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1. INTRODUCTION AND PRELIMINARIES
In 1972, Chatterjea [1] introduced the notion of a C-contraction as follows.

Definition 1.1 ([1]). Let (X, d) be a metric space and T': X — X be a mapping. Then
T is called a C-contraction if there exists a € [0,1) such that for all z,y € X

d(Tz,Ty) < a[d(z,Ty) + d(y, Tz)].

This notion was generalized to a weak C-contraction by Choudhury [2] and a (u, ¥)-

]

generalized f-weakly contractive mapping in metric spaces by Chandok [3].

Denote by ¥ the family of all lower semi-continuous functions v : [0,00)? — [0, c0)
such that ¥ (z,y) =0 if and only if x =y = 0.

Definition 1.2 ([2], Definition 1.3). Let (X, d) be a metric space and T : X — X be
a map. Then T is called a weak C-contraction if there exists v € ¥ such that for all

*Corresponding author. Published by The Mathematical Association of Thailand.
Copyright © 2021 by TJM. All rights reserved.



1236 Thai J. Math. Vol. 19 (2021) /L. T. Chac and N. T. Hieu

T,y € X,

d(Tz, Ty) < %[d(axTy) +d(y, Tz)| — ¥ (d(z, Ty),d(y, Tx)).

Definition 1.3 ([1]). A function p : [0,00) — [0,00) is called an altering distance
function if the following properties are satisfied.
(1) w is monotone increasing and continuous.

(2) p(t) =0if and only if t = 0.

Definition 1.4 ([3]). Let (X, d) be a metric space and T, f : X — X be two mappings.
Then T is called a (u,1))-generalized f-weakly contractive mapping if there exist ¢ € ¥
and an altering distance function p such that for all z,y € X,

p(d(T2, Ty)) < p(31d(fr, Ty) + d(7y, Ta)]) — 9(d(fr, Ty), d( 7y, T2).

Remark 1.5. If f and p are two the identify mappings, then a (u,)-generalized f-
weakly contractive mapping becomes a weak C-contraction mapping.

There were some fixed point results for (u,)-generalized f-weakly contractive map-
pings in complete metric spaces [3, Theorem 2.1], and in complete partially ordered metric
space [5, Theorem 2.1]. In 2013, Dung and Hang [6] introduced the notion of a weak C-
contraction mapping in partially ordered 2-metric spaces and stated some fixed point
results for this mapping in complete partially ordered 2-metric spaces [6, Theorem 2.3,
Theorem 2.4, Theorem 2.5].

In 2014, Nashine [7] generalized the notion of a weak C-contraction in metric spaces
to two mappings as follows. Recall that

(1) Ty is the family of all strictly increasing and continuous functions ¢ : [0, 00) —
1
[0, 00) such that (t) < it for all ¢ > 0. Notice that ¢(0) = 0.

(2) € is the family of all strictly increasing functions ¢ : [0, 00)? [0,00) that
are continuous in each variable, and ¢(z,y) = 0 if and only if z = y = 0, and
o(x,y) <x+y for all z,y € [0, c0).

(3) T'2is the family of all strictly increasing and continuous functions ¥ : [0, c0) —

1
[0,00) such that ¥(t) < Zt for all ¢ > 0. Notice that ¢(0) = 0.

(4) € is the family of all strictly increasing functions ¢ : [0,00)* — [0, 00) that
are continuous in each variable, and ¢(x,y,2,t) = 0 if and only if z =y = z =
t=0, and p(z,y,2,t) <z +y+z+tforall z,y,zt € [0,00).

Definition 1.6 ([7], Definition 3.1). Let (X,d, <) be a partially ordered metric space

and T, S : X — X be two mappings. Then T is called a weakly (1, S, C)-contractive if
there exist ¢ € I'1 and ¢ € Q5 such that for all z,y € X with z <y ory <z,

d(Tz,Sy) < ¢[d(z, Sy) + d(y, Tx) — o(d(z, Sy), d(y, Tx))].

Definition 1.7 ([7], Definition 4.1). Let (X,d, <) be a partially ordered metric space
and 7,5 : X — X be two mappings. Then T is called a generalized weakly (1, S, C)-
contraction if there exist ¢» € I'y and ¢ € (5 such that for all z,y € X with x < y or
y = x, we have

d(Tz,Sy) < vld(z,Tx)+d(y,Sy) + d(z,Sy) + d(y, Tx)
—p(d(z, Tx),d(y, Sy),d(z, Sy), d(y, Tx))]. (1.1)
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There were many generalizations of a metric space and many fixed point theorems on
generalized metric spaces were stated [8]. The notion of a b-metric space was introduced
by Bakhtin [9] and then extensively used by Czerwik [10, 11] as follows.

Definition 1.8 ([11]). Let X be a non-empty set and d : X x X — [0, 00) be a function
such that for some s > 1 and all x,y,z € X,

(1) d(z,y) =0 if and only if x = y.
(2) d(z,y) = d(y, z).
(3) d(z,y) < s(d(z,2) + d(z,y)).
Then d is called a b-metric on X and (X, d, s) is called a b-metric space.

Remark 1.9. (X,d) is a metric space if and only if (X,d, 1) is a b-metric space.

The first important difference between a metric and a b-metric is that the b-metric
need not be a continuous function in its two variables, see [12, Example 13]. In recent
years, many fixed point theorems on b-metric spaces were stated, the readers may refer
to [13-22] and references therein.

The purpose of this paper is to introduce the notions of a weakly (v, S, C')-contractive
mapping and a generalized weakly (v, S, C')-contractive mapping in partially ordered b-
metric spaces and to state some common fixed point theorems for these classes of map-
pings. Also, some examples are given to illustrate the results.

First, we recall some notions and lemmas which will be useful in what follows.

Definition 1.10 ([11]). Let (X,d,s) be a b-metric space. Then

(1) A sequence {x,} is called convergent to x, written as lim xz, = z, if
n—oo

lim d(x,,z) =0.

n—co
(2) A sequence {x,} is called Cauchy in X if mlérgoo d(xp, xm) = 0.
(3) (X,d,s) is called complete if every Cauchy sequence is a convergent sequence.
In 2014, Aghajani et al. [23] proved the following simple lemma about the convergence
in b-metric spaces.
Lemma 1.11 ([23]). Let (X,d,s) be a b-metric space and nlgréo Ty = x,nlgrlgo Yn =Y .
Then

1
(1) S—Qd(x,y) < lini)infd(xn,yn) < limsupd(z,,yn) < s2d(z,y). In particular, if
n—oo n— 00
x =y, then lim d(zn,yn) =0.
n—oo

1
(2) For each z € X, —d(x, z) < liminfd(x,, z) <limsupd(z,, z) < sd(z, 2).
s

n—0o0 n—00

The following lemma is a equivalent condition for the Cauchy property of {z,} in
b-metric spaces.

Lemma 1.12. Let (X,d, s) be a b-metric space and {x,} be a sequence in (X,d,s). Then
the following statements are equivalent.

(1) {xn} is a Cauchy sequence in (X,d, s).
(2) {x2n} is a Cauchy sequence in (X,d,s) and lim d(zy,2n1+1) =0.
n—oo
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Proof. (1) = (2). From the given assumption, we get {x2,} is a Cauchy sequence in
(X,d,s) and lim d(zp,2n4+1) =0.
n—oo
(2) = (1). For all n,m > 0, we only consider three following cases.
Case 1. n =2k +1,m =2 for all k,l € NU{0}. Then

d(@n, Tm) = d(@2k+1,T21) < sd(Topi1, T2r) + sd(T2k, T21).-
Case 2. n=2k,m =20+ 1 for all k,l € NU{0}. Then
d(Tp, m) = d(@2k, Tarr1) < sd(@ak, Tar) + sd(war, T2r41)-
Case 3. n=2k+1,m =20+1 for all k,I € NU{0}. Then
d(Tp, Tm) = d(Top i1, Tors1) < sd(Topr1, Tor) + 82d(og, 2or) + s2d(war, Tori1)-

By the above cases, we find that lim d(z,,2,,) = 0. Therefore, {x,} is a Cauchy
n,m—o0

sequence in (X,d, s). n

Definition 1.13 ([24, 25]). Let (X, <) be a partially ordered set and T,S : X — X be
two mappings.

(1) The pair (T,5) is called weakly increasing if Sz < T'Sxz and Tx < STz for all
z e X.

(2) The mapping S is called T-weakly isotone increasing if Sz < TSz < ST Sz
for all x € X.

Remark 1.14 ([7]). If the pair (T, S) is weakly increasing, then S is T-weakly isotone in-
creasing.

Definition 1.15 ([26]). Let (X, <) be a partially ordered set and 7,5 : X — X be
two mappings.

(1) For each zg € X, put xo, 1 = STy, Tapto = Txops for all n € NU{0}. Then
the set O(z0; T, S) = {x,, : n € NU{0}} is called orbit of (T,S) at zo. It S =T,
then O(xo;T,S) is denoted by O(xg;T).

(2) The space (X,d,s) is called (T, S)-orbitally complete at xy if every Cauchy
sequence in O(zo;T,S) converges to some x € X.

(3) The mapping T is called orbitally continuous at zo if it is continuous on
O(iﬂo; T)

(4) The pair (T, S) is called asymptotically reqular at xq if there exists a sequence
{zn} in X such that zo,1 = Sxop,Topie = Traptq for all n € N U {0} and
nhﬁrr;o d(xp, Tpt1) = 0.

Definition 1.16. Let (X, d, s, <) be a partially ordered b-metric space. Then (X, d, s, <)
is called a regular space if {z,} is a non-decreasing sequence in X and lim z, = z, then

n—oo
zn = z for all n € NU{0}.

2. MAIN RESULTS

First, we introduce the notion of a weakly (1,.5, C)-contractive in partially ordered
b-metric spaces. Denote by
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(1) ¥, the family of all increasing functions % : [0,00) — [0, 00) such that for all
1
t >0, we have (t) < §t. Notice that ¢(0) = 0.

(2) ®; the family of all lower semi-continuous functions ¢ : [0, 00)? — [0, 00) such
that ¢(z,y) = 0if and only if x =y = 0, and p(z,y) < x+y for all z,y € [0, 00).

Definition 2.1. Let (X, d, s, <) be a partially ordered b-metric space and T, 5 : X — X
be two mappings. Then T is called a weakly (¢, S, C)-contraction if there exist ¢ € ¥y
and ¢ € ®; such that for all z,y € X with x <y or y < x,

AT, 5y) < 0 sz 0. S0) + dly. Ta) = old(@. $9).d(w. T)]). - (21)

Remark 2.2. A weakly (¢, .5, C)-contraction in Definition 1.6 is a particular case of a
weakly (¢, S, C')-contractive in Definition 2.1 for s = 1.

The following lemma states the relation between the fixed point of T', S and the common
fixed point of T, S.

Lemma 2.3. Let (X,d,s, =) be a partially ordered b-metric space and T,S : X — X
be two mappings satisfying the condition (2.1). If z is a fixed point of T or S, then z is
a common fixed point of T and S.

Proof. Suppose that z is a fixed point of T. Form (2.1), we have
d(z,52) = d(Tz,Sz)
2
< -
= w(s(sz Y

¢(ﬁ [d(z, S2) — (0, d(z, Sz))])

[d(zﬂ SZ) - QD(Oa d(zv SZ))}

[d(2,S2) + d(z,T2) — p(d(z, S2),d(z, Tz))])

s(s?+1)
< d(z,5z) —¢(0,d(z, Sz)).
This implies that ¢(0,d(z,S5%)) = 0. Therefore, d(z, Sz) = 0 and hence z = Sz, that is, z
is a fixed point of S. So, z is a common fixed point of T and S.
Similarly, if z is a fixed point of S, then z is a common fixed point of T and S. [

The following theorem is a sufficient condition for the existence and uniqueness of the
common fixed point for a weakly (1, .S, C')-contractive in b-metric spaces.

Theorem 2.4. Let (X,d, s, <) be a complete, partially ordered b-metric space and T, S :
X — X be two mappings such that

(1) T is a weakly (v, S, C)-contraction.

(2) S is T-weakly isotone increasing.

(3) There exists xo such that zg < Sxo.

(4) T or S is continuous, or (X,d, s, =) is a reqular space.

Then T and S have a common fized point. Moreover, the set of common fized points of
T, S is totally ordered if and only if T and S have a unique common fixed point.

Proof. Define a sequence {z,,} in X by

Tont1 = STop, Tont2 = TTont1
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for all n € NU {0}, where xy be defined by the assumption (3). Since S is T-weakly
isotone increasing, we have

Zo jxl = --~jxnjxn+1 ...
Sine g, = xo,41 for all n € NU {0}, from (2.1), we have

d(Ton+1, Tont2) = d(TZant1,S%an)
2

< ¢(m

—o(d(z2n41, STon), d(@2n, TT241)] )

2
= ZD(m [d(x2n+1a Tont1) + d(Tan, Tont2) (2.2)

[d(z2n41, STon) + d(z2n, TT2n41)

—o(d(x2n 11, Tant1), d(T2n, Tant2))] )

1
< m [d(-'ITQna l'2n+2) - L,O(O, d(-r2n; x2n+2>)}

1
< o d ns L2n
- os(s2+1) (%20, T2nt2)

1
: s2+1 [d(@2n, T2 41) + d(@2n 41, T2n12)]
1
< 5 [d(-’L’Qn; 372n+1) + d($2n+17 x2n+2>} . (23)
This implies that
d(Tan+1, Tan+2) < d(@2n, T2n41) (2.4)

for all n € NU {0}. Similarly, we also have

d(z2nt2, Tants) < d(Tont1, Tant2) (2.5)

for all n € NU{0}. Therefore, from (2.4) and (2.5), we have d(zp 41, Tnt1) < d(Zn, Tni1)
for all n € NU{0}. Thus, {d(x,,zn+1)} is a non-increasing sequence of non-negative real
numbers. Then there exists r > 0 such that

lim d(z,,zp+1) =1 (2.6)

n—oo

Taking the limit as n — oo in (2.2) and using (2.6), we get

d(z2n, Tont2) r+r

< I < <r.
r_nh_{%o s(s2+1) — 2 ="
This implies that
lim d(zon, Tonyi2) = r8(s* + 1). (2.7)
n—roo

Taking the limit as n — oo in (2.2), using (2.6), (2.7) and the lower semi-continuous
property of ¢, we have

24+1)—¢(0 241 0,7s(s* + 1
L) =0 1 D) p0rs( D)
s(s?+1) s(s?+1)
This implies that ¢(0,7s(s? + 1)) = 0 and hence r = 0. Then (2.6) becomes
lim d(z,,zn+1) = 0. (2.8)

n—oo
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Next, we will prove that {z,} is a Cauchy sequence. From Lemma 1.12 and (2.8), it is
sufficient to show that {xs,} is a Cauchy sequence. Suppose to the contrary that {za,} is
not a Cauchy sequence. Then there exists € > 0 for which we can find two subsequences
{Z2n ) }> {T2m@r) } of {x2n} where m(k) is a smallest integer such that m(k) > n(k) >
k and

A(T2n(k), Tam(k)) > € (2.9)

This implies that
d(Zon(k)> Tam(k)—2) < €. (2.10)
Then from (2.9), we have
€ d($2m(k)7 $2n(k))

8A(Tom (k) Tam(k)—2) + SUT2m (k)25 Tan(k))

ININ A

Sd(ﬂ?Qm(k), fUzm(k)—2) + Szd(xzm(k)f% 332n(k)—1)
+82d($2n(k)71, $2n(k))~ (2.11)

Taking the upper limit as k¥ — oo in (2.11) and using (2.8), we get

€ .
2 < lim sup d('rQn(k)flv xzm(k)—2)- (2.12)

k—o0

From (2.10), we have
(o (k)15 Tam(k)—2) < SA(Ton(k)—1, Tan(k)) + 5A(Ton(k)s Tam(k)—2)
< 8d(Tap(ky—1, Tan(k)) + ES. (2.13)
Taking the upper limit as k¥ — oo in (2.13) and using (2.8), we get

lim sup d(Zop(k)—1, T2m(k)—2) < €S- (2.14)
k—o0

Therefore, from (2.12) and (2.14), we obtain
€ .
— < limsup d(@2n(k)—1, Tam(k)—2) < €5. (2.15)
S k—o0

Similarly, we also have

€ ..
2 < hnrr_1>101<1>f d(T2p(k)—15 Tam(k)—2) < 5. (2.16)

Also, we have

d(Zon(k)—1) Tamk)—2) < 5A(Ton(k)—15 Tan(k)) + SA(Tan(k)s Tamk)—2)- (2.17)
Taking the upper limit as k — oo in (2.17) and using (2.8), (2.10), (2.15), we get

% < limsup d(Z2p(k), T2m(k)—2) < €- (2.18)

S k—o0

Similarly, we also have

£ L.
— < liminfd(za, k), Tamr)—2) < € (2.19)

S k—o0 -
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Again, we have

d( L2 (k)—15 Ton(k)—1)
5d(Tam(k)—1, Tan(k)) + 5A(Tan (k) Tan(k)—1)

<
< SPd(@amr) -1 Tam(k)—2) T S UTam () —2: Tan(k)) + SA(Tan (k) Ton(k)—1)

< S d(Tam k)1 T2mk)—2) + 57 + (T (k) T2n(k)—1)-
Taking the upper limit as k — oo in (2.20) and using (2.8), we get

Hm sup d(T o)1, Tam(k)—1) < €5°-
k—o0

Also, we have
d($2n(k)f1, $2m(k)72) < Sd(mzn(k)qﬂzm(k)—l) + Sd($2m(k)71a$2m(k)72)'
Taking the upper limit as k¥ — oo in (2.22) and using (2.8), (2.12), we get

g .
—= < lim sup d(xQn(k)flv xzm(k)fl)'
S k— o0

Therefore, from (2.21) and (2.23), we have
€ .
— < limsup d(@ank)—1; Tam(k)-1) < s%e.
S k—o0

Similarly, we also have
€ .
3 < hkn_1)£f A(Ton(k)—1, Tam(k)—1) < s%e.

Since Tamk)—2 = Tan(k)—1, from (2.1), we have

d(T2n(k)> T2m(k))

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

< sd(Tan(k)s Tam(k)—1) T SA(Tom (k) —15 T2m(k))
= sd(Txon(k)—1, STam(k)—2) + 5A(T2m k) -1, T2m(k))
2
< sd(Tam(k)—1> Tam(k)) + 5Y (m [d(@2n(k)—15 ST2m(k)—2)
Fd(Zom (k)2 TZon(k)y—1) — L(A(Zon(k)—1, STamk)—2), A(Zam(k)—2, Tx?n(k)fl))])
2
< sd(Tam(k)—1) Tam(k)) + 5P (m [d(Zan(k)—1> Tam(k)=1) + A(T2m(k)—2> Tan(k))
—o(d( T2 (k)— 15 Tom (k) —1) > AT2m (k)—2, x%(k)))])
< sd(Tam(k)—15> Tam(k)) T 211 [d(Zon(k)—15 Tam(k)—1) + AT2m(k)—25 Tan(k))

—w(d(xzn(k)—h $2m(k)—1), d($2m(k)72a $2n(k)))] .

(2.26)

Taking the upper limit as k& — oo in (2.26) and using (2.8), (2.9), (2.18), (2.19), (2.24),

(2.25) and the lower semi-continuous property of ¢, we get

¢ s2+1

52+

[es® +¢— lim inf O(d(Zan(k)=15 T2m(k)-1)s AT2n (k> Tam(k)—2))]

1 4 [ ligf_l)gf d($2n(k)f1, 332m(k)—1)a I%H;E.}f d($2n(k), 902m(k:)—2)]
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It is a contradiction. Thus, {za,} is a Cauchy sequence. By Lemma 1.12, {z,} is a
Cauchy sequence in (X,d,s). Since (X,d,s) is complete, there exists z € X such that

lim z, = z.
n—oo

Suppose that T or S is continuous. If T is continuous, then

z= lim zopyo = lim Txopry =T (lim zo,y1) =Tz,
n— o0 n— oo n—00

that is, z is a fixed point of 7. By Lemma 2.3, z is a common fixed point of S and T
Similarly, if S is continuous, we also see that z is a common fixed point of S and T.

Suppose that (X, d, s, <) is a regular space. Then x9,11 < z for all n > 0. From (2.1),
we have

d($2n+27 SZ)
d(TiL‘QnJrl, SZ)

< w(s(s’fﬁ [d(@20s1,52) + d(z Tron 1) = 9(d(wans1, 52), d(z, Tani))]

< w(S(Sfﬁ (A1, 52) + d(z,2012) — @d(@2a 11, 92),d(z, 72012))] )

< ﬁ [d@2ns1,52) + d(z, 2amy2) — @(d(@20s1, 52), d(z Tons2))]

< m [d(@20+1, 52) + d(2, T2n12)]. (2.27)

Taking the upper limit as n — oo in (2.27), using lim z,, = z and Lemma 1.11, we get
n—oo

1 1
_ < = .
Sd(z, Sz) < S 1) [sd(z, Sz)] o 1d(z, Sz)
This implies that
s 1
< — < — .
d(z,8z2) < o 1d(z,Sz) < 2d(z,Sz)

This implies that d(z,Sz) = 0 and hence Sz = z, that is, z is a fixed point of S. Therefore,
form Lemma 2.3, it follows that z is a common fixed point of T" and S.

Now, suppose that the set of common fixed points of T and S is totally ordered. We
claim that there is a unique common fixed point of T" and S. If there exist u,v € X such
that Su=Tu = u and Sv = Tv = v, then, from (2.1), we have

d(u,v) = d(Tu, Sv) < ¢(ﬁ [d(u, Sv) + d(v, Tu) — @(d(u, Sv), d(v, Tu))])
= 0 (g 2. ) - el ). d(w.w)
< ﬁ [2d(u, v) = @(d(u, v), d(v,u))]
= o) - s ). die.w)
< d(uv) - ———p(d(u,v), d(v,u)).

s(s?+1)
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This implies that ¢(d(u,v),d(v,u)) = 0 and hence d(u,v) = 0. Therefore, u = v, that
is, the common fixed point of T and S is unique. Conversely, if T and S have a unique
common fixed point, then the set of common fixed pointsof 7" and S being a singleton is
totally ordered. [

By using Remark 1.14, from Theorem 2.4, we get the following corollary.

Corollary 2.5. Let (X,d, s, <) be a complete, partially ordered b-metric space and T, S :
X — X be two mappings such that

(1) T is a weakly (1, S, C)-contraction.

(2) The pair (T,S) is weakly increasing.

(8) There exists xo such that xg < Sxg.

(4) S or T is continuous, or (X,d, s, =) is a regular space.

Then T and S have a common fized point. Moreover, the set of fized points of T, S is
totally ordered if and only if T and S have a unique common fixed point.

By taking ¢ = g and ¢(z,y) = (1 — a)(z +y) for all z,y € [0,00) and for some
a € [0,1) in Corollary 2.5, we get the following corollary.

Corollary 2.6. Let (X,d,s, =) be a complete, partially ordered b-metric space and T, S :
X — X be two mappings such that

ere exists A € |0, such that jor all x,y € with x Jy orx = vy,
1) Th ists A € |0 h that for all X with

1
s(s2+1)
d(Tz, Sy) < Ad(z, Sy) + d(y, Tz)).

(2) The pair (T,S) is weakly increasing.
(8) There exists xo such that xog = Sxg.
(4) T or S is continuous, or (X,d, s, =) is a reqular space.

Then T and S have a common fized point. Moreover, the set of fized points of T, S is
totally ordered if and only if T and S have a unique common fixed point.

In the next, we introduce the notion of a generalized weakly (¢, S, C)-contraction in
partially ordered b -metric spaces.
Denote by

(1) Ty the family of all increasing functions 1 : [0,00) — [0, 00) such that for all
1
t > 0, we have (t) < Zt. Notice that ¢(0) = 0.
(2) @, the family of all lower semi-continuous functions ¢ : [0, 00)* — [0, 00) such
that p(z,y,2,t) =0ifand only ifx =y =2 =t =0, and p(z,y, 2,t) < r+y+z+t
for all z,y, 2,t € [0, 00).
Definition 2.7. Let (X, d, s, <) be a partially ordered b-metric space and T, S : X — X

be two mappings. Then T is called a generalized weakly (1, S, C)-contractive if there exist
¥ € Uy and ¢ € P, such that for all x,y € X with x <y or y <z,
4

d(T.%‘7 Sy) < Qﬁ(m

~p(d(w, Tx), d(y, Sy),d(z, Sy), d(y, T))] ). (2:28)

[d(z,Tz) + d(y, Sy) + d(z, Sy) + d(y, Tx)
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Notice that if s = 1, then the condition (2.28) becomes

d(Tz,Sy) < 1/1(2 [d(z, Tz) + d(y, Sy) + d(z, Sy) + d(y, Tx)

—pld(z, Tw),d(y, Sy), d(z, Sy), d(y, Tx))] ) (2.29)

The following example proves that the condition (2.29) is a proper generalization of
the condition (1.1).

Example 2.8. Let X = {1, 2,3,4, 5} with the usual order <. Define a metric d on X as
follows.

ife=y

if (2,9) € {(1,2), (2,1), (1,
if (z,y) € {(3,2), (2
otherwise.

~—
—~

d(.I, y) =

wWw N = O

Let T, S : X — X be defined by

T1=T2=T3=T4=T5=2and S1=52=2,53=54=55=1.

t
Define two functions by ¢(z,y,z,t) = % and Y(z) = % for all x,y,z,t €
[0,00). Then ¢ € 1, ¢ € ¥y. Put
F = v(20d(@,Tx) + d(y, Sy) +d(, Sy) + d(y, Tx)

—p(d(x, Tx), d(y, Sy).d(x, Sy). d(y, =)
= 3 (dtw, 7o) + dly, 5y) + d(a, Sy) + d(y, T)
—p(d(z, T2), d(y, Sy), d(z, Sy), d(y, Tx)))
= {lde, T0) + d(y. o) + d(z, Sy) + d(y, 7).
Let z,y € X with z < y or y > z, we have

[0 ifxye{l,2}or z€{3,4,5},ye{1,2}
d(Tx’Sy)_{ 1 ifze{l,2},ye{3,4,5} or z,y€ {3,4,5}

and

fr=y=2

if (2,9) € {(1,2), (2, 1)}

ife=2y=30r z=1ye{l,3} orx e {3,4,5},y=2
if x € {1,2},y € {4,5}

ifee{4,5l,y=1or z=3,y€{1,3,4}
ife=3,y=50r z€{4,5},y=3

if x,y € {4,5}.

[NSENEN SIS R NI enl
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This implies that the condition (2.29) is satisfied. However, for all ¢ € Qs and ¢ € Ty,
by choosing (z,y) = (2,3), we have d(T2,53) =1 and
" (d(Z, T2) +d(3,S3) + d(2, S3) + d(3,T2)

—p(d(2,T2),d(3, 53), d(2, 53), d(3,72)) )

i (d(z, 9) +d(3,1) + d(2,1) + d(3,2) — p(d(2,2),d(3,1),d(2,1),d(3, 2)))

IN

1
= 1-50(011,2) <1
This implies that the condition (1.1) is not satisfied.

The following example proves that the condition (2.28) is a proper generalization of
the condition (2.1). Notice that we may not conclude that lim d(z,,z,+1) = 0 by using
n—oo
the similar argument as in the proof of Theorem 2.4. So, by adding the assumptions as in
Theorem 2.4 to a generalized weakly (v, S, C')-contraction, we may not state the existence
and uniqueness of the common fixed point.

Example 2.9. Let X = {1,2,3,4,5} with the usual order <. Define a function d on X
as follows.

0 ife=y

1 if (z,y) € {(1,2),(2,1),(2,3), (3,2)}
d(z,y) =< 2 if (x,y) € {(1,3),(3,1

22 if (z,y) € {(1,5),(5,1),(3,5),(5,3)}

10  otherwise.

Then (X,d,s) is a complete b-metric space with s = 2. Let 7,5 : X — X be defined
by T1=T2=T3=2T4=T5 =3 and S1 = 52 =53 =2,54 = S5 = 1. Define two

r+y+z+1 T

functions by o(z,y, z,t) = 5 and ¥(z) = 1 for all z,y,2,t € [0,00). Then

¢ € By, b € Uy, Put
H = ¢(ﬁ [d(x, T) + d(y, Sy) + d(x, Sy) + d(y, T)
—¢(d(w, Tx), d(y, Sy).d(x, Sy), d(y, Tx))] )

_ 1/;(; [d(x, Tz) + d(y, Sy) + d(x, Sy) + d(y, Tx)

_90<d($7 Tﬂ?), d<ya Sy)a d(.’[?, Sy)? d(y> T.’L‘))])

= ;O[d(l', Tx) + d(y, Sy) + d(z, Sy) + d(y, Tx)].

Let z,y € X with z <y or y > x, we have

0 ifx,ye{1,2,3}
d(Tz,Sy) =< 2 ifz,ye{4,5}
1 otherwise
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and

0 ife=y=2

2 ifr=y=4

% ifr=y=5

B (a,y) € {(4.5),(5.4))

-  ifaz,ye{l,3}
N ﬁ ifx=2,9y€{1,3}or z€{1,3},y=

@ if (x,y) € {(1’4)7( )7( )’ (473)}
@ if (x,y) € {(471)7( )}

4 i) € {(1.5).(25),(5,2).(5.3)
B it () € {(5.1).3.5).

This implies that the condition (2.28) is satisfied. However, for all ¢ € ®; and ¢ € ¥y,
by choosing (z,y) = (1,4), we have d(T'1,54) =1 and

w(% [d(1,54) + d(4,T1) — p(d(1, 54), d(47T1))]>

< 110 [d(1,1) +d(4,2) — p(d(1,1),d(4,2))]
11 1
= 5 — E(p(o 10) 5

This implies that the condition (2.1) is not satisfied.

In what follows, we shall state the existence and uniqueness of the common fixed
point for a generalized weakly (1, S, C')-contraction in b-metric spaces. Now, by using the
similar argument as in the proof of Lemma 2.3, we get the following lemma.

Lemma 2.10. Let (X,d,s, =) be a partially ordered b-metric space and T,S : X — X
be two mappings satisfying the condition (2.28). If z is a fixved point of T or S, then z is
a common fixed point of T and S.

The following result is a sufficient condition for the existence and uniqueness of the
common fixed point for a generalized weakly (v, S, C')-contraction in b-metric spaces.

Theorem 2.11. Let (X,d, s, <) be a partially ordered b-metric space and T, S : X — X
be two mappings such that

(1) T is a generalized weakly (¢, S, C')-contraction.

(2) S is T-weakly isotone increasing.

(8) There exists xo such that xg = Sxg.

(4) (T,S) is asymptotically continuous at xy € X.

(5) X is (T, S)-orbitally complete at xg.

(6) T or S is orbitally continuous at xg, or (X,d, s, <) is a regular space.
Then T and S have a common fixed point. Moreover, the set of common fized points of
T,S is totally ordered if and only if T and S have a unique common fized point.

Proof. Since (T,S) is asymptotically continuous at zp in X where g defined by the
assumption (3), there exists a sequence {x,} in X such that

Tont+1 = STon, Tant2 = T Tont1
for all n € NU {0} and

lim d(z,,zn+1) = 0. (2.30)

n—oo
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Since S is T-weakly isotone increasing, we also get
To jxl j jxn j‘rn+1 j

Next, we will prove that {z,} is a Cauchy sequence. From Lemma 1.12, it is sufficient to
show that {x2, } is a Cauchy sequence. Suppose to the contrary that {zs, } is not a Cauchy
sequence. Then there exists € > 0 for which we can find subsequences {Zp (1)}, {Z2m )}
of {za,} where m(k) is a smallest integer such that m(k) > n(k) > k and

d(T2n(k)s Tam(k)) > €- (2.31)
This implies that
d(T2n(k), Tam(k)—2) < €. (2.32)

Then from (2.31) and (2.32), by using the similar argument as in the proof of Theorem 2.4,
we get

% < lim sup d(Z2p k), T2m(k)—2) < €, (2.33)
S k—o0

€ .

873 < thngf d(xQn(k)a x2m(k)—2) <k, (234)
% < lim sup d(Z2p (k)15 Tam(k)—1) < s%e (2.35)
S k—o0

and
£ ..
3 < hkrr_l)gf (T2 (k)15 Tam(k)—1) < s2e. (2.36)

Since Tomk)—2 = Tan(k)—1, from (2.28), we have

d(Z2p (k) T2m(k))

8d(Ton(k), Tam(k)—1) T SAUT2m (k) —15 Tam(k))

= 5d(Tom(k)—1, T2m(k)) + 5A(T T2 (k)—1, STom(k)—2)

IN

IN

4
NEF [d(zank)—1, TTon(k)—1)
FA(Tom(k)—2) STam(k)—2) + A(Tonk)y—1> STom(k)—2) + A(Z2mk)—25 TTon(k)—1)
790(d(x2n(k)—13 T‘rQn(k)—l)’ d(‘er(k)—Qa Sme(k)—Q)a d(xQn(k)—la Sx?m(k)—Q)a

A(am(k)—25 TTon(k)—-1))] )

Sd(me(k)—la me(k)) + sy ( S(

IN

4
s2+1
+d(T20(k)—15 T2m(k)—1) T ATamm) -2, Tan(k)) — L (A(@2n(k)—15 Tan(i));

SA(Tam (k) —1> T2m(k)) + sw(s( ] [d(Zan(k)—1> Tan(k)) + A T2m k)2, Tam(k)—1)

d(me(k)f% 332m(k)71), d(332n(k)717 me(k)fl)a d(me(k)f% xQn(k)))] )

IA

1
P [d(Zon(k)—15 Tan(k)) + A @2m (k) -2, T2m(k)—1)
+d(T2n (k) -1, T2m(k)—1) + A @2m (k) -2, Tan()) — P(A(@2n (k) =15 T2n(k) )

A(Zom(k)—2: T2m(k)—1)s AT (k) — 1 T2m (k) —1)> A T2m (k) —2> Tan())) ] - (2.37)

8d(Tom(k)—1, Tam(k)) +
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Taking the upper limit as k — oo in (2.37) and using (2.30), (2.31), (2.33), (2.34) (2.35),
(2.36) and the lower semi-continuous property of ¢, we get

2 . .
e < goplest e —lminfo(d(an -1 Tane);

A(Z2m (k) -2+ T2m () —1)s A T2 (k) — 1, Tam(k)—1) s A Z2m (k) -2+ T2n(k))) ]

IN

1 o -
€ m@(lgggf d('an(k)—laxQn(k))vhkrggolf d(xzm(/e)—27$2m(k)—1)7

1iklgigo}fd(!ﬂ2n(k)—1,$2m(k)—1)>liklgig.}fd(%m(k)—z,fﬂzn(k))) (2.38)
< &
It is a contradiction. Thus, {z2,} is a Cauchy sequence. By Lemma 1.12, {z,} is a

Cauchy sequence in O(zo;T,S). Since (X,d,s) is (T, S)-orbitally complete. Then there
exists z € X such that lim zx, = z.
n—oo

Suppose that T or S is orbitally continuous at xy. If T" is orbitally continuous at x,

then z = lim xg,42 = lim Txo,41 = T( lim x9,41) = Tz, that is, z is a fixed point of
n— 00 n— 00 —> 00

T. By Lemma 2.10, z is a common fixed point of 7" and S. Similarly, if S is orbitally
continuous at xg, we also see that z is a common fixed point of 7" and S.

Suppose that (X,d,s, =) is a regular space. Then zg9,41 = z for all n € NU {0}.
From (2.28), we have
d($2n+2, SZ)
d(Txon41,5%)

4
< ¢(m [d(x2n 41, Txant1) + d(2, S2) + d(w2n11,52) + d(z, Trani1)
—¢(d($2n+1, Tﬂf2n+1), d(% SZ), d(x2n+1; Sz)v d(Z, T$2n+1))})
4
S ¢(m [d($2n+1, .Z‘Qn+2) + d(Z, SZ) + d($2n+1, SZ) + d(Z, l‘gn+2)
_@(d(m2n+l7 $2n+2), d(Z7 52)7 d($2n+1, SZ), d(Z, x2n+2))}>
1
< [d(x9n 41, Tanta) + d(z,S2) + d(xany1, 52) + d(z, Tany2)

s(s?2+1)
_@<d($2n+17 x2n+2); d(z7 SZ); d(w2n+1) SZ), d(Z, $2n+2))} .

Suppose that d(z,5z) > 0. Then by taking the limit as n — oo in (2.39), using

lim z, =z, Lemma 1.11 and the lower semi-continuous property ¢, we get
n— oo

1 s+1 .
gd(z,Sz) < md(z,é‘z) - m@(O,d(z,Sz),hkrggf d(x2n41,5%),0)
s+1
This implies that
s+1
< .
d(z,5z2) < o 1d(z, Sz) < d(z,Sz)

This implies that d(z,Sz) = 0 and hence Sz = z. Therefore, z is a fixed point of S. By
Lemma 2.10, z is a common fixed point of 7" and S.
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Now, suppose that the set of common fixed points of T and S is totally ordered. We
claim that there is a unique common fixed point of T" and S. If there exist u, v such that
Su =Tu=wu and Sv =Tv = v, then from (2.28), we have

d(u,v) = d(Tu, Sv) < 1/)(@ [(d(u, Tu) + d(v, Sv) + d(u, Sv) + d(v, Tu)
—(d(u, Tu),d(v, Sv), d(u, Sv),d(v,Tu))D
_ “’(ﬁ [2d(u, v) — (0,0, d(u, ) d(v, 1)) )
2
< md(uv v) - m@(o’ 07 d(uv U)v d(’l}, u))
< d(u,v) - S(s%m@(o, 0, d(u, v), d(v, ).

This implies that (0,0, d(u, v),d(v,u)) = 0 and hence d(u,v) = 0. Therefore, u = v, that
is, the common fixed point of T and S is unique. Conversely, if T' and S have a unique
common fixed point, then the set of common fixed points of T" and S being a singleton is
totally ordered. [

By taking T'= S in Theorem 2.11, we get the following corollary.

Corollary 2.12. Let (X,d,s, =) be a partially ordered b-metric space and T : X — X
be a mapping such that

(1) There exist ¢ € Uy and ¢ € @y such that for all v,y € X withx Xy ory < x,

d(Tz,Ty) < ¥ (ﬁ

—p(d(z, T2), d(y, Ty), d(x, Ty), d(y, Tz))] )

(2) x 2 Tx for allz € X.

(8) T is asymptotically reqular at xo € X.

(4) X is T-orbitally complete at xo € X.

(5) T is orbitally continuous, or (X,d, s, <) is a reqular space.

Then T has a fixed point. Moreover, the set of fized points of T is totally ordered if and
only if T has a unique fixed point.

[d(z,Tz) + d(y, Ty) + d(z,Ty) + d(y, Tx)

Remark 2.13. Since every metric space (X, d) is a b-metric space (X,d, 1), our results
are generalizations of the main results in [7].

Finally, we give some examples to support our results. The following example is an
illustration of Theorem 2.4.

Example 2.14. Let X = {1, 2,3,4, 5} with the usual order <. Define a function d on
X as follows.
0 ife=y
d(z,y) = 1 if (z,y) € {(1,2),(2,1
’ 20 if (z,y) € {(3,2)7 (2,3),(4,2),(2,4), (5,2), (2,5)}
9 otherwise.
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Then (X,d,s) is a complete b-metric space with s = 2. Let 7,5 : X — X be defined
by T1=T2=T3=T4=T5=2and S1 =52 =253 =54 =55=1. Define two
+y . f

and (x) = = for all z,y € [0,00). Then ¢ € &y, ¢ € V5.

functions by ¢(z,y) = ! 2

Put

P = oy G $9) + (0. Ta) — old(a. $9).d(0. T))])

= (5 [dtw, Sy) + d(y. To) — eld(z, $y), d(y. 7))

= 5 (e, 5y) + dly, To)].

Let z,y € X with z <y or y > x, we have
[0 ifxye{l,2}or z€{3,4,5},ye{l,2}
d(Tx’Sy)_{ 1 ifze{l,2},ye{3,4,5} or z,y€ {3,4,5}

and
0 fr=y=2
1 ifx=1,y€{3,4,5}orxz € {3,4,5},y =2
p_ 11—0 %f:c:yzl
@ if ($7y) € {(1a2)7(2a1)}
2 ifx=29y€{3,4,5}orze{3,45}y=1

5o ifz,ye{3,4,5}
This implies that the condition (2.1) holds and hence the assumption (1) of Theorem
2.4 is satisfied. Moreover, other assumptions of Theorem 2.4 are fulfilled. Therefore,
Theorem 2.4 is applicable to T, S, ¢, ¢ and (X, d, s, <).

However, since 20 = d(2,3) > d(2,1) + d(1,3) = 10, d is not a metric on X. Thus, [7,
Theorem 3.2] is not applicable to (X, d, s).

The following example is an illustration of Theorem 2.11.

Example 2.15. Let (X,d,s) be a b-metric space, T and S be two mappings, and 1, ¢
be two functions as in Example 2.9. It is easy to see that all assumptions of Theorem
2.11 are satisfied. Therefore, Theorem 2.11 is applicable to T, S, ¢,% and (X,d, s, <).
However, it is easy to see that d is not a metric on X and hence [7, Theorem 4.2] is not
applicable to (X,d, s).

Finally, we apply Corollary 2.6 to study the existence of solutions to the system of
nonlinear integral equations.

Example 2.16. Let Cla,b] be the set of all continuous function on [a, b], the b-metric d
with s = 2°~! be defined by

d(u,v) = sup |u(t) —v(t)/”
t€la,b]

for all u,v € C[a,b] and some p > 1, and the partial order < be given by u =< v if
u(t) < w(t) for all t € [a,b]. Consider the system of nonlinear integral equations as follows.

b
u(t) = [ Kalts.us)ds + (0

b (2.39)
u(t) = / Ks(t, s,u(s))ds + g(t)
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where t € [a,b],g : [a,b] — R, K1, K> : [a,b] X [a,b] X ula,b] — R for each u € C|a, b)].
Suppose that the following statements hold.

(1) K1(t,s,u(s)) and Ks(t, s,u(s)) are integrable with respect to s on [a, b].
(2) Tu,Su € Cla,b] for all u € C|a, b], where

b
Tu(t):/ Ki(t,s,u(s))ds + g(t),

/thsu Yds + g(t)

for all ¢ € [a, b].
(3) For all ¢,s € [a,b],u € Cla, ],

Ka(ts,u(t)) < Ko (.5 /ab Ki(s, 2, u(2))dz + g(s) ).

b
Ky (t,s,u(t)) < Ky (t,s,/ Ks(s,z,u(z))dz +g(s)).
(4) For all s,t € [a,b] and u,v € Cla,b] with u < v or v < u,
[K1(t, s, u(s)) — Ka(t, s,0(s))|” < at, s)(Ju(s) — Sv(s)[F + [v(s) — Tu(s)[")

where « : [a,b] X [a,b] — [0, 00) is a continuous function satisfying

b
sup (/ a(t, s)ds) 5T (222 —|—11)(b A=,

t€la,b]

b
(5) There exists ug € C[a,b] such that ug(t) < / Ko (t,s,up(s))ds + g(t) for all
€ [a,b]. ‘

Then the system of nonlinear integral equations (2.39) has a solution u € Cla, b].

Proof. Consider T, S : Cla,b] — C|a,b] defined by Tu(t / K (t,s,u(s))ds + g(t)

b
and Su(t) = / Ks(t,s,u(s))ds + g(t) for all u € Cla,b] and t € [a,b]. Tt follows from

a
the assumptions (1) and (2) that T' and S are well-defined. Notice that the existence of
a solution to (2.39) is equivalent to the existence of the common fixed point of T and S.
Now, we prove that all assumptions of Corollary 2.6 are satisfied.
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(1). Let ¢ > 1 with %—i— % = 1. For all u,v € C[a,b] with v < u or u =< v, from the
assumption (4), we have

Tu(t) — So(t)P < / K1 (1,5, u(s)) — Ka(t, s, 0(s ))\ds)p

b

. / 5(/ st 5,0()) — Kalt, s o(s))ds) |

(- a)t ( / " a(t,5)([u(s) = S(s)]? + fo(s) — Tu(s)]?)ds )

IN
=

< (b—a)yt (/a a(t, s)(d(u, Sv) + d(v, Tu))ds)
< (b du, Sv) + dv, Tu) / ba(t,s)ds)
< Ad(u, Sv) 4+ d(v, Tu))

d(u, Sv) + d(v, Tu) — (1 — N)(d(u, Sv) + d(v, Tu)).
1

b
where A\ = (b — a)P~! sup} (/ a(t,s)ds). This implies that 0 < A < TR

t€la,b
and
d(Txz, Sy) < (d(u, Sv) +d(v,Tw)) — (1 — X)(d(u, Sv) + d(v, Tu)).
b
Therefore, the assumption (1) in Corollary 2.6 holds with A= (b—a)?~! sup (/ a(t, s)ds) .
]

t€la,b
(2) For all u € Cla,b] and all ¢ € [a,b], from the assumption (3), we have

Tu(t)z/Kltsu ))ds

IN

/K2 ts/ Ki(s, 2 u(=))dz + g(s) ) ds

< /thsTu ))ds
= STul(t

and

Su(t) :/thsu ))ds

IN

/Kl ts/ Ki(s,z,u(2))dz + g(s ))d

< /KltsSu (s))ds
TSu(t

This implies that Tu < STu and Su < T'Su for all u € C[a,b]. Therefore, the pair (T, S)
is weakly increasing.
(3). From the assumption (5), there exits zg € Cla, b] such that xo < Szg.
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(4). By using the similar argument as in the proof of [27, Theorem 3.1], we also see
that the space (X, d, s, X) is regular.

By the above, all assumptions of Corollary 2.6 are satisfied. Then T" and S have a
common fixed point u € C[a, b] and the system of integral equations (2.39) has a solution
u € Cla,b]. m
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