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1 Introduction

In 1972, Goebel and Kirk [1] introduced the concept of asymptotically nonex-
pansive self-mappings, which generalizes the class of nonexpansive self-mappings.
They proved that every asymptotically nonexpansive self-mapping of a nonempty
closed convex bounded subset of a uniformly convex Banach space has a fixed
point. Since then, the weak and strong convergence problems of iterative se-
quences (with errors) for asymptotically nonexpansive type have been studied by
many authors (see, for examples, [3-13]). In 2006, Lan [2] introduced a new class of
iterative procedures with errors to approximate the common fixed point of two gen-
eralized asymptotically quasi-nonexpansive self-mappings and proved some strong
convergence results for the iterative sequence with errors in Banach spaces. For
nonexpansive nonself-mappings, some authors, (see, for examples, [14-18]), have
studied the strong and weak convergence theorems for such mappings in Hilbert
spaces or uniformly convex Banach spaces. The concept of asymptotically non-
expansive nonself-mappings was introduced by Chidume, Ofoedu and Zegeye [19]
in 2003. Such a nonself-mapping is defined as follows. Let X be a real normed
linear space, C' be a nonempty subset of X. Let P : X — C be the nonexpansive
retraction of X onto C. A nonself-mapping T : C — X is called asymptotically
nonezpansive if there exists a sequence {r,} C [0,1) with r,, — 0 as n — oo such
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that
IT(PT)" e = T(PT)" 'yl < (1 +r4)llz - yll,

for all z,y € C and n > 1.

Wang [20] proved strong and weak convergence theorems for common fixed
points of two asymptotically nonexpansive nonself-mappings in uniformly convex
Banach spaces. In this paper, we construct an iterative procedure to approximate
common fixed points of two quasi-nonexpansive nonself-mappings and prove some
strong convergence theorems for such mappings in arbitrary real Banach spaces.

In sequel, we need the following definitions and lemmas for the main results
in this paper.

Definition 1.1. Let X be a real Banach space, and let C be a nonempty (closed)
convex nonexpansive retract of X with P as a nonexpansive retraction. A nonself-
mapping T : C — X is called quasi-nonexpansive if

1Tz — pl| < [lz —pl, (1.1)
forallz € C,p e F(T) and n > 1 where F(T) denote the set of fized points of T.

Lemma 1.2. (See [12, Lemma 2.1].) Let {a,},{b,} and {6,} be sequences of
nonnegative real numbers satisfying the inequality

1 < (14 0n)an + by, VR=1,2..,

If >°° 0, <ooand Y 2 b, < oo, then
(1) limy,—, o0 @y, exists .
(2) limy,—,00 @y, = 0 if {a,,} has a subsequence converging to zero.

Lemma 1.3. Let C be a nonempty closed subset of a Banach space X and T : C' —

X be a quasi-nonexpansive nonself-mapping with the fixed point set F(T') # (.
Then F(T) is a closed subset in C.

Proof. Let {p,} be a sequence in F(T) such that p,, — p as n — oo. Since C is
closed and {p,} is a sequence in C, we must have p € C. Since T : C — X is a
quasi-nonexpansive nonself-mapping, we obtain

HTP _an < Hp _an‘
Taking limit as n — oo, we get

ITp —pll <0,

which implies that T’p = p. The proof is complete. O
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2 Main Results

We are interested in sequences in the following process. For x; € C, define the
sequences {z,} and {y,} by

Yp = P(anTQl‘n + (1 — Qp — ﬁn)l'n + ﬁnun)
Tnt1 = P(0nT1Yn + cnThxn + (1 — by — ¢ — )Ty + vy, (2.1)

where {ay}, {bn}, {cn},{an} and {5, } are appropriate sequences in [0, 1] and {u, }
and {v,} are bounded sequences in C.

Remark 2.1. IfT is a self-mapping, then P becomes the identity mapping so that
T is a quasi-nonezpansive self-mapping. Also the iterative sequences (2.1]) become

Yn = anIox, + (1 — Qp — ﬂn)xn + ﬂnun
Tn4+1 = bnlen + CnTlxn + (1 - bn — Cp — an)xn + QApUp - (22)

Theorem 2.2. Let X be a real arbitrary Banach space, and let C' be a nonempty
closed convex monexpansive retract of X with P as a monexpansive retraction.
Fori=1,2,letT; : C — X be a quasi-nonexpansive nonself-mapping such that
F(T)NF(T3) # 0 in C. Let {an}, {bn}, {cn};{an}, and {B,} be real sequences
in [0,1] such that apn + Bn and b, + ¢p + a, are in [0,1] for all n > 1, and
Yoo < 00, and Y07 B < oo. Assume that {u,} and {v,} are bounded
sequences in C. For arbitrary x1 € C, let {x,} and {yn} be the iterative sequences
defined in 2.1
Then, the sequence {x,} converges strongly to a common fixed point of Ty and Ty
if and only if

liminf d(x,, F(T1) N F(Ty)) = 0, (2.3)

where d(zy, F(T1) N F(Tz)) is the distance between x and the set F(Ty) N F(Tz).

Proof. The necessity is obvious, so it is omitted.
We now proof the sufficiency. Let p € F(T1) N F(T3)). By the boundedness of
{un} and {v,}, we let

M = max{supy>1||un — pll, supp>1llve — pll}-

Since T; : C — X is a quasi-nonexpansive mapping for ¢ = 1,2, and C is a
nonempty closed convex nonexpansive retract of X with P as a nonexpansive
retraction, we have

lyn — pll = |P(anT2wy + (1 — an — Bn)xn + Brun) — Pp|
< llanT2wy + (1 = an — Bn)Tn + Buun — pl|
< ap||Tozn — pl| + (1 = an = Ba)llzn = pll + Ballun — plI}
< anl|@n = pll + (1 = an = Bn) @0 — pll + B M
= (1= Bn)lzn —pll + BnMM, (2.4)
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and

|lZnt1 — pll = | P(nTiyn + cnTizn + (1 — by — ¢ — )T + anvy) — Ppl|

< NonT1yn + cnTixn + (1 — by — ¢ — @) xn + anv, — pl|

< bl Thyn — pll + el Tizn — pll + (1 = by — cn — an)l|zn — P + anlvn — |

< bullyn —pll + cnllzn —pll + (1 = by — e — an)||lzn — pl| + an M

< bp{(1 = Bo)lzn —pll + B M} + (1 = by — an)ll@y — pl| + an M

= {bp(1 = Bn) + (1 = by — ap) H|@n — pll + bnfBuM + an M

< (L= buBn — an)|lzn — pll + (bnBn + an) M

<|ln —pll + (Bn + an)M

< |lzn —pll + dn, (2.5)
where d,, = 3, + a,,. Now by the assumptions that > | a,, < ocoand Y -, B, <

o0, we have that > 7, d, < co. Then Lemma [1.2 implies that lim,, .« ||z, — p||
exists. From (2.5) and by induction, for m,n > 1 and p € F(T})NF(Tz)), we have

n+m—1

[Znsm = pll < llon —pl + Y d (2.6)

From (2.5), we obtain
d(xpi1, F(Th) N F(T2)) < d(zp, F(T1) N F(Ty)) + dy.

But, the assumption liminf,, o d(2,, F(T1)NF(Tz)) = 0 implies that there exists
a subsequence of {d(z,, F(T1)NF(Ts))} converging to zero. Therefore Lemma 1.2
tells us that

lim d(z,, F(T1) N F(T3)) = 0. (2.7)

n—oo

We now show that {z,} is a Cauchy sequence in X. Let ¢ > 0. From (2.7) and
>0 dp < 00, there exists ng such that, for n > ng, we have

d(x,, F(T1) N F(Tz)) < €/4, and i d, < €/2. (2.8)

n=ngo
By the first inequality in (2.8) and the definition of infimum, there exists py €
F(Ty) N F(T3) such that
0, = poll < e/ (29)
Combining (2.6)),(2.8) and (2.9), we obtain

[Znotm = Tnoll < | Tng+m — poll + |0, — Poll

no+m—1

<2lwn, —poll + > di

i:no

<€/24€/2=c¢,
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which implies that {x,} is a Cauchy sequence in X. But X is a Banach space, so
there must exist p € X such that z, — p. Since C' is closed and {x,,} is a sequence
in C converging to p, we have that p € C. Also, by Lemma 1.3, F(T}) N F(T3) is
closed. Now d(z,, F(Th) N F(Tz)) — 0 and z, — p as n — oo, the continuity of
d(x, F(Ty) N F(T3)) implies that d(p, F'(T1) N F(T2)) = 0. Thus p € F(Th)NF ().
Therefore {x,} converges to a common fixed point of T} and T5, as desired. O

If Ty =T =T, we have the following result.

Theorem 2.3. Let X be a real arbitrary Banach space, and let C' be a nonempty
closed convex nonexpansive retract of X with P as a nonexpansive retraction. Let
T :C — X be a quasi-nonexpansive nonself-mapping such that F(T) # 0 in C.
Let {an}, {bn}, {cn}, {an}, and {Bn} be real sequences in [0,1] such that an + By
and by, + ¢y, +ay, are in [0,1] for alln > 1, and Y _," | o, < 00, and Yo Bn < 0.
Assume that {u,} and {v,} are bounded sequences in C. For arbitrary x1 € C, let
{zn} and {yn} be the iterative sequences defined by

Yn = PlanTzn + (1 — an — Bn)Tn + Brtin)
Tnt1 = PbnTyn + cnTxy + (1 — by — ¢ — )Ty + @pvy)
Then, the sequence {x,} converges strongly to a fized point of T if and only if

lim inf d(z,, F(T)) = 0, (2.10)

where d(x,, F(T)) is the distance between x and the set F(T).
We also have the following theorems as in Lan [2].

Theorem 2.4. Let X,C,T;(i = 1,2) and the iterative sequence {x,} be as in
Theorem [2.2. Suppose that the conditions in Theorem 2.2 hold and
(1) the mapping T;(i = 1,2) is asymptotically regular in x,, i.e.,

liminf ||z, — Tix,|| =0, i=1,2;
n—oo

(2) liminf, o ||, — Tixy| = 0 implies that

liminf d(x,, F(Th) N F(T3)) = 0.

n—oo
Then the sequences {x,} converges to a common fized point of Ty and Ts.

Theorem 2.5. Let X,C,T;(i = 1,2) and the iterative sequence {x,} be as in
Theorem [2.2. Suppose that the conditions (i) and (ii) in Theorem [2.2 hold, the
mapping T; is asymptotically reqular in x,,, and there exists an increasing function

f:RY — RY with f(r) >0 for all 7 > 0 such that fori=1,2,
|z — Tizn| = f(d(zn, F(T1) N F(T2))), ¥n > 1.

Then the sequences {x,} converges to a common fized point of Ty and Ts.
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As aresult of Theorem 2.2 and Remark 2.1, we obtain the following theorem for
a generalized asymptotically quasi-nonexpansive self-mapping T and the iterative
sequences defined in (2.2).

Theorem 2.6. Let X be a real arbitrary Banach space, and let C' be a nonempty
closed convexr subset of X. For i = 1,2, let T; : C — C be a quasi-nonexpansive
self-mapping such that F(T1) N F(T2) # 0 in C. Let {an}, {bn}, {cn}, {an}, and
{Bn} be real sequences in [0, 1] such that a,+ B and by, + ¢, + oy, are in [0,1] for
alln>1, and 37 | an < 00, and Y1 B, < 0o. Assume that {u,} and {v,} are
bounded sequences in C. For arbitrary x1 € C, let {z,} and {y,} be the iterative
sequences defined in (2.2)

Then, the sequence {x,} converges strongly to a common fized point of T1 and T
if and only if

lim inf d(z,, F(Ty) N F(Ty)) = 0, (2.11)

where d(z, F(Th) N F(T3)) is the distance between x and the set F(T1) N F(T3).
If Ty =T =T, we have the following result.

Theorem 2.7. Let X be a real arbitrary Banach space, and let C' be a nonempty
closed conver subset of X. Let T : C — C' be a quasi-nonexpansive self-mapping
such that F(T) # 0 in C. Let {an}, {bn}, {cn},{an}, and {B,} be real sequences
in [0,1] such that an, + B, and b, + ¢, + @, are in [0,1] for all n > 1, and
Yo o < 00, and Y07 B < oo. Assume that {u,} and {v,} are bounded
sequences in C. For arbitrary 1 € C, let {x,,} and {y,} be the iterative sequences
defined by

yn = anTxn + (1 — Qn — 6n)xn + Bnun
Tnt1 = 0nTYn + Tz + (1 — by, — €y — )T + Q0. (2.12)
Then, the sequence {x,} converges strongly to a common fixed point of T if and
only if
lim inf d(x,,, F(T)) = 0, (2.13)

n—oo

where d(x, F(T)) is the distance between x and the set F(T).
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