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1 Introduction

In 1972, Goebel and Kirk [1] introduced the concept of asymptotically nonex-
pansive self-mappings, which generalizes the class of nonexpansive self-mappings.
They proved that every asymptotically nonexpansive self-mapping of a nonempty
closed convex bounded subset of a uniformly convex Banach space has a fixed
point. Since then, the weak and strong convergence problems of iterative se-
quences (with errors) for asymptotically nonexpansive type have been studied by
many authors (see, for examples, [3-13]). In 2006, Lan [2] introduced a new class of
iterative procedures with errors to approximate the common fixed point of two gen-
eralized asymptotically quasi-nonexpansive self-mappings and proved some strong
convergence results for the iterative sequence with errors in Banach spaces. For
nonexpansive nonself-mappings, some authors, (see, for examples, [14-18]), have
studied the strong and weak convergence theorems for such mappings in Hilbert
spaces or uniformly convex Banach spaces. The concept of asymptotically non-
expansive nonself-mappings was introduced by Chidume, Ofoedu and Zegeye [19]
in 2003. Such a nonself-mapping is defined as follows. Let X be a real normed
linear space, C be a nonempty subset of X. Let P : X → C be the nonexpansive
retraction of X onto C. A nonself-mapping T : C → X is called asymptotically
nonexpansive if there exists a sequence {rn} ⊂ [0, 1) with rn → 0 as n →∞ such
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that

‖T (PT )n−1x− T (PT )n−1y‖ ≤ (1 + rn)‖x− y‖,

for all x, y ∈ C and n ≥ 1.

Wang [20] proved strong and weak convergence theorems for common fixed
points of two asymptotically nonexpansive nonself-mappings in uniformly convex
Banach spaces. In this paper, we construct an iterative procedure to approximate
common fixed points of two quasi-nonexpansive nonself-mappings and prove some
strong convergence theorems for such mappings in arbitrary real Banach spaces.

In sequel, we need the following definitions and lemmas for the main results
in this paper.

Definition 1.1. Let X be a real Banach space, and let C be a nonempty (closed)
convex nonexpansive retract of X with P as a nonexpansive retraction. A nonself-
mapping T : C → X is called quasi-nonexpansive if

‖Tx− p‖ ≤ ‖x− p‖, (1.1)

for all x ∈ C, p ∈ F (T ) and n ≥ 1 where F (T ) denote the set of fixed points of T .

Lemma 1.2. (See [12, Lemma 2.1].) Let {an}, {bn} and {δn} be sequences of
nonnegative real numbers satisfying the inequality

an+1 ≤ (1 + δn)an + bn, ∀n = 1, 2, ...,

If
∑∞

n=1 δn < ∞ and
∑∞

n=1 bn < ∞, then
(1) limn→∞ an exists .
(2) limn→∞ an = 0 if {an} has a subsequence converging to zero.

Lemma 1.3. Let C be a nonempty closed subset of a Banach space X and T : C →
X be a quasi-nonexpansive nonself-mapping with the fixed point set F (T ) 6= ∅.
Then F (T ) is a closed subset in C.

Proof. Let {pn} be a sequence in F (T ) such that pn → p as n → ∞. Since C is
closed and {pn} is a sequence in C, we must have p ∈ C. Since T : C → X is a
quasi-nonexpansive nonself-mapping, we obtain

‖Tp− pn‖ ≤ ‖p− pn‖.

Taking limit as n →∞, we get

‖Tp− p‖ ≤ 0,

which implies that Tp = p. The proof is complete.
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2 Main Results

We are interested in sequences in the following process. For x1 ∈ C, define the
sequences {xn} and {yn} by

yn = P (anT2xn + (1− an − βn)xn + βnun)
xn+1 = P (bnT1yn + cnT1xn + (1− bn − cn − αn)xn + αnvn), (2.1)

where {an}, {bn}, {cn}, {αn} and {βn} are appropriate sequences in [0, 1] and {un}
and {vn} are bounded sequences in C.

Remark 2.1. If T is a self-mapping, then P becomes the identity mapping so that
T is a quasi-nonexpansive self-mapping. Also the iterative sequences (2.1) become

yn = anT2xn + (1− an − βn)xn + βnun

xn+1 = bnT1yn + cnT1xn + (1− bn − cn − αn)xn + αnvn. (2.2)

Theorem 2.2. Let X be a real arbitrary Banach space, and let C be a nonempty
closed convex nonexpansive retract of X with P as a nonexpansive retraction.
For i = 1, 2, let Ti : C → X be a quasi-nonexpansive nonself-mapping such that
F (T1) ∩ F (T2) 6= ∅ in C. Let {an}, {bn}, {cn}, {αn}, and {βn} be real sequences
in [0, 1] such that an + βn and bn + cn + αn are in [0, 1] for all n ≥ 1, and∑∞

n=1 αn < ∞, and
∑∞

n=1 βn < ∞. Assume that {un} and {vn} are bounded
sequences in C. For arbitrary x1 ∈ C, let {xn} and {yn} be the iterative sequences
defined in 2.1
Then, the sequence {xn} converges strongly to a common fixed point of T1 and T2

if and only if

lim inf
n→∞

d(xn, F (T1) ∩ F (T2)) = 0, (2.3)

where d(xn, F (T1) ∩ F (T2)) is the distance between x and the set F (T1) ∩ F (T2).

Proof. The necessity is obvious, so it is omitted.
We now proof the sufficiency. Let p ∈ F (T1) ∩ F (T2)). By the boundedness of
{un} and {vn}, we let

M = max{supn≥1‖un − p‖, supn≥1‖vn − p‖}.
Since Ti : C → X is a quasi-nonexpansive mapping for i = 1, 2, and C is a
nonempty closed convex nonexpansive retract of X with P as a nonexpansive
retraction, we have

‖yn − p‖ = ‖P (anT2xn + (1− an − βn)xn + βnun)− Pp‖
≤ ‖anT2xn + (1− an − βn)xn + βnun − p‖
≤ an‖T2xn − p‖+ (1− an − βn)‖xn − p‖+ βn‖un − p‖}
≤ an‖xn − p‖+ (1− an − βn)‖xn − p‖+ βnM

= (1− βn)|xn − p‖+ βnM, (2.4)
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and

‖xn+1 − p‖ = ‖P (bnT1yn + cnT1xn + (1− bn − cn − αn)xn + αnvn)− Pp‖
≤ ‖bnT1yn + cnT1xn + (1− bn − cn − αn)xn + αnvn − p‖
≤ bn‖T1yn − p‖+ cn‖T1xn − p‖+ (1− bn − cn − αn)‖xn − p‖+ αn‖vn − p‖
≤ bn‖yn − p‖+ cn‖xn − p‖+ (1− bn − cn − αn)‖xn − p‖+ αnM

≤ bn{(1− βn)|xn − p‖+ βnM}+ (1− bn − αn)‖xn − p‖+ αnM

= {bn(1− βn) + (1− bn − αn)}‖xn − p‖+ bnβnM + αnM

≤ (1− bnβn − αn)‖xn − p‖+ (bnβn + αn)M
≤ ‖xn − p‖+ (βn + αn)M
≤ ‖xn − p‖+ dn, (2.5)

where dn = βn +αn. Now by the assumptions that
∑∞

n=1 αn < ∞ and
∑∞

n=1 βn <
∞, we have that

∑∞
n=1 dn < ∞. Then Lemma 1.2 implies that limn→∞ ‖xn − p‖

exists. From (2.5) and by induction, for m,n ≥ 1 and p ∈ F (T1)∩F (T2)), we have

‖xn+m − p‖ ≤ ‖xn − p‖+
n+m−1∑

i=n

di. (2.6)

From (2.5), we obtain

d(xn+1, F (T1) ∩ F (T2)) ≤ d(xn, F (T1) ∩ F (T2)) + dn.

But, the assumption lim infn→∞ d(xn, F (T1)∩F (T2)) = 0 implies that there exists
a subsequence of {d(xn, F (T1)∩F (T2))} converging to zero. Therefore Lemma 1.2
tells us that

lim
n→∞

d(xn, F (T1) ∩ F (T2)) = 0. (2.7)

We now show that {xn} is a Cauchy sequence in X. Let ε > 0. From (2.7) and∑∞
n=1 dn < ∞, there exists n0 such that, for n ≥ n0, we have

d(xn, F (T1) ∩ F (T2)) < ε/4, and
∞∑

n=n0

dn < ε/2. (2.8)

By the first inequality in (2.8) and the definition of infimum, there exists p0 ∈
F (T1) ∩ F (T2) such that

‖xn0 − p0‖ < ε/4. (2.9)

Combining (2.6),(2.8) and (2.9), we obtain

‖xn0+m − xn0‖ ≤ ‖xn0+m − p0‖+ ‖xn0 − p0‖

≤ 2‖xn0 − p0‖+
n0+m−1∑

i=n0

di

< ε/2 + ε/2 = ε,
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which implies that {xn} is a Cauchy sequence in X. But X is a Banach space, so
there must exist p ∈ X such that xn → p. Since C is closed and {xn} is a sequence
in C converging to p, we have that p ∈ C. Also, by Lemma 1.3, F (T1) ∩ F (T2) is
closed. Now d(xn, F (T1) ∩ F (T2)) → 0 and xn → p as n → ∞, the continuity of
d(x, F (T1)∩F (T2)) implies that d(p, F (T1)∩F (T2)) = 0. Thus p ∈ F (T1)∩F (T2).
Therefore {xn} converges to a common fixed point of T1 and T2, as desired.

If T1 = T2 = T, we have the following result.

Theorem 2.3. Let X be a real arbitrary Banach space, and let C be a nonempty
closed convex nonexpansive retract of X with P as a nonexpansive retraction. Let
T : C → X be a quasi-nonexpansive nonself-mapping such that F (T ) 6= ∅ in C.
Let {an}, {bn}, {cn}, {αn}, and {βn} be real sequences in [0, 1] such that an + βn

and bn +cn +αn are in [0, 1] for all n ≥ 1, and
∑∞

n=1 αn < ∞, and
∑∞

n=1 βn < ∞.
Assume that {un} and {vn} are bounded sequences in C. For arbitrary x1 ∈ C, let
{xn} and {yn} be the iterative sequences defined by

yn = P (anTxn + (1− an − βn)xn + βnun)
xn+1 = P (bnTyn + cnTxn + (1− bn − cn − αn)xn + αnvn)

Then, the sequence {xn} converges strongly to a fixed point of T if and only if

lim inf
n→∞

d(xn, F (T )) = 0, (2.10)

where d(xn, F (T )) is the distance between x and the set F (T ).

We also have the following theorems as in Lan [2].

Theorem 2.4. Let X, C, Ti(i = 1, 2) and the iterative sequence {xn} be as in
Theorem 2.2. Suppose that the conditions in Theorem 2.2 hold and
(1) the mapping Ti(i = 1, 2) is asymptotically regular in xn ,i.e.,

lim inf
n→∞

‖xn − Tixn‖ = 0, i = 1, 2;

(2) lim infn→∞ ‖xn − Tixn‖ = 0 implies that

lim inf
n→∞

d(xn, F (T1) ∩ F (T2)) = 0.

Then the sequences {xn} converges to a common fixed point of T1 and T2.

Theorem 2.5. Let X, C, Ti(i = 1, 2) and the iterative sequence {xn} be as in
Theorem 2.2. Suppose that the conditions (i) and (ii) in Theorem 2.2 hold, the
mapping Ti is asymptotically regular in xn, and there exists an increasing function
f : R+ → R+ with f(r) > 0 for all r > 0 such that for i = 1, 2,

‖xn − Tixn‖ ≥ f(d(xn, F (T1) ∩ F (T2))), ∀n ≥ 1.

Then the sequences {xn} converges to a common fixed point of T1 and T2.
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As a result of Theorem 2.2 and Remark 2.1, we obtain the following theorem for
a generalized asymptotically quasi-nonexpansive self-mapping T and the iterative
sequences defined in (2.2).

Theorem 2.6. Let X be a real arbitrary Banach space, and let C be a nonempty
closed convex subset of X. For i = 1, 2, let Ti : C → C be a quasi-nonexpansive
self-mapping such that F (T1) ∩ F (T2) 6= ∅ in C. Let {an}, {bn}, {cn}, {αn}, and
{βn} be real sequences in [0, 1] such that an +βn and bn + cn +αn are in [0, 1] for
all n ≥ 1, and

∑∞
n=1 αn < ∞, and

∑∞
n=1 βn < ∞. Assume that {un} and {vn} are

bounded sequences in C. For arbitrary x1 ∈ C, let {xn} and {yn} be the iterative
sequences defined in (2.2)
Then, the sequence {xn} converges strongly to a common fixed point of T1 and T2

if and only if

lim inf
n→∞

d(xn, F (T1) ∩ F (T2)) = 0, (2.11)

where d(x, F (T1) ∩ F (T2)) is the distance between x and the set F (T1) ∩ F (T2).

If T1 = T2 = T, we have the following result.

Theorem 2.7. Let X be a real arbitrary Banach space, and let C be a nonempty
closed convex subset of X. Let T : C → C be a quasi-nonexpansive self-mapping
such that F (T ) 6= ∅ in C. Let {an}, {bn}, {cn}, {αn}, and {βn} be real sequences
in [0, 1] such that an + βn and bn + cn + αn are in [0, 1] for all n ≥ 1, and∑∞

n=1 αn < ∞, and
∑∞

n=1 βn < ∞. Assume that {un} and {vn} are bounded
sequences in C. For arbitrary x1 ∈ C, let {xn} and {yn} be the iterative sequences
defined by

yn = anTxn + (1− an − βn)xn + βnun

xn+1 = bnTyn + cnTxn + (1− bn − cn − αn)xn + αnvn. (2.12)

Then, the sequence {xn} converges strongly to a common fixed point of T if and
only if

lim inf
n→∞

d(xn, F (T )) = 0, (2.13)

where d(x, F (T )) is the distance between x and the set F (T ).

Acknowledgement(s) : The authors would like to thank the Faculty of Sci-
ence, Prince of Songkla University, Thailand for the financial support during the
preparation of this paper.

References

[1] K. Goebel and W.A. Kirk, A fixed point theorem for asymptotically nonex-
pansive mappings, Proc. Amer. Math. Soc. 35 , 171–174, (1972).



A Common Fixed-Point Iterative Process with ... 329

[2] H. Lan, Common fixed point iterative processes with errors for asymptotically
quasi-nonexpansive mappings, Comput. Math. Appl. 52, 1403–1412, (2006).

[3] S. Atsushiba, Strong convergence of iterative sequences for asymptotically
nonexpansive mappings in Banach spaces, Sci. Math. Japan. 57(2) 377–388,
(2003).

[4] S.S. Chang, Y.J. Cho and H.Y. Zhou, Iterative Methods for Nonlinear Oper-
ator Equations in Banach spaces, Nova Science Publishers, Inc., Huntington,
New York, (2002)

[5] Y.J. Cho, H.Y. Zhou and G.T. Guo, Weak and strong convergence theorems
ffor three-step iterations with errors for asymptotically nonexpansive map-
pings, Comput. Math. Appl. 47(4-5), 707–717, (2004).

[6] M.K. Gosh and L. Debnath, Convergence of Ishikawa iterates of quasi-
nonexpansive mappings, J. Math. Anal. Appl. 207, 96–103, (1997).

[7] Q.H. Liu, Iterative sequences for asymptotically quasi-nonexpansive map-
pings, J. Math. Anal. Appl. 259, 1–8, (2001).

[8] Q.H. Liu, Iteration sequences for asymptotically quasi-nonexpansive map-
pings with an error member in a uniformly convex Banach space, J. Math.
Anal. Appl. 266, 468–471, (2002).

[9] Q.H. Liu and L.X. Xue, Convergence theorem of iterative sequences for as-
ymptotically nonexpansive mappings a uniformly convex Banach space, J.
Math. Res. and Exp. 20, 331–336, (2001).

[10] B.L. Xu and M.A. Noor, Fixed point iterations with errors for asymptotically
nonexpansive mappings in Banach spaces, J. Math. Anal. Appl. 267 , 444–
453, (2002).

[11] H.Y. Lan, B.S. Lee and N.J. Huang, Iterative approximation with mixed er-
rors of fixed points for a class of asymptotically nonexpansive type mappings,
Nonlinear Anal. Forum 7(1), 55–75, (2002).

[12] J.S. Jung and S.S. Kim, Strong convergence theorems for nonexpansive non-
self mappings in Banach spaces, Nonlinear Anal. TMA 3(33) , 321–329,
(1998).

[13] S.Y. Matsushita and D. Kuroiwa, Strong convergence of averaging iteration of
nonexpansive nonself-mappings, J. Math. Anal. Appl. 294 , 206–214, (2004).

[14] N. Shahzad, Approximating fixed points of non-self nonexpansive mappings
in Banach spaces, Nonlinear Anal. 61(32) , 1031–1039, (2005).

[15] W. Takahashi and G.E. Kim, Strong convergence of approximants to fixed
points of nonexpansive nonself-mappings in Banach spaces, Nonlinear Anal.
TMA 3(32) , 447–454, (1998).

[16] H.K. Xu and X.M. Yin, Strong convergence theorems for nonexpansive
nonself-mappings, Nonlinear Anal. TMA 2(24) , 223–228, (1995).



330 Thai J. Math. 6(2008)/J. Ayaragarnchanakul

[17] C.E. Chidume, E.U. Ofoedu and H. Zegeye, Strong and weak convergence
theorems for asymptotically nonexpansive mappings, J. Math. Anal. Appl.
280 , 364–374, (2003).

[18] L. Wang, Strong and weak convergence theorems for common fixed points of
nonself asymptotically nonexpansive mappings, J. Math. Anal. Appl. 323 ,
550–557, (2006).

[19] K.K. Tan and H.K. Xu, Approximating fixed points of nonexpansive mappings
by the Ishikawa iteration process, J. Math. Anal. Appl. 178 , 301–308, (1993).

(Received 30 May 2007)

Jantana Ayaragarnchanakul
Department of Mathematics,
Faculty of Science,
Songkla University,
Songkla 10140 , THAILAND.
e-mail : jantana.a@psu.ac.th; fax: +66 74212921

Suthep Suantai
Department of Mathematics,
Faculty of Science,
Chiang Mai University,
Chiang Mai 10140 , THAILAND.
e-mail : scmti005@chiangmai.ac.th


