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Abstract In this paper, two f-contractive mappings are provided and studied in cone b-metric spaces.
The first one is called f-contractive mapping of type B and the second one is called f-contractive mapping
of type KC, respectively. Under some available properties on a complete cone b-metric space, some suitable
conditions on scalars and the considered two new f-contractive mappings 7', we can generate a Cauchy
sequence to find and confirm the existence of a coincidence point of f and T without the assumption
of normality. The obtained results not only directly improve and generalize some fixed point results in
metric spaces and b-metric spaces but also expand and complement some previous results in cone metric

spaces.
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1. INTRODUCTION

It is well known that fixed point theory plays an important role in applications of many
branches of mathematics. For guaranteeing or finding a solution of some optimization
problems, it can be able to simulate to some fixed point problems. Finding a fixed point
of contractive mappings becomes the center of strong research activity. There are many
works about the fixed point of contractive maps; see, for example, [I, 2]. The Banach’s
fixed point theorem first appeared in explicit form in Banach’s thesis in 1922 [1], where it
was used to establish the existence of a solution for an integral equation. In the general
setting of complete metric space (M, d), Banach [1] provided the definition of a contraction
as follows: A mapping T': M — M is called a Banach contraction (or contraction) if there
exists k € [0, 1) such that

d(Tz,Ty) < kd(x,y) (1.1)
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for all z,y € M. He proved that a mapping T': M — M that satisfies (1.1) has a unique
fixed point.

In 1968, Kannan [3] established a fixed point theorem which has the following details:
If T: M — M where (M,d) is a complete metric space, satisfies the inequality:

d(Tz, Ty) < k(d(z,Tz) + d(y, Ty)) (1:2)
for all z,y € M where 0 < k < %, then T has a unique fixed point. A mapping that
satisfies (1.2) is called a Kannan mapping.

In 1972, Chatterjea [4] established a fixed point theorem which has the following details:
IfT: M — M where (M,d) is a complete metric space, satisfies the inequality:

d(Tz, Ty) < k(d(z, Ty) + d(y, Tx)) (1.3)

for all z,y € M where 0 < k < %, then T has a unique fixed point. A mapping that
satisfies (1.3) is called a Chatterjea mapping.

Subsequently, many mathematicians have become interested in investigating the exis-
tence of fixed points of generalized forms of mappings related to (1.1), (1.2) and (1.3);
see, for instance, [5—8] and references cited therein.

On the other hand, In 1989, Bakhtin [9] presented a generalization of metric space
called b-metric spaces. He established the contraction mapping principle in b-metric
spaces which is an extension of Banach contraction principle in metric space. Later,
there are many papers have dealt with fixed point theory or the variational principle for
single-valued and multi-valued operators in b-metric spaces; see [10—12] and the references
cited therein. In recent explorations, the interest on non-convex analysis related to fixed
points, particularly in an ordered normed space, is considered by several authors; see [13—

]. Cone metric spaces are generalizations of metric spaces, where each pair of points is
assigned to a member of a real Banach space with a cone. This cone naturally induces a
partial order in the Banach space. The concept of cone metric space was introduced in the
work of Huang and Zhang [13] where they also proved the Banach’s contraction mapping
principle in such spaces. In [14], Hussain and Shah established cone b-metric spaces as
a generalization of both b-metric spaces and cone metric spaces. They introduced some
topological properties in such spaces and enhanced some recent results about KK M
mappings in cone b-metric spaces. Afterwards, several authors have studied fixed point
problems in cone metric spaces. Some of these works are noted in [17-22]. In 2013, Huang
and Xu [7] introduced two contractive mappings related to (1.1), (1.2) and (1.3) and then
studied some fixed point theorems of such mappings in cone b-metric spaces.

As far as we know from searching for information from the history of mathematical writ-
ings about coincidence points, Eilenberg and Montgomery [23, Theorem 3], Gorniewicz
[24], Singh and Kulshrestha [25] and Rhoades et al. [26] are probably at the top of the list
who were the first to define and study the concept of coincidence points in metric spaces
and some related spaces. Since then, there have been many mathematicians interested in
the study of coincidence points; see, for instant, Singh et al. [27], Abbas and Jungck [17],
Berinde [5, 6] and references cited therein.

Inspired and motivated by above research works, the aim of this paper is to provide
some existence theorems of coincidence points which can be viewed as the general ideas
from fixed point theorems of contractive mappings to the sense of coincidence point the-
orems of f-contractive mappings in the frame work of cone b-metric spaces.
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2. PRELIMINARIES

In this section, we provide some definitions, notations, and some useful results that
will be used in the next section.

Let E be a real Banach space and P be a subset of E. The notations 8 and intP are
denoted by zero element of E and the interior of P, respectively. The subset P is called
cone if and only if:

(i) P is closed, nonempty, and P # {0};

(ii) a,b € R, a,b >0, z,y € P = ax + by € P;

(iii) PN (—P)={6}.
By using the above cone P, we can define a partial ordering < with respect to P by the
meaning that © <y if and only if y — 2 € P. We shall write x < y to indicate that z <y
but z # y, while © < y will stand for y — « € intP. Write || - || as the norm on E. The
cone P is called normal if there is a number K > 0 such that for all z,y € E, 0 <z <y
implies ||z]] < K|ly||. The least positive number satisfying the above is called the normal
constant of P. It is well known that K > 1.

Throughout this paper, unless otherwise specified, we let E be a real Banach space, P

is a cone in E with intP # @ and < is a partial ordering with respect to P.

Definition 2.1 ([13]). Let X be a nonempty set. Suppose that the mapping d : X x X —
FE satisfies:
(d1) 0 < d(z,y) for all z,y € X with z # y and d(z,y) = 0 if and only if z = y;
(d2) d(z,y) = d(y,x) for all z,y € X;
(d3) d(z,y) < d(z,z) +d(z,y) for all z,y,z € X.

Then d is called a cone metric on X and (X, d) is called a cone metric space.

Definition 2.2 ([141]). Let X be a nonempty subset and s > 1 be a given real number.
A mapping d : X x X — F is said to be cone b-metric if and only if, for all z,y,z € X,
the following conditions are satisfied:

(&1) 0 < d(z,y) with  # y and d(z,y) = 0 if and only if © = y;

(d2) d(z,y) = d(y,z) for all 2,y € X;

(d3) d(x,y) < s[d(z, z) + d(z,y)] for all z,y,z € X.

The pair (X, d) is called a cone b-metric space.

Remark 2.3. It is obvious from the above definitions that the class of cone b-metric
spaces is larger than the class of cone metric spaces. Therefore, it is clearly that cone
b-metric spaces generalize D-metric spaces and cone metric spaces.

The following examples (see [7]) indicate that there are cone b-metric spaces which are
not cone metric spaces.

Example 2.4 ([7, Example 1.4]). Let E=R?, P={(z,y) € E:2,y >0} CE, X =R
and d : X x X — E such that

d((E,y) = (|{E - y‘pva‘x - y|p) )

where o > 0 and p > 1 are two constants. Then (X, d) is a cone b-metric space, but not
a cone metric space.
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Example 2.5 ([7, Example 1.5]). Let X =P with 0 < p < 1, where
lp:{{xn}CR ‘ > |33n|p<oo}. Letd: X x X — R,
n=1

d(xvy) = <Z |xn - ynp> ’

n=1
where ¢ = {z,},y = {yn} € IP. Then (X,d) is a b-metric space (see [10]). Put E = [P,
P={{z,} € E:x, >0, for all n > 1}. Letting the mapping d : X x X — E be defined

by c?(gc,y) = {%}nxl Then (X,g) is a cone b-metric space with the coefficient

1
s =27 > 1, but it is not a cone metric.

Example 2.6 ([7, Example 1.6]). Let X = {1,2,3,4}, E=R?>, P ={(z,y) € E: 2 >
0,y > 0}. Defined: X x X — E by

-1 -1 .
eyl o=yl ), i Ay,
d(x,y) = ( ! ,
0, if z=y.
Then (X, d) is a cone b-metric space with the coefficient s = 2. But it is not a cone metric
space.

Inspired by Banach [1], Kannan [3], Chatterjea [1], Huang and Xu [7] and the concept
of coincidence points, the following two types of f-contractive mappings are defined.

Definition 2.7. Let (X, d) be a cone b-metric space with f,7 : X — X. The mapping
T is said to be an f-contractive mapping of type B if

d(Tz,Ty) < Md(fz, fy)
for all x,y € X.

Definition 2.8. Let (X, d) be a cone b-metric space with f,7 : X — X. The mapping
T is said to be an f-contractive mapping of type KC' if

d(Tz,Ty) < Md(fz,Tx) + Xod (fy, Ty) + Asd (fz, Ty) + Mad (fy, Tx)
for all x,y € X.

Definition 2.9. Let (X, d) be a cone b-metric space with f,T : X — X. Then,
(a) a point z € X is said to be a fixed point of T if Ta = x. The set of all fixed
points of T' is denoted by Fiz(T) ={zx € X : x = Tz}.
(b) apoint x € X is said to be a coincidence point of f and T if fo = Tz. The set
of all coincidence points of f and T is denoted by C(f,T) ={z € X : fo = Tx}.

It is obvious that, Fiz(T) = C(I,T) where I is an identity mapping.
Definition 2.10 ([14]). Let (X,d) be a cone b-metric space, z € X and {z,} be a

sequence in X. Then

(1) {xn} converges to x whenever, for every ¢ € E with 6 < ¢, there is a natural
number N such that d(z,,z) < ¢ for all n > N. We denote this by lim,,—, o z, =
x or &, = x (n — 00).

(2) {z,} is a Cauchy sequence whenever, for every ¢ € E with 6 < ¢, there is a
natural number N such that d(z,,z,) < ¢ for all n,m > N.



Existence Theorems for Coincidence Points of f-Contractive Mappings ... 1261

(3) (X,d) is a complete cone b-metric space if every Cauchy sequence is convergent.
The following lemmas are often used without the need of the normality of the cone P.

Lemma 2.11 ([15]). Let P be a cone and {a,} be a sequence in E. If ¢ € intP and
0 <a,— 0 (asn — ), then there exists N such that for all n > N, we have a,, < c.

Lemma 2.12 ([15]). Let z,y,z € E, if x <y and y < z, then x < z.
Lemma 2.13 ([14]). Let P be a cone and 0 < u < ¢ for each ¢ € intP, then u = 0.

Lemma 2.14 ([28]). Let P be a cone. If u € P and u < ku for some 0 < k < 1, then
u=0.

Lemma 2.15 ([15]). Let P be a cone and a < b+ ¢ for each ¢ € intP, then a < b.

3. MAIN RESULTS

In this section, we will prove some coincidence point theorems of f-contractive map-
pings in the setting of cone b-metric spaces.

Theorem 3.1. Let (X,d) be a complete cone b-metric space with the coefficient s > 1.
Suppose the mapping T : X — X is an f-contractive mapping of type B, that is,

d(Tz, Ty) < Md(fz, fy) foralx,ye X,

where A € [0,1) is a constant. If T(X) C f(X) and f(X) is a complete subspace of X,
then f and T have a point of coincidence in X.

Proof. Let zp € X. Since T(X) C f(X), we can construct the sequence {fz,} where
frn,=Txp_1,neN.

If fap41 = fa,, for some n € NU{0}, then trivially f and T have a coincidence point
T, in X.

If fanq1 # fan, for all n € NU {0}, then let us consider the following way

d(fan, frnt1) =d(Tep—1,Tx,) < M (frn-1, fxn) < ... < N'd(fz1, fzo) .
For any m > 1, p > 1, we find that
d(fTmtp, Tm)
< sld(frmip, fTmap-1) + d(fTmip-1, fTm)]
sd (fTmips fTmap—1) + 8d (fTmip-1, fTm)
5d (fTmips [Emip-1) + 8 [d (Frmip—1s [Tmip-2) + d ([Tmip2, f2m)]
A (fTmip, [Tmip—1) + $°d (fTmip—1, [Tmip—2) + $°d (fTmip—2, [Tm)
< sd (fTmips [Tmap—1)+8d (fTmipi1s [Tmip—2)+5°d (fEmip—2; [Tmip-3)
4o SPTINTT G (Fay, fag) + sPTINT (fay, fao)
= (sAmHPTl 4 ZNTHPT2  GBNAPTS p PTINTY d (fa, fao)
+s" AN (fr, fro)
SATVTP [(8)\71)1771 - 1}

- 5—A d(fxy, fzo) + s N"d (far, fro)

IN
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Sp)\erl

T s—=A
Let ¢ > 0 be given. Notice that Sp;\_m;l d(fxy, fro)+sP~IA™d (fxy, frg) — 6 as m — oo

for any p. By employing Lemma 2.11, we can find mo € N such that
sP ML

s—A
for each m > mg. Thus,

d(fz1, fzo) + sP ' AN"d (f1, fxo) .

d(fﬁlfl,fl'o) + Sp_l)\md (fxla f.’E()) < c,

p)\m+1
d(fmerpafxm) S i Y

for all m > mg and any p. Applying Lemma 2.12, {fz,} is a Cauchy sequence in f(X).
Since f(X) is a complete subspace of X, there exists z € f (X) such that fz,, — 2z = fz*
for some z* € X. We can find ng € N such that

d(fry, fro) + sP7IA™d (fa1, fro) < ¢

for all n > ng. Hence,
d(Tx™, fo*) < sld(Tx*,Txy) + d(Txy, fz*)]
< s[Md(fz*, fon) +d(frner, f27)] < ¢,
for each n > ng. Then, by Lemma 2.13, we deduce that d (Tz*, fa*) =0, i.e., Tx* = fa*.

That is, * is a coincidence point of f and T'. [

If f: X — X is an identity mapping, that is, fo = Ix = x for all x € X, then we have
the following corollary.

Corollary 3.2 ([7, Theorem 2.1]). Let (X,d) be a complete cone b-metric space with the

coefficient s > 1. Suppose the mapping T : X — X satisfies the contractive condition
d(Tz,Ty) < Ad(z,y) € X,

for all z,y € X, where A € (0,1] is a constant. Then T has a fized point in X.

Next, we prove a coincidence point theorem of contractive mapping of type KC.
Theorem 3.3. Let (X,d) be a complete cone b-metric space with the coefficient s > 1.
Suppose the mapping T : X — X is and f-contractive mapping of type KC, that is,

d(Tz,Ty) < Md (fz,Tx) + Aad (fy, Ty) + Asd (fa, Ty) + Mad (fy, Tx),

for all z,y € X, where the constant \; € [1,0) and A1 + A2+ (A3 + A1) < min {1, %} =
1,2,3,4. If f(X) is a complete subspace of X, then f and T have a point of coincidence
m X.
Proof. Let xo € X. Then, since T(X) C f(X), we can produce a sequence {fz,} such
that fx, =Tz, 1 for all n € N.

If fepi1 = fan, for some n € NU{0}, then obviously that f and T have a coincidence
point x,, in X.

If fany1 # fo, for all n € NU {0}, then let us consider the following

d (fxn-i-h fxn)
=d(Txp, Txp_1)
S )\1d (fxnv Txn)"_AZd (fl'nflv Txnfl)"_)\Bd (fxnv Txnfl)"_)\éld (fxnfla Txn)
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< Md (fan, fonia)+red (fon—1, fon)+Aas [d(fen—1, fon)+d (fon, fonii)]
=AM +M8)d(fon, frni) + A2+ Mas)d(fan, frn_1).
It follows that
(1 =X = M8)d(fanyr, fon) < (Ao + Aas)d(fan, frn—1). (3.1)
Secondly,
d(fens1, fon)
=d(Txn, Txp-1) =d(Txpn_1,Tx,)
<MA(frn1,TTn_1)+ od (fTn, Txn)+A3d (fTrn_1,TTn)+Xad (fTp, TTn_1)
<MA(fTn—1, [xn)+Aad ([T, fTni1)+A38[d (fon_1, fon)+d (fTn, fTni1)]
= A2+ A38)d(fan, frnt1) + (M + A38) d (fan, frn—1).
This implies that
(1 =22 = A38)d (font1, frn) < (A1 +A38)d(fn, frn_1) (3.2)
Adding up (3.1) and (3.2) yields

AL+ A A A
d(fxn+laf$n)< Lt 2+S( 3t 4)

d(fTn, frn-1).
_2—)\1—)\2—8()\3+)\4) (f!l? Jz 1)

Put \ = Qi‘i\jif\ji(:&tii) , it is easy to see that 0 < A < 1. Thus,

d(frpyr, fon) = d(fzn, frn—1) < ... < N'd(fx1, fro).
Following an argument similar to that given in Theorem 3.1, there exists fz* € X such

that fx, — fz*.
Let ¢ > 60 be arbitrary. Since fx, — fz*, there exists N such that

2 — s\ A EDY EDY
d(fn, fo*) < SA1 + 8A2 +5°A3 + s 4.

252 + 25
for all n > N.
Next we claim that x* is a coincidence point of f and 7. Actually, on the one hand
d(Tx™, fz™)

<sld(Tx*,Txy) +d(Tay, fo*)] = sd (T, Txy) + sd (frpi1, fz©)

<s[Md(fa*, Ta*) + Aad (fxn, Tan) + Asd (fa*, Txy) + Mad (fx,, Ta™)]
+ sd (feny1, f2*)

< shid (fa*, Ta*)+5*Xod (fan, fa*)+5*Xod (f2*, fani1)+shad (fo*, frni1)
+ 2 Xad (fan, fo*) + P Mad (fo*, Tx*) + sd (fxni1, f2*)

= (s/\1 + 52)\4) d(fz*, Tx*) + (32/\2 + 52)\4) d(fzn, fz*)
+ (52)\2 + sA3 + s) d(fz*, frnt1).

Which implies that
(1—sA; — s*\y) d(fz*, Ta*)
< (P A2+ 82A0) d (fan, f2*) + (s* A2 + sAg + ) d (f2*, foni1).
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On the other that
d(fx*,Ta")
<sld(fz*,Txyp) +d(Tx,, Te")] = sd (fa*, fopi1) + sd (Txn, Ta™)
< sd(fz”, fenia)
+ s[Md (fen, Try) + Xod (fo™, Tx"™) + Asd (fon, Tx™) + \d (fz*, Txy)]
=sd(fx", frni1)
+ s[Md (fxn, fani1) + Xad (fo*, Ta™) + Asd (fon, Tx™) + Aad (f2*, fani1)]
< sd(f*, fongr) + 8°Md (fon, fo*) + s°Md (fo*, Tapy1) + shed (fo*, Tx*)
+ 82 \3d (fan, fo*) + 2 Xsd (fo*, Ta*) 4+ shad (fa*, T i1)
= (sha + 8°XA3) d (fa*, Tz*) + (s* M1 + 8%X3) d (fan, fz*)
+ (52)\1 + 5\ + s) d(fz*, fani1) .
Which means that
(1—sA — 82)\3) d(fx*, Tx")
< (52)\1 + 32)\3) d(fan, fx*)+ (32)\1 + sAg + s) d(fz*, frni1).
Combining and yields
(2 — A — SAg — §2 g — 52)\4) d(fz*,Tx™)
<57 (A1 — A2 — A3 — M) d (fan, fz¥)
+ (52)\1 — §%X9 — sA3 — shy + 25) d(fx*, frni1)
< 8%d (fx,, fr*) + (32 + 23) d(fx*, fxnt1).
Simple calculations ensure that

s*d (fan, fo*) + (s* + 2s) d (fo*, fopsr)
2— S)\l — S)\Q — 82)\3 - 82)\4

It is easy to see from Lemma 2.13 that d (fa*, Ta*) = 6, i.e., 2* is coincidence point of f

and T .

d(fz*,Tz*) < <ec.

If f: X — X is an identity mapping, then we have the following corollary.

Corollary 3.4 ([7, Theorem 2.3]). Let (X, d) be a complete cone b-metric space with the
coefficient s > 1. Suppose the mapping T : X — X satisfies the contractive condition

for all z,y € X, where the constant A\; € [1,0) and A1 + A2+ 5 (A3 + A4) < min {1, %} =
1,2,3,4. Then T has a fixed point in X.

4. CONCLUSION

Base on the concept of coincidence points and the inspiration of the considered map-
pings form [7], in this reserch paper we have established the two new mappings on cone
b-metric spaces, the first one is an f-contractive mapping of type B (see Defintion 2.7)
defined by

d(Tz, Ty) < M(fz, fy)
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for all 2,y € X and the second one is an f-contractive mapping of type KC (see Defintion
2.8) defined by

for all z,y € X. Each new mapping can be viewed as a generalization of the previous
one proposed by [7]. Under some available properties on a complete cone b-metric space,
some suitable conditions on scalars and the considered two new mappings, these allow us
to generate a Cauchy sequence which acts as a tool that we used it to find and confirm
the existence of a coincidence point of f and T as in Theorem 3.1 and Theorem 3.3,
respectively.
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