 1. z,y € [0,1]. Then T is an a-n-GF-contraction by the proof of [12, Exam-
ple 2.4]. Therefore, T is a generalized a-n-GF-contraction.
Case 2. z € [¢7,00),y € [0,1]. Then

1 1
d(Tz, Ty) = (3 — ienyQ) =e "(e"3x — §y2)
< (€797 —y) < (927 —y) = d(T°z,y) < M(x,y).
Therefore,
1
T+ F(d(Tz,Ty)) =7+ In(e” " (e"3z — %yQ)) = In(e"3x — §y2) < In(M(z,y)),

that is, T' is a generalized a-n-G F-contraction.
Now we show that T is not an a-n-GF-contraction. We see that
1

> 1= n(e”,Te).

| =

d(Te™,T0) = 3e™ > 0 and a(e”,0) =

However,
T+ F(d(Te™,T0)) =7+ In(3e”) > In(e”) = F(d(e”,0)).
So, T is not an a-n-GF-contraction.
Finally we show that T is not a generalized F-contraction. We see that d(70,72) =
6 > 0 and

F(d(TovTZ)) = In6
F(M(0,2) = F({d(o’2),d(0,T0)7d(2,T2),d(O’TZ);d(QaTO)’
d(T20,0) +2d(T20, TZ)’ d(T20,T0), d(T0,2), d(T%0,T2) })
= In6.

Hence 7+ F(d(T0,T2)) > F(M(0,2)), that is, T is not a generalized F-contraction. m
The first result of the paper is as follows.
Theorem 2.5. Let (X,d) be a complete metric space, T : X — X be a map, a,n :

X x X — [0,00) be two functions, and F € F, G € G such that

(1) T is a-admissible with respect to 7.

(2) T is a generalized a-n-GF-contraction.

(8) There exists xg € X such that a(xg, Txo) > n(xo, Txo).

(4) (a) Either T is a-n-continuous or

(b) F and G are continuous, and if 1Lm Tn = x such that a(xn, Tpe1) >
N(Tny Tny1) for alln € N, then a(xy, x) > n(Ty, Tni1) for alln € N.

Then

(1) T has a fized point z*.

(2) If T" M ag # Thag for allm €N, then lim T'zy = x*.

n—oo

(8) If a(z,y) > n(x,z) for all z,y € Fix(T), then the fized point of T is unique.

Proof. (1). Define the sequence {x,} by x, = T"x¢ for all n € N. Then

a(xg, 71) = a(zo, To) > n(x0, T0) = N(T0, 1)
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Since T is an a-admissible map with respect to 7,
ax1,29) = a(Txo, T?x0) > n(Tx0, T?20) = N(21, T2).
Continuing this process, for all n € N we get
o(Tn, Tnt1) = N(Tn, Trg)- (2.2)

If there exists some ng € N such that z,, = n,+1, then z,, is a fixed point of T. So
we may assume that z, # x,4; for all n € N. Then d(Tx,_1,Tx,) > 0 for all n > 1.
Since T is a generalized a-n-G F-contraction,

G(d(xn_l, Trp—1),d(xn, Tay), d(xn_1,Txy,),d(T,, Txn_l)) + F(d(Txn_l, Txn))
< F(M(xn_l,xn)).
That is
G(d(xn,l, Tn), d(xmxn+1)7d(xn,17mn+1)70) + F(d(;vn,xn+1)) < F(M(xn,hmn))(?.?))
where

M(a:n—h -Tn) (24)
A(xp—1,Txn) + d(Xpn, Tpn_1)
2 )

= maX{d<xn—17xn)7d(xn—17Txn—1)7d('rn7TxTL)7

d(T2Z‘n_1,an_1)—|—d(T2$n_1,T$n)
2
d(T2Q?n_1,TIn)}

s d(Tan—l7Txn—1)ad(T2xn—1axn)a

d(xnfla anrl) d(anrla :Enfl)
2 ’ 2 ’

= max {d(afn—la ’Jln), d(xn—la :L’n), d(:L‘n, xn—o—l)a

d(l'nJrla l'n), d(xn+17 xn)a d(anLla xn+1)}

d(Tp—1,Tpt1) }

= max{d<mnflawn)7d(l‘n;$n+1)a D)
= max {d(:cn_l, T )y d(Xp, xn+1)}.

Since G € G and d(xy—1, ) - d(Tpn, Tpt1) - A(Tp—1,Tny1) - 0 =0, there exists 7 > 0 such
that
G(d(l’n,h xn)a d(mn; xn+1)a d($n,1, xn+1)a 0) =T
By using (2.3) we get
F(d(zp,2n41)) < F(M(zp-1,2,)) — 7. (2.5)
If there exists some n > 1 such that
max {d(xn—h xn)7 d(l‘n, xn+1)} = d(ﬂ?n, xn+1)
then (2.5) becomes
F(d(xn,xn+1)) < F(d(xn,xn+1)) -
It is a contradiction. Hence, for all n > 1,
max {d(xn—17 xn)7 d(il?n, zn+1)} = d(xn—la mn)
Then (2.5) becomes
F(d(zp,tn41)) < F(d(zp—1,20)) — 7.
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It implies that

F(d(zn, zp41)) < F(d(zn-1,2,))—7 < F(d(@p—2,2n-1)) =27 < ... < F(d(z0,21)) —n7.

(2.6)
Taking the limit as n — oo in (2.6) we get
nhﬁn;o F(d(xn,xn+1)) = —o00.
By (F2) we get
nh_}n;o d(xp, Tpy1) = 0. (2.7)
By (F3), there exists 0 < k < 1 such that
li_}rn [d(2n, Tns 1)) F (d(2n, Tny1)) = 0. (2.8)
Using (2.6) we have
[d(xn,an)]k[F(d(xn,an)) — F(d(zg,21))] < —n7[d(Zp, Tnio)]* < 0. (2.9)
By taking the limit as n — oo in (2.9), and using (2.7) and (2.8),
lim n[d(xn, n1)]" = 0. (2.10)

n—oo
Therefore, there exists n; € N such that for all n > ny, nld(z,,7,41)]* < 1. That is

1
d(pn, Tpt1) < — for all n > nq. Then, for all m > n > nq,

nk
m—1 mll
d(Tn, Tm) < i Tip1) < T 2.11
(20,2 gj (@ore) < 3 o (2.11)

1
Since 0 < k < 1, the series Z converges. Therefore, by taking the limit as n,m — oo
=1 Zk
n (2.11) we get lim d(x,, ;) = 0. Hence {z,} is a Cauchy sequence. Since X is
n,m—oo

complete, there exists z* € X such that
lim z, = z*. (2.12)

n—oo
We will show that z* is a fixed point of T' by the following two cases.
Case 1. The condition (4a) holds. From (2.2), (2.12) and since T is an a-n-continuous,
lim Tx, = Tx*. Then

n—oo
z* = lim xpy1 = lim T, =Tx".
n—oo n—oo
This proves that z* is a fixed point of T
Case 2. The condition (4b) holds. We consider the following two subcases.
Subcase 2.1. For each n € N, there exists i, € N such that x; +; = T2* and
ip > ip—1 Where ig = 1. Then

¥ = lim x;, 41 = lim Ta* =Tz".
n—oo n—oo

This proves that z* is a fixed point of T'.
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Subcase 2.2. There exists ng € N such that z,41 # Ta* for all n > ng. That is
d(Txy, Tx*) > 0 for all n > ng. From (2.2) and (2.12) we have a2, z*) > 0@, Tpi1)-
For all n > ng, by using (2.1),

G(d(zyn, Txy),d(z*, Tz"), d(z,, Tx"), d(z*, Txy)) + F(d(Txy, Tz*))
< F(M(mn,x*))
d n?T * d *VT n
= F(max{d(z,,2"),d(zy, Tx,),d(z*, Tz"), (&0, T );— (@, Tw )7
d(T?zy, ) + d(T?x,,, To*)
2

= F(max {d(zn, ), d(Tp, Tpa1), d(z™, Tx™),

A(T?z,, Txy,), d(T?2y, %), d(T?2,,, T*) })
d(xp, Tx*) + d(z*, Tpy1)
2 )

) d($n+2, xn-{-l)a d(xn+27 x*)a d(xn-i-?v TJT*)}) .

d(@Tn+2,Tn) + d(Tny2, TT")
2

It implies that

G(d(zy, Txy), d(z*, Tx*), d(z,, Ta*),d(z*, Txy)) + F(d(Tz,, Tz*))  (2.13)
d(pn, Tz*) + d(z*, zpy1)

2 )

< F(max{d(z,,z%),d(zy, Tnt1), d(z*, Tz*),

A(Tpt2,Tn) + d(@py2, Tx*)
2
If d(z*,Tz*) > 0, then by (2.12) and the fact that F' and G are continuous and by taking
the limit as n — oo in (2.13) we obtain
T+ F(d(z*, Tz*)) < F(d(z*, Tz")).

It is a contradiction. Therefore, d(z*, Tx*) = 0, that is, 2* is a fixed point of T

By two above cases, T' has a fixed point z*.

(2). It is proved by (2.12).

(3). Let z,y be two fixed points of T. Suppose to the contrary that = # y. Then
Tz # Ty. Note that a(x,y) > n(z,z) = n(z, Tx). Following (2.1) we have

G(d(x,Tx),d(y,Ty), d(xz,Ty), d(y,Tm)) + F(d(Tx,Ty)) < F(M(a:,y)),

yd(Tny2, Tpgr), d(@ny2, %), d(Tpng2, Ta*)}).

where
d(x,Ty) + d(y, Tx
M(z,y) = max{d(w,y%d(ﬂc,Tw%d(%Ty), ( ) 5 ( ),
d(T?z,x) + T?z, Ty)
2

,d(TQ:c,Tm),d(TQx,y),d(TQx,Ty)}
= d(z,y).
It implies that
G(d(m, Tx),d(y, Ty),d(z,Ty), d(y, Tx)) + F(d(ac7 y)) < F(cl(gc7 y))

Since G(d(m,TJ;), d(y,Ty),d(z,Ty), d(y,T:c)) = G(O, 0,d(z,y), d(y,x)) = 7 for some T >
0,

T+ F(d(z,y)) < F(d(z,y)).
It is a contradiction. Therefore x = y, that is, T' has a unique fixed point. [

Form Theorem 2.5 and Remark 2.2 we have the following corollaries.
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Corollary 2.6 ([12], Theorem 2.1). Let (X, d) be a complete metric space, T : X — X
be a map, a,m: X x X — [0,00) be two functions, and F € F, G € G such that

(1) T is a-admissible with respect to 7.

(2) T is an a-n-GF-contraction.

(8) There exists xg € X such that a(xg, Txo) > n(xo, Txo).
(4) T is an a-n-continuous.

Then

(1) T has a fixed point x*.

(2) If a(z,y) > n(z,z) for all x,y € Fix(T), then the fized point of T is unique.
Proof. Tt is a direct consequence of Theorem 2.5 since every a-n-GF-contraction is a
generalized a-n-GF-contraction. m

Corollary 2.7 ([11], Theorem 10). Let (X,d) be a complete metric space and T : X —
X be a generalized F-contraction. If T or F is continuous, Then

(1) T has a unique fized point x* € X.
(2) If T" 2 # T"x for all n € N, then lim T"z = z*.

n—oo
Proof. Since T is a generalized F-contraction, T is a generalized «a-n-GF-contraction
where G(t1,t2,t3,t4) = 7 for all t1,ts,t3,t4 € [0,00) and a(z,y) = n(x,y) = 0 for all
z,y € X. Other assumptions of Theorem 2.5 are easy to check. Then the conclusions
hold by Theorem 2.5. ]

By using [8, Remark 2.8] we get the following corollaries.

Corollary 2.8. Let (X,d) be a complete metric space, T : X — X be a map, o, :
X x X — [0,00) be two functions such that

(1) T is a-admissible with respect to 1.
(2) For all x,y € X with a(z,y) > n(z,Tz) and d(Tz,Ty) > 0,

d(Tz, Ty) < ad(z,y) + bd(z, Tx) + cd(y, Ty) + ed(T*x, Tx) + fd(T*z,y) + gd(T%x, Ty)

where a,b,c,e, f,g >0 witha+b+c+e+ f+g<1.
(8) There exists xg € X such that oz, Txo) > n(xe, Txo).
(4) FEither T is a-n-continuous, or if hm Tp = x such that a(z,, Tpi1) > N Tp, Trnt1)

for alln € N, then a(xy,,x) > n(z,, xn+1) for all n € N.
Then
(1) T has a fized point z*.
(2) If T"ag # Thxq for allm € N, then nh_>rr010 Tz = z*.

(8) If a(z,y) > n(x,z) for all z,y € Fix(T), then the fized point of T is unique.

Proof. For all z,y € X with a(z,y) > n(z, Tz) and d(Tx,Ty) > 0,
d(Tz,Ty) < ad(z,y) + bd(x, Tx) + cd(y, Ty) + ed(T?x, Tx) + fd(Tx,y) + gd(T*z, Ty)
< kmax {d(z, ), d(z, Tx), d(y, Ty), d(T%, T), d(T, y), d(T%, Ty)

where k =a+b+c+e+ f+g€[0,1). As same as the argument in [3, Remark 2.8],
T satisfies the generalized a-n-GF-contraction with F(«a) = Ina for all @ > 0 and

1
G(t1,to,ts,t4) = IHE for all t1,tq,t3,t4 € [0,00). Then the conclusions hold by The-

orem 2.5. -
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Corollary 2.9. Let (X,d) be a complete metric space, T : X — X be a map, o,n :
X x X — [0,00) be two functions such that

(1) T is a-admissible with respect to 7.
(2) For all x,y € X with a(x,y) > n(z,Tz) and d(Tz,Ty) > 0, and for some k €
[0, 1),
d(z, Ty) + d(y, T'x)
2 )

d(Tz,Ty) < kmax {d(x, y),d(z, Tx),d(y, Ty),

d(T?z,x) + d(T?z, Ty)
2
(8) There exists xg € X such that a(xo, Txo) > n(xo, Txo).
(4) Either T is a-n-continuous, or zfnh_)rréo Tp = T such that a(xn, Tniy1) = N(@n, Tni1)
for alln € N, then a(xy,x) > n(zy, xny1) for alln € N.
Then

(T, Tx),d(T%2, ), d(T%, Ty) }.

(1) T has a fized point x*.
(2) If T" 1ag # Tmxg for alln € N, then li_>m Trzy = x*.

(8) If a(z,y) > n(z,z) for all x,y € Fix(T), then the fized point of T is unique.
Proof. As same as the argument in [3, Remark 2.8], T satisfies the generalized a-n-GF-

1
contraction with F(a) = Ina for all « > 0 and G(ty,ts,t3,t4) = IHE all t1,t9,t3,t4 €
[0,00). Then the conclusions hold by Theorem 2.5. L]

Corollary 2.10. Let (X,d) be a complete metric space, T : X — X be a map, and
FeF,GeGg such that

(1) T is continuous.
(2) For all x,y € X with d(x,Tx) < d(z,y) and d(Tx,Ty) > 0,
G(d(z,Tx),d(y, Ty),d(x, Ty),d(y, Tx)) + F(d(Tz,Ty)) < F(M(z,y))  (2.14)
where and M (x,y) is defined as in Definition 2.1.
Then
(1) T has a unique fized point x*.
(2) For allx € X, if T" 2 # T™x for alln € N, then lim T"z = z*.

n—oo
Proof. Let a,m : X x X — [0,00) be defined by a(z,y) = n(z,y) = d(z,y) for all
z,y € X,. Then n(z,y) > alz,y) for all z,y € X.
Since T is continuous, T is a-n-continuous. Since d(z,y) > d(x, Tx) and d(Tz, Ty) > 0,
a(z,y) > n(x,Tz) and d(Tz,Ty) > 0. By (2.14), T is a generalized a-n-GF-contraction.
Then the conclusions hold by Theorem 2.5. L]

Corollary 2.11 ([12], Theorem 3.1). Let (X,d) be a complete metric space, T : X — X
be a map, and F € F, G € G such that

(1) T is continuous.
(2) For all z,y € X with d(z,Tx) < d(x,y) and d(Tz,Ty) > 0,

G(d(z,Tx),d(y, Ty), d(x, Ty),d(y, Tx)) + F(d(Tz,Ty)) < F(d(z,y)).
Then T has a unique fived point.
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Proof. The conclusions hold by replacing M (z,y) in Corollary 2.10 by d(x, Tz). n

Corollary 2.12. Let (X,d) be a complete metric space, T : X — X be a map, and
FeF, GegG such that

(1) For all z,y € O(w) with d(Tx,Ty) > 0,
G(d(x,Ta:),d(y,Ty), d(a:,Ty),d(y,Tx)) + F(d(Ta:,Ty)) < F(M(x,y))

where M (x,y) is defined as in Definition 2.1 and O(w) is an orbit of a point
we X.
(2) T is orbitally continuous.

Then
(1) T has a fixed point x*.
(2) If T"1xg # Trxg for alln € N, then lim T"xg = z*.
n—oo
(3) If Fix(T) C O(w), then the fized point of T is unique.

Proof. Let a,n: X x X — [0,00) be defined by

[ 3 ifz,yeOw) B
o(z,y) = { 0 otherwise and  n(z,y) = 1.

From Remark 1.6, T is an a-n-continuous map. Let a(z,y) > n(x,y), then =,y € O(w).
It implies that Tz, Ty € O(w), and then «(Txz,Ty) > n(Tx,Ty). Therefore, T is an
a-admissible map with respect to 7. Since w, Tw € O(w), we have n(w, Tw) < a(w, Tw).

Let a(x,y) > n(x,Tx) and d(Tx,Ty) > 0. Then z,y € O(w) and d(Tx,Ty) > 0. By
using the hypothesis (1) we have

G(d(x, Tx),d(y, Ty),d(z, Ty),d(y, Tx)) + F(d(Tz,Ty)) < F(M(z,y)),

that is, T is a generalized a-n-G F-contraction.

By using Theorem 2.5, the conclusions (1) and (2) hold. If Fix(T) C O(w), then
n(z,z) < a(z,y) for all x,y € Fix(T). By using Theorem 2.5 again, the conclusion (3)
also holds. (]

The second result of the paper is as follows.

Theorem 2.13. Let (X,d) be a complete metric space, T : X — X be a map, a,n :
X x X — [0,00) be two functions, and F € F, G € G such that

(1) T is a-admissible with respect to 7.
(2) T is a generalized a-n-GF -contraction.
(3) There exists xo € X such that a(xg, Txo) > 1n(zo, Txo).
(4) F is continuous.
5) If lim z,, = x such that a(x,, Tni1) = N(Tn, Tny1) for alln € N, then either
—
N(Txn, T?x,) < (T, x) or n(T?xy, T32,) < a(T?xp,z) for alln € N.
Then
(1) T has a fixed point x*.
2) If T"tlag #£ Trag for alln €N, then lim T"xzy = z*.
(
n—oo
(8) If a(z,y) > n(x,z) for all z,y € Fix(T), then the fized point of T is unique.
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Proof. (1). Define the sequence {z,} by z, = T™xz¢ for all n € N. As in the proof of
Theorem 2.5, if there exists some ng € N such that z,, = x,,+1, then z,, is a fixed point
of T. So we may assume that x,, # z,+1 for all n € N. We also have

lim z, =" (2.15)

n—oo

and a(Zp, Tpa1) > N(Tn, Tpy1) for all n € N.

From the hypothesis (5) we have either n(T'z,,, T?x,,) < a(Tzy, x*) or n(T%zy,, T32,) <
a(T?z,,x*) for all n € N, that is, 7(Tni1,Tnie) < (Tpi1, ) of N(Tni2, Tnys) <
a(xpy2,2*) for all n € N. Then, there exists a subsequence {x,, } of {z,} such that for
all k € N,

n(xnk’T‘xnk) = U(xnm xnk+1) < O‘(xnkax*)'

So, from (2.1), we get
G(d(xp, Txy,), d(z*, Ta*), d(@y,, Tz*), d(x*, Tay, ) HF (d(T2y,, Te*)) < F(M(zy,,x*))
(2.16)
where
M(zp,,2")

A, Tr*)+d@* Tay,)
2

= max {d(xnk ), d(xn,, Ty, ), d(x” Tz"), LdT 'z, ,TxY),

d(T?zn, , 0, ) + d(T?zy, , Tx*)
2
= max {d(xnk ), d(@,, Tnyta), d(z™,Tx™),

d(xnkJr?v wnk) + d(xﬂkJr?v T.’L'*)
2
Suppose to the contrary that x* # Tz*. Since G and F' are continuous, taking the
limit as » — oo in (2.16) and using (2.15), we have
T+ F(d(z*, Tz*)) < F(max {d(z*, Tz*),d(z*,2*)}) = F(d(z*, Tz*)).

It is a contradiction. Therefore, d(z*, Tz*) = 0, that is, * is a fixed point of T'.
(2) and (3). As in the proofs of Theorem 2.5.(2) and Theorem 2.5.(3). ]

(T2, , Ty, ), d(T? 2y, , 2%), d(T 2, Tx*)}

A, Tr*)+d(z*,2n,41)
2

) d(xnk-‘rl ,TJ}*),

’ d(xnk:+27 xnkJrl)v d(fvnkJr?v 1'*), d(xnkJr?v TCC*)}

Corollary 2.14 ([12], Theorem 2.2). Let (X,d) be a complete metric space, T : X — X
be a map, a,m: X x X — [0,00) be two functions, and F € F, G € G such that

(1) T is a-admissible with respect to 1.

(2) T is an a-n-GF-contraction.

(8) There exists xg € X such that a(xo,Txo) > n(xo, Txo)-

(4) F is continuous.

(5) If lim x,, =z such that a(xy,, Tpy1) > N(Tn, Tpy1) for all n € N, then either

n—oo
N(Txn, T?x,) < (T, x) or (T2, T?z,) < a(T?xp,2) for alln € N.

Then

(1) T has a fized point x*.

(2) If a(z,y) > n(z,z) for all x,y € Fix(T), then the fized point of T is unique.
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Proof. 1t is a direct consequence of Theorem 2.13 since every a-n-GF-contraction is a
generalized a-n-G F-contraction. [

Corollary 2.15. Let (X,d) be a complete metric space, T : X — X be a map, and
F € F such that
1
md(w,T&:) <d(z,y) = T+F(d(Tz,Ty)) <F(M(z,y)) (2.17)
i
for some T > 0 and all x,y € X, where M(x,y) is defined as in Definition 2.1. If F is
continuous, then

(1) T has a unique fived point x*.
(2) For allx € X, if T"" 2 # T"x for alln € N, then lim T"z = z*.

n—roo

Proof. Let a,n: X x X — [0,00) be defined by

afx,y) = d(z,y),n(z,y) = d(z,y) for all z,y € X.

2(1+1)

Since ﬁd(m, y) <d(z,y), n(z,y) < a(z,y). Also, a(z,Tx) > n(xz,Tx) forallz € X.
T

Since a(T'z, Ty) > n(Tx,Ty), T is a-admissible with respect to . Moreover, by (2.17),
T is an a-n-G F-contraction where G(t1,ta,t3,t4) = 7 for all ¢1, 19, t3,t4 € [0, 00).
Let lim z, = . If d(T2,, T?x,) = 0 for some n, then Tz, is a fixed point of T. Now
n—oo

we suppose that Tz, # T2z, for all n € N. Then d(Txyn, T?x,) < d(Txp, T?x,)
for all n € N. From (2.17) we have
F(d(T?x,, T?x,)) <7+ F(d(T?x, T%x,)) < F(d(Txn, T?z,)).
Combining with(F1) to give
d(T?x,, T3x,) < d(Txp, T?x,). (2.18)

Suppose to the contrary that there exists ng € N such that

1
2(1+1)

NT Ty, T*Tpy) > (T, v)  and  (Twn,, T2pn,) > a(T?2p,, T).
It implies
1
21+ 1)
By using (2.18) we have
d(Tn,, T?xy,) < d(Txp,, )+ d(T?2,,, )

1
d(Txn,, T?xp,) > d(Txp,,z) and md(TQSUno,Tswno) > d(T?Ty,, ).

1 1
——d(Twny, Tan,) + ————d(T22,, T3,
< oy (T Tono) ¥ Gy AT ng, T
1
< ————d(Tny, T?2y) + =———d(T iy, T
1
- 1+Td(Txno,T2xn0)

< d(Txpy, T?2n,)-

It is a contradiction. Then, for all n € N we have either n(Tx,, T%r,) < a(Tx,, ) or
U(T2x7u Tgxn) < Oé(T2$n, J,‘)
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By the above and applying Theorem 2.13, the conclusions hold. ]

Theorem 2.16. Let (X,d) be a complete metric space, T : X — X be a map, « :
X x X —[0,00) be a function and F € F such that

(1) T is a-continuous and a-admissible.
(2) There exists T > 0 such that

T+ F(d(Tz,T?z)) < F(M(z,Tx)) (2.19)

for allx € X with d(Tx, T?x) > 0, where M (x, Tx) is defined as in Definition 2.1.
(3) There exists xg € X such that a(xg, Txg) > 1.

Then T has the property (P).
Proof. For every n € N, put x,, = T"x¢ = Tx,,. Since T is a~admissible, we have
a1, x2) = oz, Try) > 1.

As same as the argument in the proof of Theorem 2.5, a(xy,, Z,41) > 1 for all n € N and

lim x, = 2*. Since T is a-continuous and a(z,,Z,+1) > 1 for all n € N,
n—oo

z* = lim x,41 lim Tz, = Tz"
n— oo n— oo

that is, 2* is a fixed point of T. Hence T has a fixed point and F(T™) = F(T) for n = 1.
For each n > 1, it is clear that Fix(T") C Fix(T™). Suppose to the contrary that there
exists w € Fix(T") but w ¢ Fix(T). Since w ¢ Fix(T), d(w,Tw) > 0. Then

d(T"w, T" " w) = d(w, Tw) > 0.
It implies that d(T*w, T*+'w) > 0 for all k = 1,...,n. Then by (2.19) we get
F(d(w,Tw)) = F(d(T"w,T" " w)) (2.20)
F(d(TT" 'w, T°T" 'w))
F(d(T" 'w, T w)) — 7
d(T" 2w, T" 'w)) — 27

o

F(d(w, Tw)) — nr.

It is a contradiction. Then Fix(T™) C Fix(T). It implies that Fix(T™) = Fix(7T'). There-
fore, T has the property (P). m

VANVAR VARVAN

Corollary 2.17 ([12], Theorem 2.3). Let (X,d) be a complete metric space, T : X — X
be a map, a: X x X — [0,00) be a function and F € F such that

(1) T is a-continuous and a-admissible.
(2) There exists T > 0 such that

T+ F(d(Tz,T?2)) < F(d(z,Tz))

for all x € X with d(Tz, T?z) > 0.
(3) There exists xg € X such that a(xg, Txg) > 1.

Then T has the property (P).
Proof. The conclusion holds by replacing M (z, Tx) in Theorem 2.16 by d(z, Tx). L]
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Corollary 2.18. Let (X,d) be a complete metric space, T : X — X be a map, and
F € F such that

(1) For z € X with d(Tx,T?z) > 0,
T+ F(d(Tz,T?z)) < F(M(z,Tx))
where M (x,Tx) is defined as in Definition 2.1.

(2) T is orbitally continuous.
Then T has the property (P).
Proof. Let a,n: X x X — [0,00) be defined by

1 ifzyeOw) B
alz,y) = { 0 otherwise and  n(z,y)=1forall z,y € X.

If a(z,y) > 1, then z,y € O(w) and Tz, Ty € O(w). Therefore, a(Tx,Ty) > 1 and so
T is a-admissible. Since w,Tw € O(w), a(w,Tw) > 1. By using Remark 1.6, T is an
a-continuous map. For each z € X with d(Tx,T?z) > 0, from(1) we have

T+ F(d(Tz,T%2)) < F(M(z,Tx)).

Then, applying Theorem 2.16, T has the property (P). n
Remark 2.19. By choosing suitable functions o and 7 as in [12, Section 4], generaliza-
tions of [12, Theorems 4.2-4.6] are easily obtained.

3. EXAMPLES AND APPLICATIONS

In this section we give examples to illustrate results presented in Section 2 and give an
application to the Urysohn integral equation.

The following example shows that Theorem 2.5 is a proper extension of Corollary 2.6
and Corollary 2.7.

Example 3.1. Let (X,d) be the space metric and T, G, F, o, be defined as in Exam-
ple 2.4. Then

(1) Corollary 2.6 and Corollary 2.7 are not applicable to T, G, F, a, 7.
(2) Theorem 2.5 is applicable to T\, G, F, a, 7.

Proof. (1). By Example 2.4, T is neither a generalized F-contraction nor an a-n-GF-
contraction. Then Corollary 2.6 and Corollary 2.7 are not applicable to T, G, F, a, .

(2). Also, from Example 2.4, T is a generalized a-n-GF-contraction. We show that
other assumptions of Theorem 2.5 are also satisfied.

Let a(z,y) > n(x,y). Then x € [0,1] U [e™,00),y € [0,1]. Therefore, Tz € [0, 00) and
Ty € [0,1]. Tt implies that «(Tx,Ty) > n(Tx,Ty). Hence, T is an a-admissible map
with respect to 7.

Let lim z, =z and a(zn, Tni1) > n(Tn, Tne1) for all n € N. Then, z,, € [0, 1] for all

n—roo

n € N. Tt implies that « € [0,1]. Therefore,

1
lim d(Tx,,Tz) = lim —e " |22 —2?|
n—oo n—00

1
lim —e " |z —2 || zp + |
n—oo 2

= 0.
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Hence, T is a-n-continuous. Note that «(0,70) > n(0,70).
By the above, all assumptions of Theorem 2.5 are fulfilled. So Theorem 2.5 is applicable
toT,G, F,a,n. =

The following example shows that Theorem 2.13 is a proper extension of Corollary 2.14.

Example 3.2. Let X = R with the usual metric, a > 1, T : X — X be defined by
Tzr = az for all z € R, and

oz,y) = { g e gtﬁe?w%sez "
n(z,y) = 1lforallz,y €R
Ft = Intforallt>0
G(t1,ta,t3,t4) = Ina for all ¢1,tq,ts,t4 > 0.

Then

(1) T is not an a-n-GF-contraction, and thus Corollary 2.14 is not applicable to

T7 G7 F’ a7 "7'

(2) Theorem 2.13 is applicable to T, G, F, a, 7.

Proof. (1). For x =1 and y =0,
d(Tz, Ty)=|la—0]=a>d(z,y) =]1-0=1.

It implies that F(d(T1,70)) > F(d(1,0)). Then (1.4) does not hold. So T is not an
a-n-GF-contraction. Then Corollary 2.14 is not applicable to T, G, F, a, n.

(2). For all z,y € X with a(z,y) > n(z,Tx) and d(Tz,Ty) > 0 we have x > y > 0.
Then

d(z, Ty) +d(y, Tz) d(T%z,x)+d(T%z, Ty)
2 ’ 2 ’

M(x,y) = max {d(x, y),d(x, Tx),d(y, Ty),

ATz, Tw), d(T?2,y), d(T%, Ty) }

|z —ayl + |y — az| |a’z — az| + |a’z — ay|
2 ’ 2 ’

= max{|ac —yl, |z — azxl|, |y — ayl,

¢ — ax|, |a*z — y)|, |a*x — ay|}

la
> |a*z — ayl
2

=a‘r —ay
> a*(z —y)
= ad(Txz,Ty).

It implies that Ina + Ind(Tx,Ty) < In M(x,y). Then (2.1) holds. So T is a generalized
a-n-GF-contraction. We show that other assumptions of Theorem 2.13 are also satisfied.

Let a(z,y) > n(z,y). Then z > y > 0 and thus Tz = ax > Ty = ay > 0. It implies
that o(Tx,Ty) > n(Tz,Ty). So T is a-admissible with respect to 7.

Let nh_>rrolo xp = 2 and a(Ty, Tni1) > (T, Tny1). For all n € N since a(xy,, 2p41) >
(T, Tnt1), Tn = Tpy1. It implies that x,, > x > 0 for all n € N. So ax,, > x > 0 and
then a(Txp,z) > n(Tx,, T?x,) for all n € N.

Note that a(0,70) =1 > n(0,70). Then all assumptions of Theorem 2.13 are fulfilled.
Therefore, Theorem 2.13 is applicable to T, G, F, a, 7. ]
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Finally we apply the result on generalized a-n-G F-contractions to study the existence
and uniqueness of solutions to the Urysohn integral equation [21].

Example 3.3. Let C[0,1] be the set of continuous functions on [0, 1] with the metric
d(z,y) = rn[guf] |z(t) — y(t)| for all z € C[0,1] and
te

(1) K :[0,1] x [0,1] x R — R be a function such that K (¢, s, z(s)) = 2z(t) + 2s
for all s,t € [0,1] and = € C[0, 1].
(2) a,m:C[0,1] x C[0,1] — R be defined by

1 ifx(s) >y(s)>0forall sel0,1] B
alz,y) = { 0 otherwise and n(z,y) =1 for all z,y € C|0,1].

Then
1
(1) The integral/ K(t,s,x(s))ds exists.
0

1
(2) Tz € C[0,1] for all z € C[0,1], where Tz(t) = / K(t,s,x(s))ds for all
0

xz € C[0,1] and all t € [0,1].
(3) There does not exist k € [0,1) such that for all z,y € C[0,1] with a(z,y) >
n(x, Tx) and d(Tz,Ty) > 0, and all s,¢ € [0,1],

‘K(S,t,.%‘(t))—K(S,t,y(t))| (3'1)
< kmax {Ifﬂ(S) —y(s)], z(s) = Ta(s)], ly(s) — Ty(s)l,

|(s) = Ty(s)| + [y(s) — T(s)|
5 :

(4) There exists k € [0,1) such that for all z,y € C[0,1] with a(x,y) > n(x, Tx)
and d(Tz,Ty) > 0, and all s,t € [0, 1],

K (s,t,2(t)) — K (s,t,y(1))] (3.2)
< kmax {[a(s) = y(s)], [2(s) = Ta(s)], ly(s) = Ty(s)],
() — Ty(s)| + ly(s) — Ta(s)| |T2x(s) — a(s)| + |T2x(s) — Ty(s)]
2 ’ 2 ’
[T22(s) = Ta(s)], I T%2(s) = y(s)], [T%2(s) = Ty(s)|}.

(5) T is a-admissible with respect to 7.
(6) There exists xg € C[0,1] such that a(zg, Txo) > n(xo, Txo).

1
Proof. (1). The integral / K(t,s,x(s))ds exists since K(t,s,x(s)) = 2x(t) + 2s is con-

0
tinuous with respect to s on [0, 1].
(2). For every t € [0,1] and z € C0, 1],
1

Tx(t) = ; K(t,s,x(s))ds = Al [22(t) + 2s]ds = 2x(t) + 1

which is continuous with respect to ¢ on [0,1]. This proves that Tz € C[0,1] for all
z € C|0,1].
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(3). Let x(s) = 1 and y(s) = 0 for all s € [0,1]. Then a(z,y) > n(x,Tz) and
d(Tx,Ty) =2 > 0. Suppose to the contrary that (3.1) holds. Then

K (s.ta(®) = K(s,ty(®)] = |2+20) = (0+20)
— 2
11— 1]+1]0—3]
< _ _ _
< kmax{|1 of, 1 — 3,10 — 1], . }

= 2k.

So k> 1. It is a contradiction.
(4). Let ax,y) > n(x, Tx). Then z(s) > y(s) > 0 for all s € [0,1]. For all s,¢ € [0, 1],

|K (s,t,2(t)) — K(s,t,y(t))| = |2x(s) + 2t — (Qy(s) + 2t)| = 2(1:(5) - y(s)) (3.3)
and
[T?2(s) — y(s)|

[2Tx(s) + 1 —y(s)| (3.4)
‘490(5) +3 - y(s)|

v

From (3.3) and (3.4),
|K (s,t,x(t) — K(s,t,y(t))]

< S[7%(5) ~ 4(5)
< gmax {Je(s) = y(s) le(s) ~ Tals)], ly(s) - Ty(s)],

|2(s) = Ty(s)| + |y(s) — Ta(s)| |T%x(s) — a(s)| +|Tx(s) — Ty(s)|
2 ’ 2 ’
T2 (s) — T (s)], [T%2(s) — y(s)], [Tz (s) — Ty(S)I}-

1
This proves that (3.2) holds if k € [5, 1).
(5). Since T is continuous, T' is a-admissible with respect to 7.
(6). Put zo(s) =0 for all s € [0,1]. Then xy € C[0,1] and zo(s) > Txo(s) > 0 for all
s € [0,1]. Tt implies that a(zg, Txo) > n(zg, Txo). m

The following result is a sufficient condition to guarantee that the Urysohn integral
equation has a unique solution. Note that Example 3.3 guarantees for the existence of
the function K in the following Theorem 3.4.

Theorem 3.4. Let C[0,1] be the set of continuous functions on [0,1] with the metric
d(z,y) = m[aa)i] |x(t) — y(t)| for all x € C[0,1], and K : [0,1] x [0,1] x R — R and
te(o,

a,n:C[0,1] x C[0,1] — R be three functions satisfying the following.
1
(1) The integml/ K(t,s,x(s))ds exists for all x € C[0,1] and all s € [0,1].
0

1
(2) Tx € C[0,1] for all x € C[0,1] where Tx(t) = / K(t,s,x(s))ds for all x € C[0,1]
0

and all t € [0,1].
(3) T is a-admissible with respect to 1.



Suzuki-Wardowski Type Theorems for Generalized a-n-GF-Contractions 1457

(4) There exists k € [0,1) such that for all z,y € C[0,1] with a(x,y) > n(x,Tz) and
d(Tx,Ty) > 0, and all s,t € [0,1],

|K (s, t, x(t)) — K(s,t,y(t))] (3.5)
< kmax {Ja(s) - y(s)]. |a(s) - Ta(s)]. y(s) - Ty (o),
|z(s) = Ty(s)| + ly(s) — T (s)| |Tx(s) — a(s)| + [T?x(s) — Ty(s)|
2 ’ 2
[Ta(s) — Ta(s)|, |T%x(s) — y(s)|, |T%x(s) — Ty(5)|}-
(5) There exists zp € C[0,1] such that a(xo, Txo) > n(zo, Txo).
(6) Either T is a-n-continuous, or if li_>m Xy =  such that a(x,, Tni1) = N(@n, Tni1)
n oo
for allmn € N, then a(xn,x) > n(xn, Tpnt1) for alln € N.
Then the Urysohn integral equation

o(t) = /0 K(t, s, 2(s))ds (3.6)

)

has a unique solution x* € C0,1].
Proof. By using (3.5), for all z,y € C|0,1] with a(z,y) > n(x,Tz) and d(Tx,Ty) > 0,
and all s € [0,1],
1 1
Ta(s) = Tyls)] = | [ Kls.ta®)de— [ Kls.togtear
0 0
1
< [ |KGsteat) - Ksitp(e)]ae
0
1

< / k‘maX{\w(S) —y(s)l; [x(s) = Ta(s)l, [y(s) — Ty(s)l,
0
|2(s) = Ty(s)| + ly(s) — Ta(s)| |T%x(s) — x(s)| + |T%x(s) — Ty(s)|
2 ’ 2
T2 (s) — T (s)], [T%2(s) = y(s)|, [T (s) — Ty(S)I}dt

d(x, Ty) +d(y, Tz)
2 b

)

< kmax {d(m, y),d(z, Tz),d(y, Ty),

d(T?z,z) + d(T?z, Ty)
2

1
,d(T?x, Tx), d(T?z,y), d(Tz, Ty)} / dt
0

d(x, Ty) + d(y, Tz)
2

b

= kmax {d(z,y),d(z, Tz),d(y, Ty),
d(T?z,x) + d(T?x, Ty)
2
Therefore, for all z,y € C[0,1] with a(z,y) > n(x,Tx) and d(Tz,Ty) > 0,
d(z,Ty) + d(y, T'z)
2 )

(T2, Tx), d(T?2,y),d(T2, Ty) }.

d(Te,Ty) < kmax{d(w,y),d(z,T2),d(y, Ty),

d(T?z,z) + d(T?z, Ty)
2

d(T?0, Ta),d(T*2,y),d(T*, Ty) }.



1458 Thai J. Math. Vol. 19 (2021) /V. T. L. Hang and K. Sitthithakerngkiet

Note that C[0,1] is complete and T : C[0,1] — C[0,1]. So all assumptions of Corol-
lary 2.9 are fulfilled. Then, by Corollary 2.9, the Urysohn integral equation (3.6) has a
unique solution z* € C|0, 1]. m
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