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Abstract Focusing on the ordered semihypergroup, the goal is to find conditions of minimality of left
(right) hyperideal, bi-hyperideal and (0, 2)-hyperideal in ordered semihypergroups. The study begins by
examining basic properties of (0,2)-hyperideal and bi-hyperideal. Using such knowledge demonstrates
that if A is a O-minimal (0, 2)-bi-hyperideal of an ordered semihypergroup H with zero, then either
(A?] = {0} or A is a left O-simple.
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1. INTRODUCTION AND PRELIMINARIES

Algebraic hyperstructures were introduced in 1934 by the French mathematician F.
Marty [1]. He defined hypergroups as a generalization of groups. There are many signifi-
cant results regarding semihypergroups, hypergroups, hyperrings and hyperfields. D. N.
Krgovié ([2] and [3]) studied minimality of bi-ideal in semigroups and S. Hobanthad and
W. Jantanan [41] extended the findings to semihypergroups. The main purpose of this
paper seeks conditions of minimality of left (right) hyperideal, hyperideal, bi-hyperideal,
(0,2)-hyperideal and (1, 2)-hyperideal of ordered semihypergroups. This paper extend
the result of W. Jantana and T. Changphas [5] to ordered semihypergroups. The author
starting recalls the terminologies of semihypergroups with zero from P. Corsini and V.
Leoreanu ([6] and [7]) as follows:

A hyperoperation on a nonempty set H is a map o : H x H — P*(H) where P*(H)
is the family of the nonempty subset of H. If A and B are nonempty subsets of H and
x € H, then

AoB= U aob;roA={x}oAand Aox = Ao {z}.
acAbeB
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A semihypergroup is a system (H, o) where H is a nonempty set, o is a hyperoperation
on H and (zoy)oz==xo0(yoz), forall z,y,z € H. An element e of a semihypergroup H
is called an identity of (H,o) if x € (xoe)N(eox) for all x € H, and it is called a scalar
identity of (H,o) if (zxoe)N(eox) = {a}, for all z € H. A semihypergroup H with an
element 0 such that 0oz = z 00 = {0} for all z in H; then, 0 is a zero element of H, and
H is called a semihypergroup with zero.

Definition 1.1 ([8]). An algebraic hyperstructure (H,o,<) is called an ordered semi-
hypergroup if (H,o) is a semihypergroup and < is an order relation on H such that the
monotone condition holds as follows:

r<y=>aox<aoy,foral z,y,a € H.

Where, let A and B be nonempty subsets of H. If for every a € A, there exist b € B such
that a < b, then A < B.

A nonempty subset A of a ordered semihypergroup H is called a subsemihypergroup of
Hif Ac ACA.

Definition 1.2 ([8]). A nonempty subset A of an ordered semihypergroup
(H,o0,<) is called a left (right) hyperideal of H if the following conditions hold:
1. HoAC A(Ao H C A);
2. If a € Aand b < a; then, b € A for every b € H.

Ais called a hyperideal of H if it is a left and right hyperideal. If (H, o, <) is an ordered
semihypergroup and A C H; then, (A] is the subset of H defined as follows:

(Al={te H:t<afor someac A}

Proposition 1.3 ([8]). Let (H,o,<) be an ordered semihypergroup then the following
holds:

A C (A] for every AC H.

If A C B; then, (A] C (B] for every A,B C H.

(A] o (B] C (Ao B] for every A,B C H.

((A]] = (4] for every AC H.

If A and B are hyperideals of H; then, (Ao B] and AU B are hyperideals of H.
For every a € H, (H oao H| is a hyperideal of H.

If A,B,C C H such that AC B; then, CoAC CoB and AoC C BoC.

NS G oo~

Definition 1.4 ([9]). Let (H,o,<) be an ordered semihypergroup and let m,n be non-
negative integer. A subsemihypergroup A of H is called a (m,n)-hyperideal of H if the
following hold:

1. Ao H o A™ C A;

2. If a € Aand b <a, then b € A for every b € H or (4] = A.

From Definition 1.4, if m = n = 1; then, A is called a bi-hyperideal of H. If m = 0 and
n = 2; then, A is called a (0, 2)-hyperideal of H.

Definition 1.5 ([9]). A subsemihypergroup A of an ordered semihypergroup (H, o, <) is
called (0, 2)-bi-hyperideal of H if A is both a bi-hyperideal and (0, 2)-hyperideal of H.

Let H be a semihypergroup with zero and L is a left hyperideal of H. Since H o L? C
HoL C L; then, L is a (0,2)-hyperideal of H. Therefore, every left hyperideal of H is a
(0,2)-hyperideal of H.
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2. MAIN RESULTS

If A is a subsemihypergroup of the ordered semihypergroup (H, o, <); then, H o (AU
HoA|C(HoAUH?0A] C (HoA] C (AUHoA]. Thus, (AU H o A] is a left hyperideal
of H. Since,

(A2UAoHoA?)oHo(A*UAoHoA?)C (A0 HoA2UA*0Ho Ao Ho A?
UAoHo A%20 H o A2
UAOHOAQOHOAOHOA2]
- (AOHOA2]
C(A2UAoHo A%,
then, (A2 U A o H o A?] is a bi-hyperideal of H. Since
(AUAoH]oH C(AocHUAoH?|C (Ao H|]C (AUAoH],
(AU Ao HJ is a right hyperideal of H. Moreover, (AU H o A?] is a (0,2)-hyperideal of
H, because
Ho(AUHoA*?=Ho(AUHo A?)o (AUH o A?]
g(H0A2UHvoHoAQUH20A3UH20A20H0A2]
C (Ho A?)
C (AUHo A%

Lemma 2.1. Let (H,o,<) be an ordered semihypergroup . Then, A is a (0,2)-hyperideal
of H if and only if A is a left hyperideal of some left hyperideal of H.

Proof. Tf A is a (0, 2)-hyperideal of H; then,
(AUHo Alo AC (A2UH o A%] C (A] = A.

Thus, A is a left hyperideal of left hyperideal (AU H o A] of H. Conversely, assume that
A is a left hyperideal of left hyperideal L of H. Then, Ho A2C HoLo AC Lo AC A.
Let a € A and b € H be such that b < a. Since a € L, so b € L. The assumption implies
b € A. Therefore, A is (0,2)-hyperideal of H. L]

Theorem 2.2. Let (H,o,<) be an ordered semihypergroup . The following statements
are equivalent:

1. A is a (1,2)-hyperideal of H;

2. A is a left hyperideal of some bi-hyperideal of H;

3. A is a bi-hyperideal of some left hyperideal of H ;

4. A is a (0,2)-hyperideal of some right hyperideal of H;

5. A is a right hyperideal of some (0,2)-hyperideal of H.

Proof. (1 = 2) If A is a (1,2)-hyperideal of H; then, (A2 U Ao Ho A%Jo A = (A% U
AoHoA? o (Al C (A2UAoHo A% C (A2UAo0 Ho A?] C (A] = A. Clearly, if
a€ Abe (A2U Ao H o A?%] such that b < a; then, b € A. Hence, A is a left hyperideal
of the bi-hyperideal (A2 U Ao H o A?] of H.

(2 = 3) If A is a left hyperideal of a bi-hyperideal B of H; then, A2 C Bo A C A
and Ao (AUHoAJo A= (AJo(AUH 0 A]o(A] C (A3UAocHoA? C (AUBoHoBoA] C
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(AUBo Al C (Al = A. Let a € A,b € (AU H o A] such that b < a. Since a € A, so
a € B. Thus, b € B. Hence, b € A. Therefore, A is a bi-hyperideal of the left hyperideal
(AUHo A] of H.

(3 = 4) If Ais a bi-hyperideal of some left hyperideal L of H; then (AUAoH]oA? C
(AUAoH]o(A%] C(A3UAo0HoA?C (AUAoHoLoA]C (AUAoLoA] C (4] = A.
Let a € A,b € (AU Ao H]| such that b < a; then, a € L. Thus b € L. Thus b € A. Hence,
A is a (0, 2)-hyperideal of the right hyperideal (AU Ao H] of H.

(4= 5)If Aisa (0,2)-hyperideal of some right hyperideal R of H; then, Ao (AU
HoA%C(A2UA0HoA?)C (AURoHo A?] C (AURo A?] C (A] = A. Assume that
a€ Abe (AUH o A?] such that b < a. Since a € R, so b € R. Thus, b € A. Hence, A is
a right hyperideal of the (0, 2)-hyperideal (AU H o A?] of H.

(5 = 1) If A is a right hyperideal of a (0, 2)-hyperideal R of H; then, Ao H o A% C
AoHoR?> C AoR C A. Assume that a € A,b € H such that b < a. Since a € R, so
b€ R. Thus, b € A. Hence, A is a (1,2)-hyperideal of H. n

Lemma 2.3. Let (H,o,<) be an ordered semihypergroup and let A be a subsemihyper-
group of H such that A = (A]. Then, A is a (1,2)-hyperideal of H if and only if there exist
a (0,2)-hyperideal L of H and a right hyperideal R of H such that RoL? CAC RN L.

Proof. Assume that A is a (1,2)-hyperideal of H. Since (AU H o A%] and (AU Ao H] are
(0,2)-hyperideal and right hyperideal of H, respectively.
Setting L = (AU H o A% and R = (AU A o HJ; so,

RoL>C (AUAoH]o(AUHo A% o(AUH o A%
C(A2UA?0cHoA?UAoHoA>UAoHoA%0 H o A?
UAoHoA?UAoHoAoHoA?UAo H? o A3
UAoH?o0A%0 Ho A%
C (A3U Ao Ho A?
C (Al = A
Clearly, it is A C RN L. Hence, Ro L? C A C RN L. Conversely, let R be a right
hyperideal of H and L be a (0,2)-hyperideal of H such that Ro L2 C A C RN L. Then,

AoHoA? C(RNL)oHo(RNL)o(RNL)C RoHoL?>C RoL?C A. Hence, A is a
(1,2)-hyperideal of H. [

A left hyperideal, right hyperideal, hyperideal, (0, 2)-hyperideal and (0, 2)-bi-hyperideal
A of an ordered semihypergroup (H, o, <) with zero will be said to be 0-minimal if A # {0}
and {0} is the only left hyperideal, right hyperideal, hyperideal, (0, 2)-hyperideal, (0, 2)-
bi-hyperideal, respectively of H properly contained in A. From every left hyperideal of
H is a (0,2)-hyperideal of H. Hence, if L is a 0-minimal (0, 2)-hyperideal of H and A is
a left hyperideal of H contained in L; then, A = {0} or A = L.

Lemma 2.4. Let (H,o,<) be an ordered semihypergroup with zero. If L is a 0-minimal
left hyperideal of H and A is a subsemihypergroup with zero of L such that A = (A]; then,
A is a (0,2)-hyperideal of H contained in L if and only if (A%] = {0} or A= L.

Proof. Assume that A is a (0, 2)-hyperideal of H contained in L, then (H o A?] C L. Since
(H o A?] is a left hyperideal of H, so (H o A?] = {0} or (H o A?] = L. If (H o A?] = L.
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Then, L = (H o A?] C (A] = A. Hence, A = L. If (H o A%] = {0}. Thus, H o (A?] C
(H o A%] = {0} C (A?]. Therefore, (A?] is a left hyperideal of H contained in L. By the
minimality of L, (A%] = {0} or (A42%] = L. If (A?] = L; then, L = (A?] C (A] = A. Hence,
A = L. The opposite direction is clear. [

Lemma 2.5. Let (H,o0,<) be an ordered semihypergroup with zero. If L is a 0-minimal
(0,2)-hyperideal of H; then, (L?] = {0} or L is a 0-minimal left hyperideal of H.

Proof. Assume that L is a O-minimal (0, 2)-hyperideal of H. Consider H o (L?]> = H o
(L?) o (L% C (H o L% o (L?] C (L?]. Then, (L?] is a (0,2)-hyperideal of H contained in
L. Hence, (L?] = {0} or (L% = L. Suppose that (L?] = L. Since Ho L = H o (L% C
(HoL? C (L] = L. Thus, L is left hyperideal of H. Let B be a left hyperideal of H
contained in L . Therefore, B is a (0,2)-hyperideal of H contained in L. Then, B = {0}
or B = L. Thus, L is a O-minimal left hyperideal of H. [

The following corollary follows from Lemma 2.4 and Lemma 2.5.

Corollary 2.6. Let (H,o,<) be an ordered semihypergroup without zero. Then, L is a
minimal (0,2)-hyperideal of H if and only if L is a minimal left hyperideal of H.

Lemma 2.7. Let (H,o0,<) be an ordered semihypergroup without zero and let A be a
nonempty subset of H. Then, A is a minimal (2,1)-hyperideal of H if and only if A is a
manimal bi-hyperideal of H.

Proof. Assume that A is a minimal (2, 1)-hyperideal of H. Since, (A%20 Ho A]?0 Ho (A?0
HoA] C (A20Ho Al and (A%20 Ho A] C (A] = A; then, (420 Ho A] is a (2, 1)-hyperideal
of H contained in A. Therefore, (A%20 Ho A] = A. Since AoHo A = (A20cHoAJoHoA C
(A20HoAoHoA] C (A%20 Ho A] = A; then, A is a bi-hyperideal of H. Suppose that
there exist a bi-hyperideal B of H contained in A. Then, BZ2o Ho B C B> C B C A.
Thus, B is a (2, 1)-hyperideal of H contained in A. Using the minimality of 4, so B = A.
Conversely, assume that A is a minimal bi-hyperideal of H. Then, A is a (2, 1)-hyperideal
of H. Let C be a (2,1)-hyperideal of H contained in A. Since

(C’2oHoC]oHo(C2oHoC]Q(ConoCoHOCQOHOC]
C(C?oHoC),

so (C? o H o C] is a bi-hyperideal of H. This implies that (C? o H o C] = A. Since
A=(C?cHo(C] C(C]=C,so A= C. Therefore, A is a minimal (2, 1)-hyperideal of
H. [

Lemma 2.8. Let (H,o,<) be an ordered semihypergroup with zero. Then, A is a (0,2)-
bi-hyperideal of H if and only if A is a hyperideal of some left hyperideal of H.

Proof. Assume that A is a (0,2)-bi-hyperideal of H. Then, H o (A> UH o A%] C (H o
A2 U H? 0 A% C (H o A%] C (A2 U H o A2]. Hence, (A2 U H o A?] is a left hyperideal of
H. Since Ao (A2UHo A% C (APUAoHo A% C (Al = Aand (A2UH o A?J0 A C
(A3 U H o A3 C (A] = A4; so, A is a hyperideal of (42U H o A?]. Conversely, if A is
a hyperideal of a left hyperideal L of H; by Lemma 2.1, A is a (0, 2)-hyperideal of H.
Since, AcHo AC AoHoL C AoL C A, hence A is a bi-hyperideal of H. Therefore, A
is a (0, 2)-bi-hyperideal of H. m
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Theorem 2.9. Let (H,o0,<) be an ordered semihypergroup with zero scalar element 0. If
A is a 0-minimal (0,2)-bi-hyperideal of H and a € A; then, exactly one of the following
CASES OCCUTS:

1. A= ({0,a}],a® = {0}, (a0 H o a] = {0}

2. A= ({0,a}],a®> ={0},(a0cHoa] = A

3. Va € A\ {0}, (H o a?] = A.

Proof. Assume that A is a 0-minimal (0,2)-bi-hyperideal of H. Let a € A\ {0}, so
(H o a?] C A. Moreover, (H oa?] is a (0,2)-bi-hyperideal of H. Hence, (H o a?] = {0} or
(Hoa? = A. If (H oa? = {0}, hence either aca = {0} or aoa = {a} or aoa = {0,a}
or there exist € a? such that x ¢ {0,a}. If a o a = {a} this is impossible, because
a € aoaoa C Hoa® = {0}. Ifaoa = {0,a}, so (aca)oa = {0,a}oa = 0ocalUaoa = {0,a}.
This is a contradiction, because a € aoaoa C H o a? = {0}. If there exists x € a® such
that = ¢ {0,a}, so # € A. Then, {0,z2} C {0,2,a} C A. Since H ox C H o a? = {0}, so
Hoxz ={0}. Thus, Hox? = (H ox)ox = {0}, consider
H o ({0,2}]* = H o ({0,2}] o ({0, z}]
=(Ho0*UHoOoxUHoxo0UH o2?]
= ({0}] < ({0, 2}],
so ({0,z}] is a (0, 2)-hyperideal of H. Since
({0,z}] o H o ({0, 2}] = (z 0 H o z]
= (z 0 {0}]
= ({0}] < ({0, 2},
hence ({0,z}] is a (0, 2)-bi-hyperideal of H contained in A. If ({0, z}] = A; then,
aoaC Ao AC Ho ({0,z2}]
C (H ox]
< (H oa?] = ({0}].
This is a contradiction, because {0,z} C aoa. Hence, ({0,2}] # A. Using the minimality

of A, so a® = {0} and A = ({0,a}]. It is clear that a o H o a is a bi-hyperideal of H
contained in A and

Ho(aoHoa)> C(HoaoHoa”o Hod]
=(HoaoHo{0}oHoud
= ({0}] C (a0 Hoal.
Then, a o H o a is a (0,2)-bi-hyperideal of H contained in A. Thus, ao H oa = {0} or
aoHoa=A. [

The following corollary follows from Theorem 2.9.

Corollary 2.10. Let A be a 0-minimal (0, 2)-bi-hyperideal of an ordered semihypergroup
(H,o,<) with a zero. If (A?] # {0}; then, A = (H o a?] for every a € A\ {0}.

An ordered semihypergroup H with zero is called a 0-(0, 2)-bisimple if (H?] # {0} and
{0} is the only proper (0, 2)-bi-hyperideal of H.
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Corollary 2.11. An ordered semihypergroup H with zero scalar is 0-(0,2)-bisimple if
and only if (H o a®| = H for every a € H \ {0}.

Proof. Assume that (H oa?) = H for all a € H \ {0}. Let A be a (0,2)-bi-hyperideal of
H such that A # {0}. Let a € A\ {0}. Since, H = (H o a?] C (H o A%] C (A] = A; so,
A= H. Since H = (H oa?] C (H o H] = (H?]. Then, (H?] # {0}. Therefore, H is a
0-(0, 2)-bisimple. The converse statement follows from Corollary 2.10. ]

Theorem 2.12. Let (H,o0,<) be an ordered semihypergroups with zero. Then, H is
0-(0, 2)-bisimple if and only if H is a left 0-simple.

Proof. Assume that H is 0-(0, 2)-bisimple. If A is a left hyperideal of H, so A is a (0, 2)-bi-
hyperideal of H. Hence, A = {0} or A = H. Conversely, assume that H is left 0-simple.
Let a € H\ {0}. Then, (Hoa] = H, hence H = (Hoa] = ((Hoaloa] C ((Hoa]o(a]] C

((H o a?]] = (H o a?]. By corollary 2.11, H is 0-(0, 2)-bisimple. =

Theorem 2.13. Let (H,o,<) be an ordered semihypergroups with zero. If A is a 0O-
minimal (0,2)-bi-hyperideal of H; then, either (A%] = {0} or A is left 0-simple.

Proof. Assume that A is a 0-minimal (0, 2)-bi-hyperideal of H such that (A42%] # {0}. By
Corollary 2.10, (H o a®] = A for every a € A\ {0}. Let a € A\ {0}. Since

(Aca*loHo(Aoa®| C(Aoa®o HoAoa?

Ao A?o0Ho Aod?

AoAo(AoHoA)od?

A3 0a?)

(Aoa?l and

o(Aoa®*=Ho(Aoa? o (Acad?]
C(HoAoa®o Aod?]

C(HoAoA?o0 Aod?]

= ((HoA?*) o Ao Aod?

N

(
(
= (
(

N 1N

Thus, (A o a?] is a (0,2)-bi-hyperideal of H contained in A. Hence, (A o a®] = {0} or
(Aoa? = A. Since (H oa?] = A for every a € A\ {0}. Then, a? # {0}. Therefore, there
exist 0 # z € a® C A. Clearly, 22 # {0} and 22 C a®? 0a? C Aoa? C (Ao a?]. Hence,
(Aca?] = A and conclude by Corollary 2.11 that A is 0-(0, 2)-bisimple. By Theorem 2.12,
applies A is left 0-simple. [
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