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1. INTRODUCTION AND PRELIMINARY

The Bessel function is associated with a wide range of problems concerning the most
important areas of mathematical physics and various technical problems are linked into
application of Bessel functions. Bessel function theory is often used when solving, for ex-
ample, problems of hydrodynamics, acoustics, radio physics, atomic and nuclear physics,
information theory. These functions are also an effective tool for problem solving in areas
of wave mechanics and elasticity theory. In recent years, various useful integral formulae
and applications associated with the Bessel (or generalized) functions have been studied
by several authors [1-7].
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Recently, Choi and Agarwal [3] introduced the generalized multiindex Bessel function
in the form

(Baj)::,”y Z H )Un ) (—nz')n (m c N), (1.1)

i1 l(ajn + B +

where a;, B, v € C(j = 1,---,m),v > 0, R(y) > 0, R(B;) > —1, 17, R(e) >
max{0; R(v) — 1}.
Clearly, for v =0,m = 1,a; = 1, 81 = v and replacing z by z2/4 in (1.1), we obtain

2 (5] = () we. (12)

where J, [z] is a Bessel function of the first kind defined for complex z € C, (z # 0) and
veC, (R(v)>-1) ([9-11]):

(-1} (/271

_ 1.3
?] —Tv+k+1) & (1.3)
The Srivastava’s polynomials is defined by Srivastava [12, p. 1, Eq.(1)] as
& (—n)u
Shlz] =) Ak 2, n=0,1,2,..., (1.4)
k=0

where ¢ is an arbitrary positive integer and the coefficients A, x(n,k > 0) are arbi-
trary constants, real or complex. The polynomial family S%[z] gives a number of known
polynomials as its special cases on suitably specializing the coefficient A, ;.

For our present investigation, we required the following Oberhettinger’s integral for-
mula [13]:

_ A _ £ TR — )

e ; _ong (@) DETO g

/0 x (az+a+ x +2ax) dr =2Xa (2) T+ At 7 (1.5)
provided 0 < R(u) < R(A) and Lavoie-Trottier integral formula [14]:

S 261 201 z\AL o (2)* T (a)T(B)
/0 e (1 3) (1 4) dx—<3) fats (00
provided R(a) > 0, R(B) >0
Here, we establish four generalized integral formulas involving product of Srivastava’s
polynomials and multiindex Bessel function, which are expressed in terms of the general-
ized (Wright) hypergeometric functions. Particular cases and consequences of our main
results involving the Hermite polynomials are also considered.

2. MAIN RESULTS

For our purpose, we first recall the definition of Fox-Wright function ,¥,(2) (see, for
details, [15-18]), for z € C complex, a;,b; € C and «;,8; € R, where (o, 3; # 0;
i=1,2,...,p;5=1, 2, ...,q), is defined as below:

(am a1 1 al+aik)zk
”\Dq{ (bj, B5) 1: 12 ] ZH L(b; + Bik) k! (2.1)




Integrals Involving Product of Srivastava’s Polynomials ... 1409

for all values of the argument z under the condition:

q P
> B = ai> -1 (2.2)
j= i=1

It is noted that the generalized (Wright) hypergeometric function ,¥, in (2.1) whose

asymptotic expansion was investigated by Fox [19] and Wright is an interesting further

generalization of the generalized hypergeometric series as follow:
v [(al, 1), ..., (ap, 1); :|:H§—1F(aj) gl o s (2.3)
p=a (blv 1)7a(b(171)7 _ F(ﬁj)pq ﬂl?"'aﬂq; ’ '

where ,F, is the generalized hypergeometric series defined by (see [20], Section 1.5)
A1y ooy Qs - (1)n - (ap)n2"
F, P TP Al = = F (a1, ...,ap; B1, ..., Bq; 2).
“[ﬂl,...,ﬂq; } 2 B Bt~ Pl s B B 2)
(2.4)

Theorem 2.1. Let a € N; A\, i, aj, B, v € C such that n, k > 0, R(3;) > —1 and
0 < R(n) <R+ k), then there holds the following result for x > 0:

o0 .Y
_ Y
o (z+a+ x2+2ax) St ( )
/0 "\z+a+ Va2 + 2ax

(g )m»y

y
dx
(Bg)m v (:v +a+ m)

xJ,

e
:21uauAFF((iﬁ;) kz_o ( k:!)M A g (y/a)k

A+k+1,1),A=p+k 1), (,0); —y
3Vm2 a |’ (25)
A+p+k+1,1),(A+k1), (8 +1,a5)]" ;

Proof. By making use of definition (1.1) and (1.4) in the left-hand-side of integral (2.5)
and then interchanging the order of integration and summation, which is verified by
uniform convergence of the involved series under the given conditions, we get

o0 =Y
_ Y
xH 1<x+a—|— x2+2ax) Sﬁ( )
/0 r+a+ Va? + 2ax

X J(aJ )m )Y

Yy
dx
(B3)m v <ac—|—a+ Va2 +2ax>

k (—y)’
Ay ZHJ L (Oégp+ﬁ]+1) p!

© —A—k—p
X / e (x +a+Vat+ an) dz. (2.6)
0
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Now, on applying the integral formula (1.5) to the integral in (2.6), we obtain the following
expression:

[n/4]
—p L (2p) (=) ex
= 9l Hgn=A A, a)k
Z F(y+vp)T A=p+k+p)TA+k+1+p) <y>”
HJ T(p+ B+ DT A +pu+k+1+p) TA+k+p)p! \a )~

In accordance with the definition of (2.1), we obtain the result (2.5). This completes the
proof of the theorem. [

Theorem 2.2. Let a € N; A\, p, o, 85, v € C such that n, k > 0, R(5;) > —1 and
0 < R(p) < R(A+ k), then there holds the following result for x > 0:

ol (ac +a+vVa2+ 2am) st ( )
/0 Tz +a+Vx? 4+ 2ax

XJ(Oéj)m,v'Y ( ‘Ty )
Bimw \ 7 ¢ 0+ Va2 + 2az
21-rgn=2 [ (L) 01 = )
- 2 o A (y/2)F
v k=0 :

(20 +2k,2),(A+E+1,1),(v,v); y
32 5 |- (2.7)
A+E1D), A +p+2k+1,2),(8; +1,05))";

Proof. By similar manner as in the proof of Theorem 2.1, we can prove the integral
formula (2.7). L]

Theorem 2.3. Leta € N; A\, i, aj, 85, v € C such thatn, k >0, R(5;) > —1, R(g) >0
and R (p+ k) > 0, then there holds the following result for x > 0 :

[y (I iy (o

xSk (y (1 - 2) (1- x)2> J((gj));)ﬁ (y (1 — %) 1- x)z) dx

[n/4] +k,1),(7,0);5
_ (2)2” L'(p) 3 (=)er 4 R @ )00 —y
| n, m ,
3) T() &= & (p+o+k1), (8 +1,a)7;
(2.8)

Proof. By making use of definition (1.1) and (1.4) in the left-hand-side of integral (2.8)
and then interchanging the order of integration and summation, which is verified by
uniform convergence of the involved series under the given conditions, we get

[t amapt (-2 oy

xSt (y(1-3) =) g5 (v (1-F) (1=2)?) do
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& ST (—y)
-3 S S e
= k! Oéap+ﬁg+ ) D!
1 2p—1 o+ptk—1
p=1 (1 _ \2o+pth)—1 (1 _ T\ _z
x/o 2" (1 - 2) (1 3) (1 4) da. (2.9)

On applying the integral formula (1.6) in (2.9), we obtain the following expression:

/] 2
S (=y)? (2\" T (p)T (0 +p+k)
ZH] T p+ﬁ]+1) p! (3> ’

3) T(p+to+ptk)
2)* I(p) §= (=n)
_(3) F(s)Z o Ay

k=0
Z Y+op)l'(o+p+Fk) (—y)P
HJ 1 O‘JP+BJ+1) (p+o+p+k) p!

which in accordance with the definition (2.1), yield to the desired result (2.8). This
completes the proof of the theorem. [

Theorem 2.4. Leta € N; A\, i, o, B, v € C such thatn, k >0, R(5;) > —1, R(s) >0
and R (p+ k) > 0, then for x > 0 the following result holds

r o 2 20—1 x\o—1
/Oxpl(l—x)2 1(1—5) (1_1)
2 ) 2
xS, (yx (1-3) ) T <y$ (1-3) ) o
212" (o) & (—n)ux 1)
() o e (3)

k=0

(p+k,1),(7,0);

2 W41 (2.10)

m, 9
(p+a+k7l)ﬂ(5j+lﬂaj)1 )
One can easily prove the integral formula (2.10), following the similar procedure as in
proof of Theorem 2.3, so we omit its detailed proof.

3. SPECIAL CASES

In this section, we derive some new integral formulae as special cases of our main
results derived in the preceding section.
If we set n = 0, then we observe that the Srivastava’s polynomial S [z] reduce to unity
i.e. S§[r] — 1. Hence, we obtain the following results:

Corollary 3.1. Let the condition of Theorem 2.1 be satisfied and n = 0, then Theorem
2.1 reduces in following form

o A
_ a; )
! (Jc—l—a—i— x2+2ax) J(@a)m: ( ) dx
/0 B \ 2 + a + Va2 + 2az
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A+ L1, (A= p1), (7, 0);
e ( ) ) ) ) ) ) _
_ 21—paM—A ( /;)3\I/m+2 —y (31)
K A+u+1,1), (01, (8 +Lap; ©
Corollary 3.2. Forn =0, Theorem 2.2 reduces in the following result
00 —A ) Ty
22 (24 a+ Va2 + 2ax J(@a)m ( ) dx
/0 ( ) Bdmv \ & 4 a+ Va? + 2az
B 21—/Lalt—)\r()\ _ /”') v (2lu + 2k‘, 2) ) (/\ +1, 1) ) (75 U) ; -y (3 2)
= F(’y) 3 ¥ m+2 2 :

()\»1)7()‘+#+172)3(5] + ]-aaj);n;

Corollary 3.3. Let the condition of Theorem 2.8 be satisfied, then for n = 0, Theorem
2.3 reduces as under

[l (2 () g (0 2

B 9 2p F(p) (Ua 1) ) (% U) ; B
= ( ) F(7)2‘I’m+1 Y| - (3.3)

(p+0,1),(8; +1,05)7"
Corollary 3.4. Under the valid condition and n = 0, Theorem 2.4 reduces in the following

form
1 2p—1 o—1 2
p—1 (1 _ N20-1 (1  L\ZP ( _ E) (@3)myy ( _ f)
/0 7 (1—x) (1 3) 1 1 Jigmw \ vz (1 3 dz

2\ 2®) T(s) (P, 1), (v, v); 4y
= (3) T(y)2 Ut m 9
(p+07 1) ) (5] + 1aaj)1 5
Further, the polynomial’s family S%[z] gives a number of known polynomials as its
special cases on suitably specializing the coefficients A,, ;. To illustrate this, we give one
more example.
If we set £ =2 and A,, ; = (—1)%, then the Srivastava’s polynomials

3

(3.4)

S2[a] — ="/ H, (2\1/5> , (3.5)

where H,(.) denotes the well known Hermite polynomials and defined by

R VL R
Hn(x)zzm@x) . (3.6)

Now, on putting ¢ = 2, A, ; = (—1)* and taking relation (3.5) into account, Theorem
2.1 to Theorem 2.4 yields to the following results involving the Hermite polynomial and
the generalized multiindex Bessel function:
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Corollary 3.5. Let x > 0;a € N, \,y € C; a; > 0 and B3; is an arbitrary parameter be
such that n,k >0 and 0 < R(p) < R(A+k + 1), then the following formulas holds:

(o) [y WA . 1 .
/ a1 (x+a+ x2+2ax> ’ y(f)Hn (2> Joa)my (X) dx

; 7% ) T
_ 21—HaM—AF (21[1’) [nz/f] (_n)2k (_1)k(y/a)k
T'(v) — k!

</\+k+171>7<)‘_M+ka1)7(77v)7 —y
3Vimt2 - | (3.7)
A+p+k+1,1),(A+k1),8;+1,05))";

_ y
where X = PR s

Corollary 3.6. Let x > 0; a € N\, v € C;a; > 0 and B; is an arbitrary parameter be
such that n, k >0 and 0 < R(p) < RA+ k+ 1), then we have

n

oo N . |
p—1+n/2 2 2 (7) I (aj)myy
/0 x (x+a+ x +2am) y\2)H, (2\/?> J(Bj)m,v (V) dz
2lmgr [n/2] (=)l (A — 1)

B |

v = k!

(2p +2k,2) , A+ k+1,1), (7,0) ;
W2 Y|, (3.8)
A+ k1), (A4 p+ 2k +1,2), (8 + 1,05)T;

(-1 (y/2)"

_ Ty
where Y = P e

Corollary 3.7. Let x> 0; a € N, A,y € C;a; > 0 and B; is an arbitrary parameter be
such that n,k >0, (o) >0 and R (p + k) > 0, then there holds the following result:

[t (1) ()

x H, (1) JEDmT (7Y de

2\/7 (Bj)m v
2\ T(p) T (~ D)o (0 + k1), (7,0);
N /71 k k ‘Ijm 9 » Vs 9 m _
<3> F(m; w U ’“{<p+o+k,1),(ﬁj+1,aj>1; )

(3.9)
where Z =y (1 — %) (1—2)%.

Corollary 3.8. Let x > 0; a € N, A\,v € C;a; > 0 and B; is an arbitrary parameter be
such that n,k >0 and R(o) > 0 and R (p+ k) > 0, then

1 ny_ o—
/ (- ) (1 E)W“) (-5
0 3 1
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1 (aj)m,
<H, () T (W) de

_<2>2(p)1“(0)[n/2](—n)2k(1)k(4y>k (p+k,1),(v,0); 1y

Q\Ijm+l m 9 9
(p+0+ka1)7(6] +17aj)1 ;

(3.10)
where W = yx (1 — %)2 .

4. CONCLUDING REMARK

We conclude this paper by emphasizing that the various type of Bessel functions are
particular cases of generalized multiindex Bessel function defined by (1.1). Further, on
giving suitable special values to the coeflicient A, i, the general class of polynomials
give many known classical orthogonal polynomials as its particular cases, which includes
Hermite, Leguerre, Jacobi, the Konhauser polynomials and so on. Therefore, we observe
that our main results can lead to yield numerous other interesting integrals involving
various Bessel functions and orthogonal polynomials by suitable specialization of arbitrary
parameters in the main theorems.
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