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1. Introduction

In this paper, we consider the existence of positive weak solutions for the following
Kirchhoff systems

−M1

(∫
Ω

|∇u|pdx
)

∆pu = λa(x)
f(v)

uα
, x ∈ Ω,

−M2

(∫
Ω

|∇v|qdx
)

∆qv = λb(x)
g(u)

vβ
, x ∈ Ω,

u = v = 0, x ∈ ∂Ω,

(1.1)

where ∆rz = div(|∇z|r−2∇z), for (r > 1) denotes the r−Laplacian operator and λ is
a positive parameter and Ω is a bounded domain in Rn, n ≥ 1 with smooth boundary,
α, β ∈ (0, 1). Here a(x) and b(x) are C1 sign-changing functions that maybe negative near
the boundary and f, g are C1 nondecreasing functions such that f, g : [0,∞) → [0,∞);
f(s) > 0, g(s) > 0 for s > 0 , lim

s→∞
g(s) =∞ and

lim
s→∞

f(Mg(s)
1
q−1 )

sp−1+α
= 0

for all M > 0. Here M1,M2 satisfy the following condition:
(H1) Mi : R+

0 → R+, i = 1, 2, are two continuous and increasing functions and
0 < mi ≤ Mi(t) ≤ mi,∞ for all t ∈ R+

0 , where R+
0 := [0,+∞). System (1.1) is related to

the stationary problem of a model introduced by Kirchhoff [1]. More precisely, Kirchhoff
proposed a model given by the equation

ρ
∂2u

∂t2
−
(P0

h
+

E

2L

∫ L

0

∣∣∣∂u
∂x

∣∣∣2dx)∂2u

∂x2
= 0, (1.2)

where ρ, ρ0, h, E are all constants. This equation is an extension of the classical D’Alembert
’s wave equation. A distinguishing feature of equation (1.2) is that the equations a non-

local coefficient
P0

h
+

E

2L

∫ L

0

∣∣∣∂u
∂x

∣∣∣2dx which depends on the average
1

2L

∫ L

0

∣∣∣∂u
∂x

∣∣∣2dx ;

hence the equation is no longer a pointwise identity. Nonlocal problems can be used for
modeling, for example, physical and biological systems for which u describes a process
which depends on the average of itself, such as the population density.In recent years,
problems involving Kirchhoff type operators have been studied in many papers, we refer
to [2–12] in which the authors have used variational method and topological method to
get the existence of solutions for (1.1). We study the existence of positive solution to the
system with sign-changing weight functions a(x), b(x) . Due to these weight functions,
the extensions are challenging and nontrivial. The main tool used in this study is the
method of sub- and super solutions. Our result in this note improves the previous one
[13] in which M1(t) = M2(t) ≡ 1. To our best knowledge, this is a new research topic for
nonlocal problems, see [2, 3, 14, 15]. To precisely state our existence result we consider
the eigenvalue problem{

∆rφ = λ|φ|r−2φ, x ∈ Ω,
φ = 0, x ∈ ∂Ω.

(1.3)

Let φ1,r be the eigenfunction corresponding to the first eigenvalue λ1,r of (1.3) such that
φ1,r(x) > 0 in Ω, and ‖φ1,r‖∞ = 1 for r = p, q. Let m,σ, δ > 0 be such that

σ ≤ φ1,r ≤ 1, x ∈ Ω− Ωδ, (1.4)
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λ1,rφ
r
1,r −

(
1− sr

r − 1 + s

)
|∇φ1,r|r ≤ −m, x ∈ Ωδ, (1.5)

for r = p, q, and s = α, β, where Ω = {x ∈ Ω | d(x, ∂Ω) ≤ δ}. (This is possible since
|∇φ1,r|r 6= 0 on ∂Ω while φ1,r = 0 on ∂Ω for r = p, q.) We also consider the unique

solution ζr ∈W 1,r
0 (Ω) of the boundary value problem{

−∆rζr = 1, x ∈ Ω,
ζr = 0, x ∈ ∂Ω,

to discuss our existence result, it is known that ζr > 0 in Ω and
∂ζr
∂n

< 0 on ∂Ω.

Here we assume that the weight functions a(x) and b(x) takes negative values in Ωδ, but
require a(x) and b(x) are strictly positive in Ω−Ωδ. To be precise we assume that there
exist positive constants a0, a1, b0 and b1 such that a(x) ≥ −a0, b(x) ≥ −b0 on Ωδ and
a(x) ≥ a1, b(x) ≥ b1 on Ω− Ωδ.

2. Existence of Positive Solutions

In this section, we shall establish our existence result via the method of sub - super-
solution. A pair of nonnegative functions (ψ1, ψ2) ∈ W 1,p ∩ C(Ω) ×W 1,q ∩ C(Ω) and
(z1, z2) ∈W 1,p ∩C(Ω)×W 1,q ∩C(Ω) are called a subsolution and supersolution of (1.1)
if they satisfy (ψ1, ψ2) = (0, 0) = (z1, z2) on ∂Ω and

M1

(∫
Ω

|∇ψ1|pdx
)∫

Ω

|∇ψ1|p−2∇ψ1 · ∇wdx ≤ λ

∫
Ω

a(x)
f(ψ2)

ψα1
wdx,

M2

(∫
Ω

|∇ψ2|qdx
)∫

Ω

|∇ψ2|q−2∇ψ2 · ∇wdx ≤ λ

∫
Ω

b(x)
g(ψ1)

ψβ2
wdx,

M1

(∫
Ω

|∇z1|pdx
)∫

Ω

|∇z1|p−2∇z1 · ∇wdx ≥ λ

∫
Ω

a(x)
f(z2)

zα1
wdx,

M2

(∫
Ω

|∇z2|qdx
)∫

Ω

|∇z2|q−2∇z2 · ∇wdx ≥ λ

∫
Ω

b(x)
g(z1)

zβ2
wdx,

for all w ∈W = {w ∈ C∞0 (Ω) | w ≥ 0, x ∈ Ω}. A key role in our arguments will be played
by the following auxiliary result. Its Proof is similar to those presented in [16], the reader
can consult further the papers [2, 3, 14, 15].

Lemma 2.1. Assume that M : R+ → R+ is a continuous and increasing function satis-
fying

M(t) ≥M0 > 0 for all t ∈ R+.

If the functions u, v ∈W 1,p
0 (Ω) satisfies

M

(∫
Ω

|∇u|p dx
)∫

Ω

|∇u|p−2∇u ·∇ϕdx ≤M
(∫

Ω

|∇v|p dx
)∫

Ω

|∇v|p−2∇v ·∇ϕdx (2.1)

for all ϕ ∈W 1,p
0 (Ω), ϕ ≥ 0, then u ≤ v in Ω.
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Proof. Our proof is based on the arguments presented in [17, 18]. Define the functional

Φ : W 1,p
0 (Ω)→ R by the formula

Φ(u) :=
1

p
M̂

(∫
Ω

|∇u|p dx
)
, u ∈W 1,p

0 (Ω).

It is obviously that the functional Φ is a continuously Gáteaux differentiable whose
Gáteaux derivative at the point u ∈ W 1,p

0 (Ω) is the functional Φ′ ∈ W−1,p
0 (Ω), given

by

Φ′(u)(ϕ) = M

(∫
Ω

|∇u|p dx
)∫

Ω

|∇u|p−2∇u · ∇ϕdx, ϕ ∈W 1,p
0 (Ω).

It is obvious that Φ′ is continuous and bounded since the function M is continuous. We
will show that Φ′ is strictly monotone in W 1,p

0 (Ω). Indeed, for any u, v ∈W 1,p
0 (Ω), u 6= v,

without loss of generality, we may assume that∫
Ω

|∇u|p dx ≥
∫

Ω

|∇v|p dx.

(otherwise, changing the role of u and v in the following proof). Therefore, we have

M

(∫
Ω

|∇u|p dx
)
≥M

(∫
Ω

|∇v|p dx
)

(2.2)

since M(t) is a monotone function. Using Cauchy’s inequality, we have

∇u · ∇v ≤ |∇u||∇v| ≤ 1

2
(|∇u|2 + |∇v|2). (2.3)

Using (2.3) we get∫
Ω

|∇u|p dx−
∫

Ω

|∇u|p−2∇u · ∇v dx ≥ 1

2

∫
Ω

|∇u|p−2(|∇u|2 − |∇v|2) dx (2.4)

and ∫
Ω

|∇v|p dx−
∫

Ω

|∇v|p−2∇v · ∇u dx ≥ 1

2

∫
Ω

|∇v|p−2(|∇v|2 − |∇u|2) dx. (2.5)

If |∇u| ≥ |∇v|, using (2.2)-(2.5) we have

I1 := Φ′(u)(u)− Φ′(u)(v)− Φ′(v)(u) + Φ′(v)(v)

= M

(∫
Ω

|∇u|p dx
)(∫

Ω

|∇u|p dx−
∫

Ω

|∇u|p−2∇u · ∇v dx
)

−M
(∫

Ω

|∇v|p dx
)(∫

Ω

|∇v|p−2∇v · ∇u dx−
∫

Ω

|∇v|p dx
)

≥ 1

2
M

(∫
Ω

|∇u|p dx
)∫

Ω

|∇u|p−2(|∇u|2 − |∇v|2) dx

− 1

2
M

(∫
Ω

|∇v|p dx
)∫

Ω

|∇u|p−2(|∇u|2 − |∇v|2) dx

=
1

2
M

(∫
Ω

|∇v|p dx
)∫

Ω

(|∇u|p−2 − |∇v|p−2)(|∇u|2 − |∇v|2) dx

≥ M0

2

∫
Ω

(|∇u|p−2 − |∇v|p−2)(|∇u|2 − |∇v|2) dx.

(2.6)
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If |∇v| ≥ |∇u|, changing the role of u and v in (2.2)-(2.5) we have

I2 := Φ′(v)(v)− Φ′(v)(u)− Φ′(u)(v) + Φ′(u)(u)

= M

(∫
Ω

|∇v|p dx
)(∫

Ω

|∇v|p dx−
∫

Ω

|∇v|p−2∇v · ∇u dx
)

−M
(∫

Ω

|∇u|p dx
)(∫

Ω

|∇u|p−2∇u · ∇v dx−
∫

Ω

|∇u|p dx
)

≥ 1

2
M

(∫
Ω

|∇v|p dx
)∫

Ω

|∇v|p−2(|∇v|2 − |∇u|2) dx

− 1

2
M

(∫
Ω

|∇u|p dx
)∫

Ω

|∇u|p−2(|∇v|2 − |∇u|2) dx

=
1

2
M

(∫
Ω

|∇v|p dx
)∫

Ω

(|∇v|p−2 − |∇u|p−2)(|∇v|2 − |∇u|2) dx

≥ M0

2

∫
Ω

(|∇v|p−2 − |∇u|p−2)(|∇v|2 − |∇u|2) dx.

(2.7)

From (2.6) and (2.7) we have(
Φ′(u)− Φ′(v)

)
(u− v) = I1 = I2 ≥ 0, ∀u, v ∈W 1,p

0 (Ω). (2.8)

Moreover, if u 6= v and
(

Φ′(u)− Φ′(v)
)

(u− v) = 0, then we have∫
Ω

(|∇u|p−2 − |∇v|p−2)(|∇u|2 − |∇v|2) dx = 0,

so |∇u| = |∇v| in Ω. Thus, we deduce that(
Φ′(u)− Φ′(v)

)
(u− v) = Φ′(u)(u− v)− Φ′(v)(u− v)

= M

(∫
Ω

|∇u|p dx
)∫

Ω

|∇u|p−2|∇u−∇v|2 dx

= 0,

(2.9)

i.e., u−v is a constant. In view of u = v = 0 on ∂Ω we have u ≡ v which is contrary with

u 6= v. Therefore
(

Φ′(u)− Φ′(v)
)

(u− v) > 0 and Φ′ is strictly monotone in W 1,p
0 (Ω).

Let u, v be two functions such that (2.1) is verified. Taking ϕ = (u− v)+, the positive
part of u− v, as a test function of (2.1), we have

(Φ′(u)− Φ′(v))(ϕ) = M

(∫
Ω

|∇u|p dx
)∫

Ω

|∇u|p−2∇u · ∇ϕdx

−M
(∫

Ω

|∇v|p dx
)∫

Ω

|∇v|p−2∇v · ∇ϕdx

≤ 0.

(2.10)

Relations (2.9) and (2.10) mean that u ≤ v.
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From Lemma 2.1 we can establish the basic principle of the sub- and supersolutions
method for nonlocal systems. Indeed, we consider the following nonlocal system

−M1

(∫
Ω

|∇u|pdx
)

∆pu = h(x, u, v) in Ω,

−M2

(∫
Ω

|∇v|qdx
)

∆qv = k(x, u, v) in Ω,

u = v = 0 on x ∈ ∂Ω,

(2.11)

where Ω is a bounded smooth domain of RN and h, k : Ω × R × R → R satisfy the
following conditions

(HK1) h(x, s, t) and k(x, s, t) are Carathéodory functions and they are bounded if s, t
belong to bounded sets.

(KH2) There exists a function g : R → R being continuous, nondecreasing, with
g(0) = 0, 0 ≤ g(s) ≤ C(1 + |s|min{p,q}−1) for some C > 0, and applications
s 7→ h(x, s, t) + g(s) and t 7→ k(x, s, t) + g(t) are nondecreasing, for a.e. x ∈ Ω.

If u, v ∈ L∞(Ω), with u(x) ≤ v(x) for a.e. x ∈ Ω, we denote by [u, v] the set {w ∈
L∞(Ω) : u(x) ≤ w(x) ≤ v(x) for a.e. x ∈ Ω}. Using Lemma 2.1 and the method as in
the proof of Theorem 2.4 of [19] (see also Section 4 of [20]), we can establish a version of
the abstract lower and upper-solution method for our class of the operators as follows.

Proposition 2.2. Let M1,M2 : R+
0 → R+ be two functions satisfying the condition

(H1). Assume that the functions h, k satisfy the conditions (HK1) and (HK2). Assume
that (u, v), (u, v), are respectively, a weak subsolution and a weak supersolution of system
(2.11) with u(x) ≤ u(x) and v(x) ≤ v(x) for a.e. x ∈ Ω. Then there exists a minimal
(u∗, v∗) (and, respectively, a maximal (u∗, v∗)) weak solution for system (2.11) in the set
[u, u] × [v, v]. In particular, every weak solution (u, v) ∈ [u, u] × [v, v] of system (2.11)
satisfies u∗(x) ≤ u(x) ≤ u∗(x) and v∗(x) ≤ v(x) ≤ v∗(x) for a.e. x ∈ Ω.

To state our results precisely we introduce the following hypotheses :
(H2)f, g : [0,∞)→ [0,∞) are C1 nondecreasing functions such that
f(s), g(s) > 0 for s > 0, and lim

s→∞
g(s) =∞.

(H3) lim
s→∞

f(Mg(s)
1
q−1 )

sp−1+α
= 0, for all M > 0.

(H4) suppose that there exist ε > 0 such that:

m1,∞ε
p−1+α
p−1 λ1,p

a1f
(
q−1+β

q ε
1
q−1σ

q
q−1+β

)≤min


mm1,∞ε

α+p−1
p−1

(
p−1+α

p

)α
a0f(ε

1
q−1 )

,
mm2,∞ε

β+q−1
q−1

(
q−1+β

q

)β
b0g(ε

1
p−1 )

,
m2,∞ε

q−1+β
q−1 λ1,q

b1g
(
p−1+α

p ε
1
p−1σ

p
p−1+α

)≤min


mm1,∞ε

α+p−1
p−1

(
p−1+α

p

)α
a0f(ε

1
q−1 )

,
mm2,∞ε

β+q−1
q−1

(
q−1+β

q

)β
b0g(ε

1
p−1 )

.
We are now ready to give our existence result.

Theorem 2.3. Assume that
(a) p ≥ n or (b) p < n and α <

p

n
,

(c) q ≥ n or (d) q < n and β <
q

n
.
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Let (H1) − (H4) hold. Then there exists a positive weak solution of (1.1) for every λ ∈
[λ∗(ε), λ

∗(ε)], where

λ∗ = min


mm1,∞ε

α+p−1
p−1

(
p−1+α

p

)α
a0f
(
ε

1
q−1

) ,
mm2,∞ε

β+q−1
q−1

(
q−1+β

q

)β
b0g
(
ε

1
p−1

)
 ,

and

λ∗ = max

 m1,∞ε
α+p−1
p−1 λ1,p

a1f
(
q−1+β

q ε
1
q−1σ

q
q−1+β

) , m2,∞ε
β+q−1
q−1 λ1,q

b1g
(
p−1+α

p ε
1
p−1σ

p
p−1+α

)
 .

Remark 2.4. Note that (H4) implies λ∗ < λ∗.

Proof. We shall verify that

(ψ1, ψ2) =
(p− 1 + α

p
ε

1
p−1φ

p
p−1+α

1,p ,
q − 1 + β

q
ε

1
q−1φ

q
q−1+β

1,q

)
,

is a sub-solution of (1.1). Let w ∈W . Then a calculation shows that

∇ψ1 = ε
1
p−1∇φ1,pφ

1−α
p−1+α

1,p ,

and we have

M1

(∫
Ω

|∇ψ1|pdx
)∫

Ω

|∇ψ1|p−2∇ψ1∇wdx

≤ m1,∞ε

∫
Ω

φ
1− αp

p−1+α

1,p |∇φ1,p|p−2∇φ1,p∇wdx

≤ m1,∞ε

∫
Ω

|∇φ1,p|p−2∇φ1,p

[
∇(φ

1− αp
p−1+α

1,p w)− w∇(φ
1− αp

p−1+α

1,p )
]
dx

= m1,∞ε

∫
Ω

[
λ1,pφ

p− αp
p−1+α

1,p − |∇φ1,p|p−2∇φ1,p∇(φ
1− αp

p−1+α

1,p )
]
wdx

= m1,∞ε

∫
Ω

[
λ1,pφ

p− αp
p−1+α

1,p − |∇φ1,p|p
(

1− αp

p− 1 + α

)
φ

−αp
p−1+α

1,p

]
wdx

= m1,∞εφ
−αp
p−1+α

1,p

{∫
Ω

[
λ1,pφ

p
1,p − |∇φ1,p|p

(
1− αp

p− 1 + α

)]
wdx

}
.

Similarly

M2

(∫
Ω

|∇ψ2|qdx
)∫

Ω

|∇ψ2|q−2∇ψ2 · ∇wdx

≤ m2,∞εφ
−βq
q−1+β

1,q

{∫
Ω

[
λ1,qφ

q
1,q − |∇φ1,q|q

(
1− βq

q − 1 + β

)]
wdx

}
.

First we consider the case when x ∈ Ωδ. we have

λ1,pφ
p
1,p −

(
1− αp

p− 1 + α

)
|∇φ1,p|p ≤ −m.

Since λ ≤ λ∗ then

λ ≤
mm1,∞ε

α+p−1
p−1

(
p−1+α

p

)α
a0f(ε

1
q−1 )

.
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Hence

mm1,∞εφ
−αp
p−1+α

1,p

(
λ1,pφ

p
1,p −

(
1− αp

p− 1 + α

)
|∇φ1,p|p

)
≤ −m1,∞mεφ

−αp
p−1+α

1,p

≤ −λa0

f(ε
1
q−1 )

(
p−1+α

p

)−α
φ
− αp
p−1+α

1,p

ε
α
p−1

≤ λa0

f
(
q−1+β

q ε
1
q−1φ

q
q−1+β

1,q

)(
p−1+α

p

)−α
φ
− αp
p−1+α

1,p

ε
α
p−1

≤ λa(x)
f(ψ2)

ψα1
.

A similar argument shows that

m2,∞εφ
− βq
q−1+β

1,q

(
λ1,qφ

q
1,q −

(
1− βq

q − 1 + β

)
|∇φ1,q|q

)
≤ λb(x)

g(ψ1)

ψβ2
.

On the other hand, on Ω − Ωδ, we have 1 ≥ φ1,r ≥ σ for r = p, q. Also a(x) ≥ a1,
b(x) ≥ b1 and since λ > λ∗, we have

λ ≥ m1,∞ε
α+p−1
p−1 λ1,p

a1f
(
q−1+β

q ε
1
q−1σ

q
q−1+β

) .
Hence

m1,∞εφ
− αp
p−1+α

1,p

(
λ1,pφ

p
1,p −

(
1− αp

p− 1 + α

)
|∇φ1,p|p

)
≤ m1,∞ελ1,pφ

p− αp
p−1+α

1,p

≤ m1,∞ελ1,pφ
− αp
p−1+α

1,p

≤ λa1

f
(
q−1+β

q ε
1
q−1σ

q
q−1+β

)
φ
− αp
p−1+α

1,p

(
p−1+α

p

)−α
ε
α
p−1

≤ λa(x)
f(ψ2)

ψα1
.

A similar argument shows that

m2,∞εφ
− βq
q−1+β

1,q

(
λ1,qφ

q
1,q −

(
1− βq

q − 1 + β

)
|∇φ1,q|q

)
≤ λb(x)

g(ψ1)

ψβ2
.

Hence

M1

(∫
Ω

|∇ψ1|pdx
)∫

Ω

|∇ψ1|p−2∇ψ1 · ∇wdx ≤ λ
∫

Ω

a(x)
f(ψ2)

ψα1
wdx,

and

M2

(∫
Ω

|∇ψ2|qdx
)∫

Ω

|∇ψ2|q−2∇ψ2 · ∇wdx ≤ λ
∫

Ω

b(x)
g(ψ1)

ψ2β
wdx
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Thus (ψ1, ψ2) =
(p− 1 + α

p
ε

1
p−1φ

p
p−1+α

1,p ,
q − 1 + β

q
ε

1
q−1φ

q
q−1+β

1,q

)
is a positive subsolution

of (1.1). Now we construct a supersolution (z1, z2) ≥ (ψ1, ψ2). When

(a) p ≥ n or (b) p < n and α <
p

n
,

(c) q ≥ n or (d) q < n and β <
q

n
,

from [21], we know that are functions w1 ∈ W 1,p
0 (Ω) ∩ C(Ω) and w2 ∈ W 1,q

0 (Ω) ∩ C(Ω)
such that{

−∆pw1 = 1
wα1
, x ∈ Ω,

w1 = 0, x ∈ ∂Ω,

and {
−∆qw2 = 1

wβ2
, x ∈ Ω,

w2 = 0, x ∈ ∂Ω,

are satisfying w1 ≥ θζp and w2 ≥ θζq for some θ > 0. Now, we will prove there exists
c� 1 such that

(z1, z2) =
(
cw1, g(c‖w1‖)

1
q−1w2

)
,

is a supersolution of (1.1). A calculation shows that :∫
Ω

|∇z1|p−2∇z1 · ∇wdx = cp−1

∫
Ω

|∇w1|p−2∇w1 · ∇wdx = cp−1

∫
Ω

w

wα1
dx,

by (H3) we know that, for c� 1,

m1

λ‖a(x)‖∞
≥ f(‖w2‖∞)(g(c‖w1‖))

1
q−1 )

cp−1+α
.

Hence

m1c
p−1

wα1
≥ λ‖a(x)‖∞

f(‖w2‖∞)(g(c‖w1‖∞))
1
q−1

(cw1)α

≥ λa(x)
f(w2(g(c‖w1‖∞))

1
q−1 )

(cw1)α

= λa(x)
f(z2)

zα1
,

now from (H2), we know that g(s)→∞ as s→∞. Thus, for c� 1

λ‖b(x)‖∞
g(c‖w1‖∞)

β
q−1

≤ m2,
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and we have for c� 1,

M2

(∫
Ω

|∇z2|q
)∫

Ω

|∇z2|q−2∇z2 · ∇wdx ≥ m2

∫
Ω

g(c‖w1‖∞)

wβ2
wdx

≥ λ‖b(x)‖∞
∫

Ω

g(cw1)

g(c‖w1‖∞)
β
q−1wβ2

wdx

≥ λ

∫
Ω

b(x)
g(z1)

zβ2
wdx,

i.e., (z1, z2) is a supersolution of (1.1). Furthermore, c can be chosen large enough so that
(z1, z2) ≥ (ψ1, ψ2), since g(s) → ∞ as s → ∞. Thus, by Proposition 2.2 there exist a
positive solution (u, v) of (1.1) such that (ψ1, ψ2) ≤ (u, v) ≤ (z1, z2). This completes the
proof of Theorem 2.3.
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