Thai Journal of Mathematics
Volume 19 Number 4 (2021)
Pages 1285-1303

http://thaijmath.in.cmu.ac.th
ISSN 1686-0209

Coupled Coincidence Points of Almost Generalized
(v, »)-Weakly Contractive Maps under an
(F, g)-Invariant Set

Gutti Venkata Ravindranadh Babu':* and Kidane Koyas Tola?
1 Department of Mathematics, Andhra University, Visakhapatnam-530 003, India
e-mail : gvr_babu@hotmail.com

2 Department of Mathematics, Jimma University, Jimma-378, Ethiopia
e-mail : kidanekoyas@yahoo.com

Abstract Let (X, d) be a metric space and F: X X X — X and g : X — X be maps. In this paper, we
define almost generalized (v, ¢)-weakly contractive maps and prove the existence of coupled coincidence
points of such maps under an (F, g)-invariant set without using the mixed g-monotone property in a
metric space setting. We also, apply our results to obtain the existence of coupled coincidence points
in partially ordered metric spaces. Our results generalize the results of Choudhury, Metiya and Kundu
[B.S. Choudhury, N. Metiya, A. Kundu, Coupled coincidence point theorems in ordered metric spaces,

Ann. Univ. Ferrara 57 (2011) 1-16]. We also provide examples in support of our results.

MSC: 47H10; 54H25

Keywords: coupled coincidence points; mixed monotone property; (F, g)-invariant set; transitivity
property

Submission date: 02.09.2015 / Acceptance date: 06.09.2016

1. INTRODUCTION

In 1997, Alber and Guerrer-Delabriere [1] introduced the concept of weakly contractive
maps in Hilbert spaces as a generalization of contraction maps and proved the existence
of fixed points of weakly contractive maps in the Hilbert space setting. Rhoades [2]
extended this concept to Banach spaces and proved the existence of fixed points of weakly
contractive maps. In 2009, Dutta and Choudhury [3] proved a fixed point theorem by
introducing a new generalization of weakly contractive maps by using the altering distance
functions. For more works in this line of research we refer [4, 5] and references therein.

Let (X, d) be a metric space. A function f : X — R is said to be lower semi-continuous
at a point o in X if, for any sequence {z,} in X with x,, — z¢ as n — oo, implies that
f(xO) < liminf, f(xn)
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If f is lower semicontinuous at every point of X, then we say that f is lower semicon-
tinuous on X.

Throughout this paper, we denote RT= [0,00), Z™", the set of all natural numbers,

U = {¢: Rt — R"/ 1 is continuous, nondecreasing and ¥(t) = 0 < ¢t = 0} and
® ={¢: R" — RT/ ¢ is lower semi-continuous and ¢(t) = 0 < t = 0}.

In 1987, Guo and Lakshmikantham [6] introduced the notion of mixed monotone op-
erators. In 2006, Bhaskar and Lakshmikantham[7] introduced the notion of coupled fixed
points and proved some coupled fixed point theorems for a mapping with mixed monotone
property in the setting of partially ordered metric spaces.

In 2009, Harjani, Sadarangani [8] extended the concept of weakly contractive maps to
partially ordered sets and proved fixed point results in the setting of partially ordered
sets.

Definition 1.1. [7] Let (X, <X) be a partially ordered set and F : X x X — X. Then F
is said to have the mixed monotone property if F(x,y) is monotone nondecreasing in x
and monotone nonincreasing in y, i.e., for any z,y in X,

x1, 2 € X, 1 R 29 = F(x1,y) % F(z2,y) and

yi, 2 € X, y1 3y2 = Flz,y) = F(z,42).

Definition 1.2. [7] Let X be a nonempty set and F: X x X — X. An element (z,y) in
X x X is said to be a coupled fixed point of F' if F(x,y) =z and F(y,z) = y.

In 2009, Lakshmikantham and Ciric [9] extended the notion of mixed monotone prop-
erty to mixed g-monotone property and proved the existence of coupled coincidence and
coupled common fixed points in partially ordered metric spaces by using the concept of
commuting maps in the context of coupled fixed points.

Definition 1.3. (Lakshmikantham and Ciric [9]) Let (X, <) be a partially ordered set.
Let F: X x X — X and g : X — X be maps. We say that F' has the mixed g-monotone
property if for any =,y € X,

z1, 22 € X, gwy = gre = F(21,y) =2 F(22,9),

v, Y2 € X, gy1 2 gy2 = F(x,y1) = F(z,y2).

Definition 1.4. [9] Let X be a nonempty set and F : X x X — X and g : X — X be

maps. An element (z,y) € X x X is said to be a coupled coincidence point of F' and ¢
if gv = F(z,y) and gy = F(y,z).

Definition 1.5. [9] Let X be a nonempty set and F': X x X - X and g: X — X be
maps. An element (z,y) € X x X is said to be a coupled common fixed point of F' and
gifz=gr=F(r,y) and y = gy = F(y,2).

Definition 1.6. [9] Let X be a nonempty set and F': X x X — X and g: X — X be
maps. We say that F' and g are commutative if g(F(z,y)) = F(gz,gy) for all z,y € X.

In 2010, Choudhury and Kundu [10] introduced the concept of compatible maps in the
context of coupled fixed points and proved the existence of coupled coincidence points in
partially ordered metric spaces.

Definition 1.7. [10] Let (X,d) be a metric space. The maps F : X x X — X and
g : X — X are said to be compatible if lim d(g(F(zn,yn)), F(92n,9yn)) = 0 and
n—oo

ILm A(g(F (Yn, zn))s F(gYn, 92n)) = 0 whenever {x,} and {y,} are sequences in X such
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that lim gz, = lim F(z,,y,) =z and lim gy, = lim F(yn,x,) =y for some z,y €
n—oo n—oo n—oo n—oo

In 2011, Harjani, Lopez and Sadarangani [11] extended (1, ¢)-contraction to the mixed
monotone operators and proved the existence of coupled fixed points in partially ordered
sets.

Theorem 1.8. (Harjani, Sadarangani [11]) Let (X, =) be a partially ordered set and
suppose that there exists a metric d on X such that (X,d) is a complete metric space. Let
F: X xX — X be a mapping having the mized monotone property on X. Assume that
there exist functions ¢, ¢ € ¥ such that

P(d(F(z,y), F(u,v)) < ¢(max{d(z,u),d(y,v)}) — p(max{(d(z, u),d(y,v)}) (1.1)

for all x,y,u,v € X with x = u, y < v. Also, suppose that either

(i) F is continuous (or)

(#1) X has the following properties:

(a) if {zn} is a nondecreasing sequence in X with x, — x then x, =< x for all n,

(b) if {yn} is a non-increasing sequence in X with y, — y then y, =y for all n.

If there exist xg,yo € X such that xy = F(xo,y0) and yo = F(yo,x0), then there exist
x,y € X such that x = F(z,y) and y = F(y, z).

In 2011, Choudhury, Metiya and Kundu [12] extended Theorem 1.8 to a pair of com-
patible mappings, and proved the existence of coupled coincidence points.

Theorem 1.9. (Choudhury, Metiya and Kundu [12]) Let (X, <) be a partially ordered
set and suppose that there exists a metric d on X such that (X,d) is a complete metric
space. Let F': X x X — X and g : X — X be maps such that F' has the mized g
monotone property on X. Assume that there exist ¢ € U and ¢ : Rt — RT satisfying ¢
is continuous, ¢(t) = 0 if and only if t = 0 such that

Y(d(F(z,y), F(u,v)) < p(max{d(gz, gu), d(gy, gv)})
—¢(max{(d(gx, gu),d(gy, gv)})

for all z,y,u,v € X with gr = gu, gy = gv. Suppose that F(X x X) C gX, g is
continuous and F' and g are compatible mappings. Also, assume that

(1.2)

(i) F is continuous or
(i) X has the following properties:
(a) if {zn} is a nondecreasing sequence in X with x, — x then gz, < gz for
alln >0,
(b) if {yn} is a non-increasing sequence in X with y, — y then gy, = gy for
alln > 0.

If there exist xg,yo € X such that gxo = F(xo,y0) and gyo = F(yo,z0) then there
exist x,y € X such that gv = F(x,y) and gy = F(y,x). i.e., F and g have a coupled
coincidence point in X.

On the otherhand, in 2004, Berinde [13] introduced ‘almost contraction maps’ as a
generalization of contraction maps in complete metric spaces. In 2008, Babu, Sandhya
and Kameswari [14] modified this definition by introducing ‘ condition (B)’ and proved
the existence and uniqueness of fixed points in metric spaces. For more works in this
direction we refer [15-17].
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Samet and Vetro [18] introduced an F-invariant set in four variables and proved the
existence of coupled fixed points.

Definition 1.10. [15] Let X be a nonempty set and M be a nonempty subset of X*. We
say that M is an F-invariant subset of X* if the following two conditions hold:
For all z,y,z,w € X,

(i) (z,y,z,w) € M & (w,z,y,x) € M,

(ii) (x,y,2,w) € M = (F(z,y),F(y,z), F(z,w), F(w,z)) € M.

Sintunavarat, Petrusel and Kumam [19] extended the notion of an F-invariant set to
a pair of mappings and proved common coupled fixed point results for w*-compatible
mappings without using mixed monotone property in the setting of cone metric spaces.

Definition 1.11. [19] Let X be a nonempty set and F: X x X — X and g : X — X be
given maps. Let M be a nonempty subset of X*. We say that M is an (F, g)-invariant
subset of X4 if for all x,y, z,w € X,

(1) (92, 9y,92 gw) € M < (gw, gz, gy, gz) € M,

(i) (92, gy, 9z, gw) € M = (F(z,y), F(y,z), F(z,w), F(w,z)) € M.

Here we observe that if g is the identity mapping, then M is an F-invariant subset of
X4

Recently, Sintunavarat, Kumam, Cho [20] introduced new property called ‘transitivity
property’ and proved coupled fixed point results for nonlinear contractions without using
mixed monotone property.

Definition 1.12. [20] Let X be a nonempty set and M be a nonempty subset of X*. We
say that M satisfies ‘transitivity property’ if for all x,y,z,w,a,b € X, (x,y,z,w) € M
and (z,w,a,b) € M = (z,y,a,b) € M.

For more literature on the works of coupled fixed point results under an F-invariant
set, we refer [18, 21-23].

Example 1.13. [20] Let (X, <) be a partially ordered set and F : X x X — X be a
mapping satisfying the mixed monotone property, that is, for all z,y € X, we have

21, T2 € X, 11 X xo = F(z1,y) X F(22,y)

and y1, y2 € X, y1 2 y2 = F(2,92) X F(2,y1).

Let us define a subset M C X* by M = {(a, b, ¢, d) € X*:a > ¢, b < d}. Then M is
an F-invariant subset of X4, which satisfies the transitivity property.

Example 1.14. [19] Let (X, <) be a partially ordered set and F' : X x X — X and
g : X — X be maps. Let F satisfy the mixed g-monotone property, that is, for all
x,y € X, we have 1, x2 € X, g1 X gx2 = F(21,y) =< F(22,y) and
yi, y2 € X, gy1 X gy2 = F(z,y2) = F(z,51).

Let us define a subset M C X* by M = {(a, b, ¢, d) € X*:a > ¢, b <d}. Then M
is an (F, g)-invariant subset of X* which satisfies the transitivity property.

Motivated by the works of Doric, Kadelburg and Radenovic [21], Sintunavarat, Ku-
mam, Cho [20] and Sintunavarat, Petrusel and Kumam [19], in Section 2 of this paper
we define an almost generalized (v, ¢)-weakly contractive maps and prove the existence
of coupled coincidence points of such maps under an (F, g)-invariant set without using
the mixed g-monotone property in a metric space setting. Also, we apply our results to
obtain the existence of coupled coincidence points in partially ordered metric spaces in
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Section 3. Our results generalize the results of Choudhury, Metiya and Kundu [12]. We
also provide examples in support of our results.

2. MAIN RESULTS

Definition 2.1. Let (X,d) be a metric space and F : X x X - X and g : X —» X
be maps. Let M be a nonempty (F,g)-invariant subset of X*. If there exist functions
P € W, ¢ € ® and a constant L > 0 such that

Y(d(F(z,y), F(u,v))) <¢(max{d(gz, gu), d(gy, gv)}) — p(max{d(gx, gu), d(gy, gv)})
+Lmin{d(gz, F(z,y)), d(gz, F(u,v)),d(gu, F(z,y)), d(gu, F(u,v))}
(2.1)

for every x,y,u,v € X with (gz, gy, gu, gv) € M, then we say that the maps F and g are
almost generalized (v, ¢)-weakly contractive maps.

The following two lemmas are useful in proving the main results in this paper.

Lemma 2.2. Suppose that (X, d) is a metric space and let F : X xX — X andg: X — X
be maps. Let {gx,} and {gy,} be sequences in X such that
max{d(gen, gTn+1), d(gYn> gyn+1)} — 0 as n — oo. (2.2)

If at least one of {gxn} and {gyn} is not a Cauchy sequence, then there exist an € > 0
and sequences of positive integers {ny} and {my} with ny > my > k such that

max{d(gxnk b gxmk)a d(gynk k) gymk)} Z € and
max{d(gm, , 9Ty —1); A(GYmys GYny—1)} < €
and the following four identities hold:

() lim max{d(gwn,, 9my ), d(9Yni, gymi)} = €

) hm max{d(gZn,+1, 9Tmy+1), A(GYns+1, GYm,+1)} = €
(iii) hm 0 max{d(gzmy; 9Tn+1), AGYmis PYni+1)} = €
(iv) hm max{d(gan, ; gTm,+1), AgYn,> GYm+1)} = €

(4

Proof. Suppose that at least one of {gz,} and {gy,} is not a Cauchy sequence. This
implies that either
lim d(gzm,gzn) - 0or lim  d(gYm,gyn) - 0.
m,n— 00

m,n— oo

Hence max{ lim d(gxm,gxn), im  d(gym,gyn)} - 0.
m,n—o0
i.e., lim max{d gmm,gaﬁn) d(gym, gyn)} = 0. Thus there exists an € > 0, for which we

m,n—o0
can find two sequences {ny} and {my} of positive integers with nj > my > k such that

max{d(g2ny, §2m, ) A(GYny, GYmy, )} = € (2.3)
for all k € {1,2,3,---}.
We now choose ny, the smallest number exceeding my, for which (2.3) holds.
Hence, we have max{d(gzm, , 9%n, ), d(GYm, , gyn, )} > € and

max{d(gZm,, 9Tn,~1), A(GYm,., 9Yn,—1)} < €. (2.4)
First we prove (i).
From the triangle inequality, we have

d(gxmc)gxmk) < d(gxnkvgxnk—l) + d(gxnk—l’gx’”lk) < d(gxnk’gxnk—l) + € (25)
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and also we have

A(gYny.» 9Ymi) < A(GYni> 9Yni—1) + A(GYni—15 9Ymi) < A(GYni, GYni—1) + €. (2.6)
From (2.3), (2.5) and (2.6), we get
e < max{d(g2n,, 9Tm, ), d(9Yn,., 9Ym,) }
< max{d(gTn,, 9Tn,—1); A(9Yny: 9Yn,—1)} + € (2.7)
On taking limit superior as k — oo in (2.7) and from (2.2), it follows that
e < limsup max{d(gzn,, 9Tm, ), A(GYn,, 9ym,)} < €.

k—oo
Hence

lim sup max{d(gxn, , 9Tm, ), A9Yny, 9Ym, )} = € (2.8)

k—o0
Again, on taking limit inferior as k — oo in (2.3) and from (2.8), we have

e < liminf max{d(g@n,, g%m,. ), A(9Ynis 9y )}
< limsup max{d(gn, ; 9%m, ), A(9Yn,» 9Ym, )} = €

k—o0
Hence

liminf max{d(gzn,, gwm, ), d(gYn.: 9Ym.)} = €. (2.9)
From (2.8) and (2.9), it follows that
ler&max{d(gxnk7gxmk), d(gyn,,, 9ym, )} exists and
kli_)rgomax{d(ga:nk,gxmk), d(gYn,, 9ymk)} = € so that (i) holds.
We now prove (ii).
By using the triangle inequality, we get
A9y 11, 9Tmy 1) < A9y 41, 9Tny) + A9y s 9Tmy,) + A(gTmy, 9Tmy11) (2.10)
and
d(gyni+15 9Ymi+1) < AGYni+15 9Yni) + AGYni> 9Ymi) + A(GYmis GYmi41)- (2.11)
From (2.10)and (2.11), we obtain
max{d(gen, +1, 9Tm.+1), A(GYny+1, 9Ymy+1)}
< max{d(gzn,+1,9%n, ), A9Yni+1, 9Yni) b
+ max{d(gzn,, 9Tm, ), A(gYn,., 9Ym,.)} (2.12)
+ max{d(gTm, , 9Tm+1), AGYms, FYrmt1)}-
Again, by the triangle inequality, we have
d(gn,; gTm,) < d(9nys 9T, 41) + A(GTny 415 9Tmy41) + A(gTmyt1, 9Tm,,) (2.13)
and
A(gYn, 9Ymi) < A(GYnis GYni1) + AGYni+15 9Ymi+1) + AGYmi 115 GYmy)- (2.14)
Now, from (2.3), (2.13) and (2.14), we obtain
€ < max{d(gTn, 9Tm,), A(9Yny,, 9Ym,. )}
< max{d(g2n,, 9Tn,+1), A(GYny GYni+1)}
+ max{d(9n,+1, 9Tm,+1); A(GYni+1, GYmi+1)}
+ max{d(gZm,+1, 9Tm; ), A(GYmy+1, 9Ym,, ) }-

(2.15)
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On taking limit superior as k — +oo in (2.12), (2.15) and from (2.2), it
follows that

€< liinsup max{d(g:rnk+1,gxmk+1),d(gynk+1,gymk+1)} <e
—00

Hence

limsup max{d(9Zn,+1,9%Tmy+1)s A(9Yny+1, 9Ymk+1)} = €. (2.16)

k—oc0

Also, from (2.15), we have,
max{d(gxnk+1’gxmk+1)»d(gynklevgykarl)}

>€— max{d(gxnk-‘rla gxnk)v d(gynk-‘rh gynk)}

2.17
— max{d(9Zm,, 9Tmy+1), AGYmy » GYmy+1) }- (2.17)

On taking limit inferior as & — +o0 in (2.17) and from (2.2), it follows that
lim inf max{d(gn,+1, 9Zmy+1), AGYne-+1, 9Ymur1)}
> liminfle — max{d(gTn,+1, 9Tn, ), A(GYny+1> GYns, )}
k——+oco
— max{d(gZm,, 9Tm;+1)> AGYmy» GYmy+1)}]
> e+ liminf[—max{d(gzn, +1, 92n, ), A(gYnr-+1, 9Yn, )}
+ lklgirg[— max{d(gxkarl, 9Tm,, ), d(gymk+17 9Ymy, )}] (218)
=€ —lim sup max{d(gxnk+1’ gxnk): d(gynk-‘rla gynk)}
k——+oo

— limsup max{d(gTm,+1,9%m,)s AGYmp+1,9Ym,.)}

k—+oo

— €.

On the other hand, we have
hm lnf maX{d(gxnk—‘rla g$mk+1)a d(gynk-i-l? ngnk+1)}
k— 400

< limsup max{d(9Tn,+1, 9Tmz+1): A(GYny+1, 9Ymy+1)} = € (from (2.16)). (2.19)

k—+oo

Hence, from (2.18) and (2.19), we get
lim inf max{d(gzn,+1, 9Tmir1), dGYnit1, 9Ymi41)} = € (2.20)

Therefore, from (2.16) and (2.20), we have

im  max{d(g2n,+1, 9Tms+1), A(GYny+1, gYm,+1)} exists
k—+oco

and lim max{d(g‘rnkJrlvg‘kaJrl)’d<gynk+l7gymk+l)} = ¢
k— 400
Hence (ii) holds.
Now we prove (iii).
From the triangle inequality, we have
d(gxmk ) gmnk—‘rl) § d(gxm;C ) gmnk—l) + d(gxnk—la gxnk) + d(gmnk ) gfnk—i-l)

<e+d(grn,—1,9%n,) + d(gTn,, gTn,+1) (2.21)
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and
A(9Ymi> 9Yni+1) < AGYmi> Yni—1) + AGYny—15 9Yn,.) + A(GYny.> GYni+1)

< €+ d(gYn,—1, 9Yny,) + AGYny.> GYni+1)- (2.22)

Hence from (2.21) and (2.22), we have
max{d(gZm,, 9Tn,+1), A(GYmi: 9Yni+1)}

<e+ max{d(gmnk—lv g'rnk)’ d(gy’l’bk_17 gynk)}

(2.23)
+ max{d(gmnk ) gznk+1)7 d(gynk ) gynlﬁ-l)}'
Also, we have
d(gxnlngmk) S d(gwnkvgxnk-i-l) + d(gxnk-‘rla gxmk) (224)
A(GYni» 9Ymi) < d(GYny> GYny+1) + AGYny+1, 9Ymy,)- (2.25)
Now from (2.3), (2.24) and (2.25), we have
€ < max{d(9Tn,, 9Tm, ), A(GYny, 9Ymi )}
< max{d(9zn,, 9T, +1), A(9Yny: GYny+1)} (2.26)
+ max{d(gn, +1, 9Tm,. ) A(GYnp+1, Gy ) }-
On taking limit superior as k — oo in (2.23) and (2.26), we obtain
€< liin sup max{d(9=m, , 9Tn,+1); A(GYmy» GYni+1)} < €
—o0
Hence
liin sup max{d(gTm,, 9%n,+1) AGYmy> 9Ynp+1)} = €. (2.27)
— 00

Also, we have from (2.26)
max{d(gimk ) gxnk:+1)7 d(gymw 9Ynpt1 )} 2 &max{d(gxnk ) gmnkJrl)v d(gynk y 9Ynit1 )} (228)

On taking limit inferior as k — oo in (2.28), we have
liminf max{d(gam, , gTn,+1), A9Ymsr Gyni+1)}

> lim inf [e—max{d(gxnk ) gxnk"l‘l)? d(gynk ’ gynk-‘rl)}}

k—o0

> e+ lirgggf[—maX{d(gxnk, 9T +1), A(9Yny> GYny+1) }]

= € — limsup max{d(9n,, 9Tny+1): A(9Yny GYn,+1)}

k—o0
= (2.29)

Also, we have
likH_1>iOréf max{d(g‘rmk ) gxnk"rl)? d(gymk , gynk+1)}

< limsup max{d(9=m, , 9%n,+1)> A(GYmy.> 9Yn,+1)} = €. (2.30)

k—o0

Hence, from (2.29) and (2.30), we have

hkrglor;f max{d(gxmk’gxnk+1)7d(gymk7gynk+1)} =c (231)



Coupled Coincidence Points of Almost Generalized ... 1293

Hence, from (2.27) and (2.31), we have

klinolo ma‘X{d(gxmmgxnk-i-l)v d(gymk’gynk-‘rl)} exists and
Jim max{d(gzm,, 9ny+1), d(9Yme: GYni+1)} = €.

Thus (iii) holds.

Now we prove (iv).

By using the triangle inequality, we have

d(gTny, 9Tmy+1) < d(9Tn,, 9Tnp—1) + A(GTny—1, GTmy ) + A(9T ., GTmp+1)
<e+ d(gx"k ) gxnk—l) + d(gxmk 3 gmmk-‘rl)

(2.32)
and
d(9Yns> GYmi+1) < A(GYnys GYnp—1) + A(GYni—1, 9Yms) + A(GYmss GYmi+1) (2.33)
< e+ d(9Yni—1,9Yn,.) + A(GYmy s GYmy+1)-
Hence, from (2.32) and (2.33), we have
max{d(g2n,, 9Tmy+1), A(GYny» 9Ymi+1)}
< e+ max{d(gn,, 9Tn,—1), A(GYny> GYn,—1)} (2.34)
+ max{d(9Tm,, 9Tmy+1)s A(gYmy» 9Ymi+1)}-
Also, we have
d(gTmys 9Tny) < A(GTmys GTmy+1) + A(GTmy+1, 9Ty ) (2.35)
and
d(gYmys 9Yn) < A(9Ymss 9Ymu+1) + AGYmi+1: 9Yni)- (2.36)

Hence, from (2.3), (2.35) and (2.36), we have
€ < max{d(9Tm,, 9Tny )> A(GYmy > 9Yn, ) }
< max{d(gxmkag$mk+1)7d(gymkagymk+1)} (237)
+ max{d(gLm, +1, 9n, ) A(GYmy+1 GYn, ) }-
On taking limit superior as k — oo in (2.34) and (2.37), we obtain

€< limsup max{d(gxnkagxmk-i-l)vd(gynmgymk-‘rl)} <e

k—o0

Hence we have

limsup max{d(9Zn, , 9Tmy+1)s A(GYny> GYms+1)} = €. (2.38)

k—o0
Also, from (2.37), we have
max{d(geny, 9Tmy+1)s A(gYny> GYmi+1) }
9Ymi> PYmi+1) }- (2.39)
2.39), we have

> e — max{d(g@m, , 9Tm,+1), d(
On taking limit inferior as k — oo, in (

lim inf max{d(9xn, , 9Zm,+1): AGYny> Ymp+1)}
k— oo
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> liminf [e—max{d(gzmy, gTmy-+1); A(gYmi> 9Yms+1)}]
> e+ liminf [—max{d(gzm,, gm+1), d(9Ymys 9Ymi+1)}]

=€ —lim sup max{d(gl’mk,gxmk_,_l), d(gymkvgymk-‘rl)} =€ (240)

k—o0

Also, we have
lim inf max{d(gzn, , 9Tm,+1); AGYne GYmi+1)}

< limsup max{d(g@n,, 92my+1)s A9Yn> 9Ymi+1)} = € (2.41)

k—o0

Hence, from (2.40) and (2.41), we have
l%cnigf max{d(gZn,, 9Tmy+1)s A(GYny > GYm,+1)} = €. (2.42)

Therefore, from (2.38) and (2.42), we have
T ma{d(gan,. 92m, 41), (@, O, 11)} exists and

klggo max{d(gxnngmk-i-l)v d(gynkagymk-‘rl)} =€
This proves (iv). L]

Lemma 2.3. Let X be a nonempty set. Let F : X x X — X and g : X — X be maps
such that F(X x X) C gX. Assume that M is an (F, g)-invariant subset of X* which
satisfies transitivity property.

If there exist xo,yo € X with (F(x0,v0), F(yo,x0), 9x0,gy0) € M then we can

construct sequences {x,} and {yn} in X such that for any n,m € Z* with n > m we
have (9w, gYn, 9%m;s gYm) € M.

Proof. Let xg,yo € X such that

(F(any0)7F(y07x0)7gx07gy0) €M. (243)

Since F(X x X) C gX we can choose x1, y1 € X such that gz1 = F(z0,yo) and

gy1 = F(yo, xo).

Again, since FI(X x X) C gX we can choose z3, y2 € X such that

gr2 = F(z1,51) and gy> = F(y1, 21).

On continuing this process, inductively we can construct sequences {z,} and {y,} in X
defined by

gny1 = F(2n,yn) and gyni1 = F(yn, T5) (2.44)
for all n > 0.

Now, since M is an (F, g)-invariant set, from (2.43) and (2.44), we have

(922, 9y2, 971, gy1) = (F(21,31), F (Y1, 1), F (20, 90), F (o, w0)) € M. Again, by the same
argument, we can choose x3,ys € X such that

(93, 9y3, 922, gy2) = (F(22,y2), F(y2, 22), F(21,91), F(y1,21)) € M.
On continuing this process, we get by induction that

(g$n+17gyn+1,g$mgyn) eEM (245)

for all n > 0.
Now, for n > m where n,m € Z we prove (9Zn, 9Yn, 9Tm, JYm) € M.
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We let n = m + k for some k > 1.
By (2.45) we have

(9%Tm+1, 9Ym+15 9Tm, gYm) € M. (2.46)

Since M is an (F, g)-invariant set we have from (2.46)

(9Tm+2: 9Ym+2, 9Tm+15 9Ym+1) = (F(Zmt1, Yms1), F(Yma1, Tmt1)s

F(Zom,Ym)s F(Ym,Tm)) € M. (2:47)

Now, from (2.46) and (2.47) and transitivity property of M, we have

(9Tm+2, GYm+2, 9Tm, GYm) € M. (2.48)
Since M is an (F, g)-invariant set, we have from (2.48)

(9Tm+3, 9Ym+3, 9Tm+1, 9Ym+1) € M. (2.49)
Again by the transitivity property of M and from (2.46) and (2.49), we have

(9%m+35 9Ym+3, 9Tm, 9Ym) € M. (2.50)
On continuing this process inductively we get

(9T mtks GYmtks GTms GYm) € M (2.51)
for every k > 1. Now, on taking n = m + k in (2.51) it follows that
(9%n, 9Yn» 9Tm» gYm) € M for n > m. .

In the following, we prove our main results of this section.

Theorem 2.4. Let (X,d) be a metric space. Let F : X x X — X and g : X — X be
maps and M be a nonempty (F, g)-invariant subset of X*. Assume that the maps F and
g are almost generalized (v, p)-weakly contractive maps. Further assume that

(a) F(X x X) C gX;

(b) gX is a complete subspace of X ;

(¢) M satisfies transitivity property;

(d) X has the following property: for any two sequences {x,} and {y,} in X with
(Tnt1, Ynt1s TnsYn) € M, p — ¢, yp — vy, then (x,y,Tpn, yn) € M for all n,

(e) there exist xo,yo € X with (F(xo,y0), F (yo,yZ0),9%0,9Y0) € M. Then there exist
xz,y € X such that gr = F(x,y) and gy = F(y,x), i.e., F and g have a coupled coinci-
dence point (z,y) € X x X.

Proof. Let xg,yo € X be such that (F(zo,v0), F(y0,Z0), 9%0,9Y0) € M.

By Lemma 2.3, we can construct sequences {z,} and {y,} in X such that

9Tn+1 = F(zpn,yn) and gynt1 = F(Yn, zy) for every n =0,1,2, ... .

If there exists a natural number n > 1 such that gz,—1 = gz, and gy,—1 = gyn, then
gTpn—1 = gTn = F(xnfh ynfl) and gyn—1 = gyn = F(ynfla xn71)~

Thus (-1, Yn—1) is a coupled coincidence point of F' and g.

Hence without lose of generality, we assume that gx,_1 # gz, or gyn—1 # gy, for all
ne{1,23, -}

By Lemma 2.3, we have

(9T, GYn, 9Tn—-1,9Yn—1) € M for every n > 1. Now, we denote

R, = max{d(9=nt1,9%n), d(gYnt1, 9Yn)}- (2.52)
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Since (9%n, 9Yn, 9Tn—-1,9Yn—1) € M for all n > 1, by using, (2.1) we have
Y(d(gTn+1, 92n)) = V(A(F (@0, Yn), F(@n-1, Yn-1)))
< P(max{d(9xn, 9n—1), d(gYn; 9Yn—1)})
— ¢p(max{d(gn, 9Tn—1), d(gYn; GYn—1)})
—I—Lmin{d(gmn, F(xm yﬂ))’d@xm F(xnfhynfl))»
d(gxn_l,F(mn,yn)),d(gxn_l, F(xn—l,yn—l))}
= Y(max{d(gzn, g2n-1), d(9Yn, gyn-1)})
— ¢p(max{d(gn, 9Tn—1), d(gYn; GYn—1)})
+ Lmin{d(g9zn, 9Tn+1),d(9Tn, gTn),d(9Tn—1,9Tn+1),d(gTn—1, gTn)}
= Y(max{d(gzn, gTn-1), A(9Yn, gyn-1)}) (2.53)
— ¢(max{d(gxn, 9n—1), d(gYn, gYn—1)})-
Again, since (g¥n—1,9Tn—1, 9Yn, gTn) € M for every n > 1, we have
V(d(gyn, gyn+1)) = V(A(F (Yn-1, Tn-1), F(Yn, Tn)))
< Yp(max{d(gyn—1,9Yn), d(gTn—1,97n)})
— ¢(max{d(gyn—1,9Yn), d(9Tn—1,92n)})
+ Lmin{d(gyn—1, F(Yn-1, Tn-1)),d(gyn—1, F(Yn,zn)),
d(9Yns F(Yn—1,n-1)),d(9Yns F(Yn,v0))}
= (max{d(gyn—1,9Yn), d(gTn-1,92n)})
— d(max{d(gyn—1,9Yn), d(9Tn—1,92n)})
+ Lmin{d(gyn—1, 9Yn),d(9Yn-1, 9Yn+1),d(9Yn,9Yn); d(gYn, gyn+1)}
= P(max{d(9yn—1, 9Yn), d(gTn_1,9%n)}) (2.54)
— ¢(max{d(gyn—1,9Yn), A(9Tn—1,97n)})-
Now, from (2.53) and (2.54) and using the monotone property of 1, we have
Y(max{d(gzn+1, 92n), d(9Yn+1, gyn)})
= max{y(d(gzn+1, 92n)), ¥(d(9Yn, 9Yn+1))}
< Y(max{d(gyn—1,9Yn), d(gTn-1,97n)}) (2.55)
— ¢(max{d(gyn—1,9Yn), d(9Tn—1,9n)}),
ie.,
¢(Rn) < d’(Rn—l) - ¢(Rn—1)
< Y(Rn-1)

and hence by the monotone property of v, we have R, < R,_1.
Therefore, {R,,} is a non-increasing sequence of nonnegative real numbers.
Hence it converges to some real number r (say), r > 0.

Now we show that

r=0. (2.57)

Suppose that r > 0. On taking limit superior as n — 400 in both sides of (2.56), by using
continuity of ¢ and lower semi-continuity of ¢, we get ¥(r) < ¥(r) —¢(r), a contradiction.
Thus r = 0. i.e., nlirgomax{d(gxn+1,gxn), d(9Yn+1,9Yn)} = 0.

(2.56)
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Now, we show that the sequences {gx,} and {gy,} are Cauchy. Suppose that at least
one of {gz,} and {gy,} is not Cauchy. Then there exists an € > 0, for which we can
find two sequences {ny} and {my} of positive integers with n; > my > k such that
max{d(gxn,, 9Tm, ) A(GYn,, gym,)} > € for all k € {1,2,3,---}. We may also assume

that max{d(gzm,, 9Tn,—1), A(gYms, GYni—1)} < €.
Now, since np > my and M satisfies transitivity property, by Lemma 2.3 we have,

(9Tn, 9Ynis 9Ty > GYm,) € M.
Hence, on using (2.1) we have

P(d(gni 41, 9Tmy+1)) = Y(A(F (T, Yny ), F (T, Ymi)))
< Y(max{d(9zn,, 9Tm, ), A(9Yni, 9Ymi)})
— ¢(max{d(gzn,, 9Tm, ), d(gYn,. 9Ym,)}) (2.58)
+ Lmin{d(gxn,,, 9%n,+1), AGZn,, s 9Tmy+1),
d(9Zmy, s 9Tny+1) 9Ty 9Tmp+1) }-

Again, we have

¢(d(gymk+17gynk+1)) = w(d(F(y"lk"rmk)’F(ynk’znk)))
< (max{d(gym,, 9Yn, ), A(gTmy > gTn, ) })
— p(max{d(gyms, gyn,. )> A(9Tm,: 9Tn,)}) (2.59)
+ Lmin{d(gym, , 9Ymi+1): A(9Ymy, 9Yny+1),
A(9Yny> 9Ymi+1)s A(9Ynis GYni+1) -

Now, from (2.58), (2.59) and the monotone property of ¥, we have
Y(max{d(gTn,+1, 9Tmy+1), AGYng+15 GYmy+1)})

= max{Y(d(gTn,+1, 9Tmy+1)), Y(A(GYmy+15 9Yny+1)) }

< Y(max{d(g¥my: 9Yni ), A(GTrmy, 90, ) })

— d(max{d(gymy» 9Yns ) A(GTm,,, 9Tny)})

+ L min{max{d(gZn,, 9Tn,+1); A(gYny 9Yns+1)}: (2.60)
max{d(9n,, , 9Tm,+1); A(gYn. GYmp+1)}

max{d(g:z:mk,gxmk+1), d(gymkagymk-l—l)}v

max{d(gTm,, 9Tn,+1), A9Ymy.> 9Ynp+1)} }-

Now, on taking limit superior as £k — oo in both sides of (2.60), by using Lemma 2.2,
the continuity of ¢ and lower semi-continuity of ¢, we get ¥(e) < ¢(e) — ¢(e) + L.0
= 1)(e) — ¢(¢), a contradiction.

Therefore, the sequences {gz,} and {gy,} are Cauchy in gX. Since ¢gX is

complete, there exist x,y € X such that lim gz, = gz and ngrfoo JYn = gy.

n—-+o0o
Since (9Tn+41, 9Ynt1, 9Tn, 9Yn) € M and gx,, — gz and gy, — gy it follows that
(92, 9y, 9Tn, gyn) € M for all n. Now, we prove that gz = F(x,y) and gy = F(y,x).
Since (g, gy, g%n, gyn) € M for all n, we have
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¢(d(F($a y>7 ganrl))
< Y(max{d(gz, gxn), d(gy, gyn)}) — ¢(max{d(gz, gxn), d(9y, gyn)}) (2.61)
+L mln{d(gxa F(Jf, y))7 d(gxa gxn-‘rl)a d(gxna F(Jf, y))) d(gﬂfn, gxn+1)}~
On taking limit superior as n — oo in both sides of (2.61), by using the continuity of
and lower semi-continuity of ¢, we get ¥ (d(F(z,y),gz)) < 0. Now, by the property of i,
we have d(F(z,y),gz) =0, i.e., F(z,y) = gx.
Similarly, we have gy = F(y,x). Therefore (x,y) is a coupled coincidence point of F
and g. [

Theorem 2.5. Let (X, d) be a complete metric space. Let F: XxX — X andg: X — X
be continuous maps and M be a nonempty (F,g)-invariant subset of X*. Assume that
the maps F' and g are almost generalized (v, ¢)-weakly contractive maps. Further assume
that

(a) F(X x X) C gX;

(b) F and g are compatible ;

(¢) M satisfies transitivity property; and

(d) there exist xo,yo € X with (F(xo0,%0), F (Yo, o), 90, gy0) € M.

Then F and g have a coupled coincidence point (z,y) € X x X.
Proof. On proceeding as in the proof of Theorem 2.4, the sequences {gz,} and {gy,}

defined by gxn11 = F(Zn,Yn) and gynt+1 = F(yn,x,) are Cauchy in X.
Since X is complete, there exist =,y € X such that lim gz, =z and lim gy, =y.
n—oo n—oo

Since F' and g are compatible maps we have
nlin;o d(g(F(Tn,yn)), F(gn, gyn)) = 0 and nhan;o d(g(F(Yn, n)), F(9Yn, gzn)) = 0.
By using the triangle inequality, we have

(g, F(g2n, gyn)) < (g, g(F (2n,yn)) + d(g(F (20, yn), F(92n, gyn)))-
On taking limits as n — +o00, by using the continuity of F' and g, we get
d(gx, F(z,y)) =0, i.e., gr = F(x,y).
Similarly, we have d(gy, F(y,x)) =0, i.e., gy = F(y, z).

Therefore, gx = F(z,y) and gy = F(y, x).
Hence (z,y) is a coupled coincidence point of F' and g. [

3. COROLLARIES AND EXAMPLES

Corollary 3.1. Let (X,d) be a metric space. Let F : X X X - X and g : X — X
be maps and M be a nonempty (F,g)-invariant subset of X*. Assume that there exist
functions ¥ € U, ¢ € & such that

Y(d(F(2,y), F(u,v))) < P(max{d(gz, gu), (9y, gv)}) — d(max{d(gz, gu), (9y,gv)}) (3.1)
for every x,y,u,v € X with (gz, gy, gu, gv) € M.
Further assume that

(a) F(X x X) C gX;

(b) gX is a complete subspace of X;
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(¢) M satisfies transitivity property;

(d) X has the following property:
for any two sequences {x,} and {y,} in X with (Tpnt1, Ynt1,Tn,Yn) € M,
Tn = T, Y — Y, then (z,y, Tpn,yn) € M for all n,

(e) there exist xo,yo € X with (F(zo, o), F(yo,Z0), 90, 9Y0) € M.

Then F and g have a coupled coincidence point (z,y) € X x X.
Proof. Follows by choosing L = 0 in the inequality (2.1) and by Theorem 2.4. n

Corollary 3.2. Let (X,d) be a complete metric space. Let F: X x X — X and g: X —
X be maps and M be a nonempty (F,g)-invariant subset of X*. Assume that there exist
functions ¥ € ¥, ¢ € & such that

Y(d(F(z,y), F(u,v))) < ¢(max{d(gz, gu), (gy, gv)}) — ¢p(max{d(gz, gu), (9y,9v)}) (3.2)

for every x,y,u,v € X with (gz, gy, gu, gv) € M.

Further assume that

(a) F(X x X) C gX;

(b) g is continuous ;

(¢) M satisfies transitivity property;

(d) F is continuous ;

(e) F and g are compatible;

(f) there exist xg,yo € X with (F(xo,yo0), F (Y0, o), 9o, gy0) € M.
Then F and g have a coupled coincidence point (z,y) € X x X.

Proof. Follows by choosing L = 0 in the inequality (2.1) and by Theorem 2.5. ]

In the following, we deduce coupled coincidence point theorems in partially ordered
metric spaces as corollaries.

Corollary 3.3. Let (X, =) be a partially ordered set and suppose that there ezists a
metric d on X such that (X,d) is a metric space. Let F: X x X — X and g : X — X be
maps such that F has the mized g-monotone property. Assume that there exist functions
VeV, ¢ € P and a constant L > 0 such that

Y(d(F(2,y), F(u,v))) < p(max{d(gz, gu), (9y, gv)})

— ¢(max{d(gz, gu), (9y, gv)})
+ Lmin{d(gz, F(z,v)),d(gx, F (u,v)),

d(gu, F(z,y)), d(gu, F(u,v))}

for every x,y,u,v € X with gx = gu and gy = gv.
Further assume that

(a) P(X x X) C gX;

(b) gX is a complete subspace of X ;

(¢) X has the following properties:

(i) if {zn} is a nondecreasing sequence € X with x,, — x, then x, <z for all n;
(i) if {yn} is a non-increasing sequence € X with y, — y, then y, = y for all n.
If there exist xg,yo € X such that grg = F(xo,y0), F(yo,x0) = gyo then there exist
x,y € X such that gr = F(x,y) and gy = F(y,x).
i.e., F' and g have a coupled coincidence point (x,y) € X x X.
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Proof. We define a set M = {(a,b,c,d) € X* : a = ¢,b < d}. From Example 1.14. we

conclude that M is an (F, g)-invariant set which satisfies transitivity property.

By (3.3) we have

Y(d(F(z,y), F(u,v))) <¢(max{d(gz, gu), (gy, gv)}) — ¢(max{d(gz, gu), (9y, gv)})
+Lmin{d(gz, F(z,y)), d(gz,F (u,v)), d(gu, F(z,y)), d(gu,F (u,v))}

for every z,y,u,v € X such that (gz, gy, gu,gv) € M. Since there exist zg,yo € X,

gx0 = F(zo,y0), gyo = F(yo,20), we have (F(xo0,%0), F(yo, o), 9%0,9y0) € M. From

assumption (¢) we get the condition (d) of Theorem 2.4. Now, all the hypotheses of

Theorem 2.4 are satisfied. Thus F' and g have a coupled coincidence point in X. [

Corollary 3.4. Let (X, <) be a partially ordered set and suppose that there exist a metric
d on X such that (X,d) is a complete metric space. Let F: X x X - X and g: X = X
be maps such that F' has the mized g-monotone property. Assume that the inequality (3.3)
holds. Further assume that

(a) F(X x X) C gX;

(b) F and g are continuous;

(¢) F and g are compatible;

If there exist xo,y0 € X such that gxo = F(xo0,y0), F(yo0,Z0) = gyo then there exist
x,y € X such that gr = F(x,y) and gy = F(y,x).

i.e., F and g have a coupled coincidence point x,y € X.

Proof. We define a set M = {(a,b,c,d) € X*:a = c,b < d}. Now, proceeding as in the
proof of the Corollary 3.3, we see that all the hypotheses of Theorem 2.5 are satisfied.
Hence F and g have a coupled coincidence point in X. [

Remark 3.5. By choosing L = 0 in (3.3) clearly Theorem 1.9 follows as a corollary to
Corollary 3.3 and Corollary 3.4.

The following is an example in support of Theorem 2.5.

Example 3.6. Let X = {0,1,2,4} with the usual metric.
Let A= {(0,0),(0,1),(1,0),(1,1),(1,2),(2,2),(2,4),(4,2), (4,4) },
B ={(0,2),(2,0),(2,1),(0,4),(4,0), (1,4), (4, 1)}

We define F': X x X — X and g: X — X by
1 if (z,y) € A

F(z,y) =
0 if (x,y)€eB
and g0 =0, gl=1, g2=4, g4 =2.
We define 1, ¢ : RT — R* by ¢(t) = 3¢ for t > 0 and
it if0<t<1

o(t) =
$toif t>1
Then ¢ € ¥ and ¢ € .
Here we observe that FI(X x X) ={0,1} C gX = {0, 1, 2, 4}; and F and g are compat-
ible. We write

M= {(0,0,1 1),(1,1,070),(1,1,171),(1,174,4),(4,471,1),(271,2,4),(472,1,2)
(4,4,4,4), ( 4,0,0),(0,0,4,4),(1,1,2,2),(2,2,1,1),(2,2,2,2), (2, 1,4, 2),
(2,471,2) (0,0,2,2),(2,2,0,0),(0,1,1,1),(1,1,1,0),(2,2,4,4), (4,4, 2,2),
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(2,1,1,4),(4,1,1,2),(2,1,1,2),(0,1,1,0), (0,0,0,0), (4,4, 1,0), (0,1, 4, 4)
(2727170) (07172a2)a(07071a0)7(071a070)7(4a1a452)7(2a47174)7(4a15274)
(4,2,1,4),(4,1,1,4)}.

Clearly M is an (F, g)-invariant subset of X* which satisfies transitivity property.
We choose zg = 1, yo = 0, then (F(1,0), F(0,1),91,90) = (1,1,1,0) € M.

We now verify the inequality (2.1) with L = 1. For (z,y,u,v) = (2,1,2,4), we have
(d(F(z,y), F(u,v)))= ¢ (1)

7
2
¥(1) — (1) +1.3

= Y(max{(d(gz, gu), (9y, gv))}) — p(max{(d(gz, gu), (9y, gv))})

+Lmin{d(gz, F(z,y)), d(gx, F(u,v)), d(gu, F(z,y)), d(gu, F(u,v))}
so that the inequality (2.1) holds.
Similarly, it is easy to verify the inequality for the points (2,1,4,2), (4,1,1,2), (2,1,1,2),
(4,1,4,2), (2,4,1,4), (4,1,2,4) and (4,2,1,4).
At the remaining points of M, the inequality (2.1) holds trivially.
Therefore F' and g satisfy all the hypotheses of the Theorem 2.5 and (1,1) is a coupled
coincidence point of F' and g.
Here we observe that, when L = 0 then the inequality (2.1) fails to hold for any ¢ € ¥
and ¢ € ®, by choosing (z,y,u,v) = (2,1,2,4), which indicates the importance of L in
the inequality (2.1) of Theorem 2.5
Now, if we consider X = {0, 1,2,4} with the usual order < and usual metric, the map F
does not satisfy the mixed g- monotone property, for let y; = 0, y2» = 4 and x = 4, then
0=9g0<gd4d=2but 0=F(4,0) # F(4,4) = 1.
Also, when (z,y,u,v) = (2,1,2,4) the inequality (1.2) fails to hold for any ¥ € ¥ and
¢ € ®. Hence by Remark 3.5 it follows that Corollary 3.3 and Corollary 3.4 generalize
Theorem 1.9.

Now, we give an example in support of Corollary 3.1.

Example 3.7. Let X = [0,2) with the usual metric.
We define F': X x X — X and g: X — X by

S Gf (2,y) € [0,1]

F(xvy) =
% otherwise
and
2? if z €]0,1]
gr =

3 .

5 ifre(l,2).
Here we note that F(X xX) = [0, ] {2} € [0,1] {3} = ¢9X, ¢X is a complete subspace
of X.
We choose M = [0,1]%. Clearly M is an (F,g)-invariant set which satisfies transitivity
property. Also, we choose o = 0 and yo = 1, then (F(0,1), F(1,0), g0, g1) = (i, }L, 0,1) e
M.
We define 1, ¢ : RT — R* by (t) = 4t for t > 0 and

itoifo<t<l1

s=9 "



1302 Thai J. Math. Vol. 19 (2021) /G. V. R. Babu and K. K. Tola

Then ¢y € ¥ and ¢ € .
Now we verify the inequality (3.1). Let #,y,u,v € X with (g, gy, gu, gv) € M.
i.e., (xzv y27 u?, U2) e M.
In this case,
z’+y° 2402
Y(d(F(z,y), Fu,v))) = 3|55 — vt

2.2 2 _ .2
B Rl et
4 2

On the other hand, we have

Y(max{d(gz, gu),d(gy, gv)}) — p(max{d(gz, gu), d(gy, gv)})
= gmax{|2z? — u?|,|y? — 02|} — gmax{|a® — u?|, |y* — v?[}

1
) < = max{la® — ], |y — v} (3.4)

1
= Tmax{fa? — ] 2 2]} (3.5)
Hence, from (3.4) and (3.5), we have

Y(d(F (2,9), F(u,v)) = |25 — 222 < Imax{[a? — 2], [y? — 0%}
= Y (max{d(gz, gu), d(gy, gv)}) — ¢(max{d(gz, gu), d(gy, gv)}).

Hence, the inequality (3.1) holds for all z,y,u,v € X with (gz, gy, gu,gv) € M. There-
fore, F' and g satisfy all the hypotheses of Corollary 3.1; and F' and g have coupled
coincidence points. In fact (0,0) and every point of (1,2) x (1,2) are coupled coincidence
points.

Here we observe that F' does not satisfy the mixed g-monotone property under the
usual order on X, for, by choosing y; = 0 and yo = 1 then
0=g0<1l=gl,butatz=1, 1 =F(1,0)=F(z,y) # F(z,y2) = F(1,1) = 3.
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