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Abstract In this paper we introduce the classes k — ST(f,g,;8) and k — VCT(f,g,0; ), of k—
uniformly starlike functions of order a and type 5 and the k— uniformly convex functions of order «
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distortion theorems and extreme points for functions belonging to these classes.
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1. INTRODUCTION

Let A denote the class of functions of the form:
fz) =2+ anz", (1.1)
n=2

that are analytic and univalent in the open unit disk U= {z € C: |z] < 1}. For f(2) € A
given by (1.1) and g € A given by

g(2) =2+ Y _ bnz", (1.2)
n=2
the Hadamard product (or convolution) (f % ¢g)(z) of f(z) and g(z) is defined by
(f*9)(2) =2+ D anbuz" = (g% f)(2). (1.3)
n=2
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Definition 1.1. Let k—ST(f, g, «; 8) denote the subclass of A consisting of functions f(z)
of the form (1.1) and function g(z) of the form (1.2) and satisfy the following inequality:

z(f *9)'(2) } 2(fx9)'(2)
Red ———F —a, > k|l—0F— -0,
{ (f*9)(2) (f*9)(2)
0 < a<p<Lkr(l-0)<(l-a)zel).
Also Let k — CT(f, g,; 3) denote the subclass of A consisting of functions f(z) of the
form (1.1) and function g(z) of the form (1.2) and satisfy the following inequality:

(1.4)

U ] e
refi+ IS o) > o e - )
0 < a<fB<Lik(l-06)<({1—-a);zel).
It follows from (1.4) and (1.5) that
f(z) € k= CT(f,g;.B) <= 2f () € 5= ST(. g5 01, B). (1.6)

We note that -

(i) H—ST('ﬁ yo;8) =6—=85T(a,8) (0 <a< f<1Lk(1-0) <(l—-a)zel)
(see Sim et al. [1] z;nd El-Ashwah et al. [2]).

(i) 5 — CT(f, S B =k—UCV(a,B)(0<a<B<1,k(l-B)<(l—a)ze
U)(see Sim et al. | Tand El-Ashwah et al. [2]).

We also note that, for different choices of g(z) we have the following new classes:

() k= ST(f.2+ 3 (HHRFR)" 2 018) = 5 ST(m. 0 6)

. U™ (D) U™ D)
fGA.RB{W_a}>K W_B ’

0<a<B<Lr(l-B)<(1—a)r>01>0,
meNyg=NU{0},N={1,2,..};2 € U)

(ii) k = CT(f, 2z + 22 (%ﬁhl))m 2" a;B) =k —UCV(m,a,B)

. S D F()" SO
feA: Re{” T ND 1)) } > ’*‘H TN 12 5‘
0<a<f<1,k(1-P)<(l—a),A>0,l>0,méeNy;zel)

where the operator I"™ (A, 1) was introduced and studied by Catas et al. [3], which gener-
alizes other operators see ([1-7]).

(111) K= ST(fa z+ i Qn(al)zn; avﬁ) =K - TSq,s(n,avﬁ)a
n=2

(Hys(0)[())
fed: Re{ Hgs(0n)f(2) }
A Hyslof )|
" g sey 7 E0

where
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and
~Tla+k) [ 1 k=0
(@ = 70 { a@+1)(a+2)..(a+k—1), keN (1.8)
0<a<1,>0,0; €C(i =1,2,...q) and B; € C\{-1,-2,...},
j=1,2,..5z2 € U);
(iv)s — ST(f,2+ 5> Qul@1)z"; 0, 8) = £ — TCy(n,a, B),
n=2

e fus aslenstn )

2(Hg,s(a1) f(2))"
(Hq,s(al)f(z))/

where Q, (1) is given by (1.7) and H, s(a1) was introduced and studied by Dziok-
Srivastava [3].

> k|14 7ﬂ(Z€U),

Silverman [J] defined the class V(,) of univalent functions in the form (1.1) with
varying arguments of coefficient as follows:

Definition 1.2. [9] A function f(z) of the form (1.1) is said to be in the class V(6,,) if
f(z) € A and arg(a,,) = 0, for all n > 2. If furthermore there exists a real number jsuch
that 6,, + (n — 1)d = w(mod2) for all n > 2, then f(z) is said to be in the class V(6,,,0).
The union of V(6,,d) taken over all possible sequences {6,,} and possible real numbers &
is denoted by V.

Let k — VST(f,g,;3) denote the subclass of V' consisting of functions f(z) € x —
ST(f,g,a;08). Alsolet k—VCT(f, g, ;) denote the subclass of V' consisting of functions

f(Z) S CT(f,g,Oé,ﬂ)

In this paper we obtain coefficient bounds for functions in the classes k—V.ST(f, g, «; 5)
and k — VCT(f, g, a; B), further we obtain distortion bounds and the extreme points for
functions in these classes.

2. COEFFICIENT ESTIMATES

Unless otherwise mentioned, we assume in the reminder of this paper that 0 < a <
B<1,k(1-p5) <(1—-a),g(z)is given by (1.2) with b, > 0(n > 2) and z € U. We shall
need the following lemmas.

Theorem 2.1. If the function f(z) given by (1.1) satisfies the condition

oo

> [E(n =)+ (n— a)an| by < 1—a — k(1= B). (2.1)

n=2

Then f(z) € k — ST(f,g,; 3).

Proof. Tt is sufficient to show that inequality (1.4) holds true. Using the fact that
Ref{w —a} > k|w— B| <= Re {(1 + re")w — Bre”} > a, (2.2)
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then inequality (1.4) may be written as

i\ 2(f x 9)'(2) _ Bret® a
Re{(l—kﬁze ) (Fro)() B }> , (2.3)

Re { ’;Z;} > a, (2.4)

where A(z) = (1+re?)z(f*g) (2) — Bre® (f *g)(2) and B(z) = (f *g)(z). The condition
(1.4) or (2.4) is equivalent to

|A(2) + (1 — a)B(2)| — |A(z) — (1 + «)B(2)| > 0. (2.5)
We note that

or

o

[A(z) + (1 - )B(z)| = |1 B)re +2—alz = > _[(B—n)re + o —n— 1byan2"
> L-p2-alld
—i[(n—ﬂ)m—#n—a—l—l}bﬂan\|z\". (2.6)
and "
|A(z) — (1+a)B(2)] = |[(1-pB)re? —a)z+ i[(n — B)re +n —a —1]bya,2"
< Wa-pralldl
FsumS,[(n — Bk +n — a — by |an| |2]". (2.7)

Using (2.6) and (2.7), we obtain the following inequality:
[A(z) + (1 = @) B(2)| = [A(2) = (1 + @) B(2)| (2.8)
> 2[(1-a)=r(l =Bzl =2 [(n—B)r+ (n — )by |an| [2]" .

The expression |A(z) + (1 — a)B(z)| — |A(z) — (1 + &) B(#)| is bounded below by 0 if

20(1 - ) — (1= B)] 2] 2 3 k(0 — B) + (n — @)bu anl |2 > 0,

or
Z[/{(n—ﬁ)+(n—a)]bn|an| <(l—-a)—kr(l-0). (2.9)
n=2

Hence the proof of Theorem 2.1 is completed. n

By using (1.6) and (2.1) we can obtain the following theorem.
Theorem 2.2. If the function f(z) given by (1.1) satisfies the condition

oo

Z nlk(n — B) + (n — )by |an] < (1 —a) — &(1 — B). (2.10)

n=2

Then f(z) € k — CT(f,g,a; ).
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Theorem 2.3. Let f(z) be defined by (1.1), then f(z) € k — VST(f,g,a;8) if and only
if

oo

Z[H(n75)+(nfa)]bn|an| <(l—-a)—kr(l-7). (2.11)

n=2

Proof. In view of Theorem 2.1, we need only to show that the function f(z) € k —
VST(f,g, ;) satisfies the coefficient inequality (2.11). If f(z) € k—ST(f, g, «; ), then
from (1.4), we have

e { SO ol

2(f*9)'(2)
(f +9)(2)

_/8‘5

thus we have
(1—a)+ Y (n—a)bya,z"!
Re n=2 (2.12)

14+ > bpapzn1t

n=2

(’fl - ﬂ)bnanzn_l

118

(1-58)+

n=2

1+ Y bpapzn—t

n=2
Since f(z) € V, then f(z) lies in the class V(6,,d) for some sequences {f,} and real
number ¢ such that

0, + (n — 1) = w(mod2m) (n > 2).

Setting z = re' in (2.12), then we obtain

o0
(1-a)— Y (n—a)b,|ap|r"t
n=2
1= > bylan|rm!
n=2

(1=B)+ 3 (n = A)bu fau !

> K

oo
1= > bylan|rmt
n=2

Letting » — 1 , then we have the inequality (2.11). Hence the proof of Theorem 2.3 is
completed. L]

Corollary 2.4. If f(2) e k = VST(f,g,0; ), then
(I—a)—rk(1-p5)
[K(n—B)+(n—a)lb,
The inequality holds for the function

_ (1-a)—k(1-p)
IO = =B+ )b

Jan] < (n>2). (2.13)

ez (n > 2;2 € U). (2.14)

Using the same technique used in Theorem 2.3 we get the following theorem.
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Theorem 2.5. Let f(z) be of the form (1.1), then f(z) € k= VCT(f, g,a;p) if and only
if

Zn[f{(n—ﬁ)—i—n—a]bn lan| < (1 —a) — k(1= P). (2.15)

Corollary 2.6. If f(z) e k = VCT(f,g,a;08), then
(1—a)—k(1-5)

lan| < n[n(niﬁ)ﬂnia”bn(nzm. (2.16)
The inequality holds for the function
f(z)=z+ (1=a)=r(1=5) e (n > 2; 2 € U). (2.17)

nlk(n — B) + (n — a)]by,

3. DISTORTION THEOREMS

Theorem 3.1. Let the function f(z) defined (1.1) be in the class k — VST(f, g, «; 8).
Then

(I1-a)-r(1-5) (I-—a)—rk(1=5) | o
z zI° <|f <|z|+ z|©. (3.1
A repre-om <O G e g G
The result is sharp.
Proof. We employ the same technique as used by Silverman [6]. In view of Theorem 2.3,
since
®(n) = [k(n— B) + (n — a)]bn, (3.2)
is an increasing function of n(n > 2), we have
Z|an| <Z¢ Yan] < (1 —a) — k(1= 7), (3.3)
that is
- (1-a)—r(1-7)
< i 4
nz::z Jan| < ) (3.4)

Thus, we have

2 (1-a)—r(1-5) 2
PN+ 13 onl < 21+ =5 a1 (35)
Similarly, we get
1F()] = |2 = |2/ Zlanl
S e P (3.6)

z
[£(2 = B) + (2 — a)]b2
This completes the proof of Theorem 3.1. Finally the result is sharp for the function:

flz) =2+ (1=a)=r{l=5) 2261022

[K(2 = B) + (2 — a)]bs ’ (3.7)
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at z = +z| ei2. m

Corollary 3.2. Under the hypotheses of Theorem 3.1, f(z) is included in a disc with
center at the origin and radius r1 given by

(1-a)=r(1-75)
[£(2=8) + (2= a)ba’

r=1+ (3.8)

Theorem 3.3. Let the function f(z) defined by (1.1) be in the class k —VST(f, g, ;).
Then

2[(1 —a) — k(1 = B)]
[£(2 = B) + (2 = a)]b2
The result is sharp.

2[(1 =) = k(1 = B)]
[£(2 = B) + (2 = a)]bs

2 < |f' () <1+

2. (3.9)

Proof. Similarly for ®(n) defined by (3.2) it is clear that %") is an increasing function
of n(n > 2),in view of Theorem 2.3, we have

2O S nfaal < 3 " 0 < (1 0) (1 - ), (3.10)
that is
> nlen < A=)~ =P, (3.11)

Thus, we have

'@ < 1412 ) nlan
n=2
2[(1 — ) — (1 = B)]
< 1+ z. 3.12
e+ @ (312
Similarly,
@) > 1=z ) nlan]
n=2
2[(1 =) = K(1 = B)]
> 1- zl. 3.13
= e p ek (19
Finally, we can see that the assertions of Theorem 3.3 are sharp for the function f(z)
defined by (3.7). This completes the proof of the Theorem 3.3. ]

Corollary 3.4. Under the hypotheses of Theorem 3.3, f'(z) is included in a disc with
center at origin and radius ro given by

2[(1 —a) = k(1 = B)]

k(22— B)+ (2 — )b’ (3.14)

ro =1+

Using the same technique used in Theorems 3.1 and 3.3 we get the following theorems.
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Theorem 3.5. Let the function f(z) defined (1.1) be in the class k — VCT(f,g,; ).
Then

(1—a)—r(1-0) 9 (1-a)—r(1-0) 9
A s g e ma T SV e e g
(3.15)
The result is sharp for following function
f(Z) =2+ (1—0[)—/4:(1—ﬂ) ‘Z|2€i9222, (316)

2[5(2 =) + (2= a)]bs

Theorem 3.6. Let the function f(z) defined by (1.1) be in the class k — VCT(f, g, ; 8).
Then

(1—-a)—r(1l-7) )
T A S @IS+

The result is sharp for function given by (3.16).

(1—a)=r(1-p)
[£(2 = 5) + (2 = )by

lz].  (3.17)

4. EXTREME POINTS

Theorem 4.1. Let the function f(z) defined by (1.1) be in the class k — VST(f,g,; 3),
with arg(ay) = 0y, where 0, + (n — 1)6 = w(mod2w)(n > 2). Let

fi(z) =2
and

(1-a)—x(1-5)
k(n—pB)+ (n—a)lb,

Then f(z) € K —VST(f,g,c;B) if and only if f(z) can be expressed in the form

efn2"(n > 2,2 € V). (4.1)

fn(z) =z+ [

F(2) =Y Aafal2), (4.2)

where A, >0 and Y A\, = 1.

n=1

Proof. It f(z) is given by (4.2), with A,, > 0 and Y. A, =1, then

n=1

F2) = Anfa(2) = MAGR) + D Anful2).
n=1 n=2

3 S (l—a)=rk(1=B) | 9, .
(1_7122“)”;2 mn =B T e

oy (=) =k(1=p) |, .
’ ; [k(n = B) + (n — a)]by, An : (4.3)
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But according to (2.11), we see that

Ooffn— n—u« . (1=a) = x{1-f) eien
D L ey gy
NNt B e (L= @) — k(L= B)
_ ;[( B) + (n — a)lby R
= > -a) = k(1= AHry = (1= M)[(1 - a) = 5(1 - B)
< (1—a)—k(1-5). (4.4)

Then f(z) satisfies (2.11), hence f(z) € Kk — VST(f,g,; B).

Conversely, let the function f(z) defined by (1.1) be in the class x — VST(f,g,«; 3),
and define

DA Gl ) LU

(1—a) =kl -7)

n=2

Form Theorem 2.3, > A, <1 and so A; > 0. Since A, frn(2) = Az + a, 2", then
n=2

n=1 n=2

This completes the proof of Theorem 4.1. [

Finally using the same technique used in Theorem 4.1 we get the following theorem.

Theorem 4.2. Let the function f(z) defined by (1.1) be in the class k —VCT(f,g,; 3),
with arg(ay) = 0, where 0, + (n — 1)6 = w(mod2w)(n > 2). Define
fi(z) =
and
(1-0a)—r(1-7)
nlk(n —B) + (n — )b,

Then f(z) € k — VCT(f,g,0;0) if and only if f(z) can be expressed in the form (4.2),
where A\p, >0 and > A\ = 1.

n=1

e (n > 2; 2 € U).

fn(z) =z+

Remark 4.3. Taking g(z) = £ (b, = 1,with n > 2) in our results, we obtain the
results obtained by El-Ashwah et al. [2].

Remark 4.4. Specializing the function g(z) in our results,we obtain new results as-
sociated to the subclasses kK — ST (m, o, B8), kK — UCV(m,a, ), k — TS;s(n,a, B) and
k —TCy s(n,a, B) defined in the introduction.
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