Thai Journal of Mathematics
Volume 19 Number 4 (2021)
Pages 1209-1233

http://thaijmath.in.cmu.ac.th
ISSN 1686-0209

On the Generalized HUR-Stability of Some Functional
Equations

Hassan Azadi Kenary'-*, Hamid Reza Goudarzi' and Yeol Je Cho?

1 Department of Mathematics, College of Science, Yasouj University, Yasouj 75914-353, Iran
e-mail : azadi@yu.ac.ir (H. A. Kenary); goudarzi@yu.ac.ir (H. R. Goudarzi)

2 Department of Mathematics Education and RINS, Gyeongsang National University, Chinju 660-701, Korea
e-mail : yjcho@gnu.ac.kr (Y. J. Cho)

Abstract In this paper, we prove the stability of some quadratic and cubic functional equations in
random and non-Archimedean normed spaces.

MSC: 39B22; 39B52; 39B22; 39B82; 46510

Keywords: fixed point theory; stability; random normed space; non-Archimedean normed spaces

Submission date: 12.01.2017 / Acceptance date: 17.01.2019

1. INTRODUCTION

In 1940, the stability problem of functional equations originated from a question of
Ulam [1] concerning the stability of group homomorphisms. In 1941, Hyers [2] gave first
an affirmative partial answer for the question of Ulam for Banach spaces. Since then,
In 1978, Hyers’s theorem was generalized by Th. M. Rassias [3] for linear mappings by
considering the unbounded Cauchy difference as follows:

Theorem 1.1. Let f be an approzimately additive mapping from a normed vector space
E into a Banach space E', i.e., [ satisfies the inequality

1f (@ +y) = f(@) = fF)l < e(llf]” + llylI")
forall x,y € E, where € and r are constants with € > 0 and 0 < r < 1. Then the mapping
L: E — E' defined by L(x) = lim,—, 27" f(2"x) is the unique additive mapping which
satisfies
2¢
2—2r

If(z+y) - L) <

forallxz € F.

eI
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The paper of Th. M. Rassias [3] has provided a lot of influence in the development
of what we call generalized Hyers-Ulam stability or Hyers-Ulam-Rassias stability of func-
tional equations. In 1994, a generalization of the Th. M. Rassias theorem was obtained by
Gavruta [1] by replacing the unbounded Cauchy difference by a general control function
in the spirit of Th. M. Rassias’s approach.

The functional equation

flx+y)+ flz—y) =2f(x) +2f(y) (1.1)

is called a quadratic functional equation. In particular, every solution of the quadratic
functional equation is said to be a quadratic mapping. In 1983, the generalized Hyers-
Ulam stability problem for the quadratic functional equation was proved by Skof [5] for
mappings f : X — Y, where X is a normed space and Y is a Banach space. In 1984,
Cholewa [6] noticed that the theorem of Skof is still true if the relevant domain X is
replaced by an Abelian group. In 1992, Czerwik [7] proved the generalized Hyers-Ulam
stability of the quadratic functional equation. The stability problems of several functional
equations have been extensively investigated by a number of authors and there are many
interesting results concerning this problem (see [3], [9], [10]-][21]).

Recently, in 2009, Gordji and Khodaei [10] introduced the quadratic functional equa-
tion

n(m+n)

flma+ny) + fome —ny) = DI (4 y) + (o ) (12

+2(m?* —mn —n?) f(x) + (n® — mn) f(y)

and they established the general solution of the generalized Hyers-Ulam-Rassias stability
problem for the functional equation (1.2) in Banach spaces as follows:

Theorem 1.2. Let X and Y be real vector spaces. A function f: X — Y satisfies the
functional equation (1.2) if and only if f: X — Y satisfies the functional equation (1.1).

The cubic function f(z) = cz3 satisfies the functional equation

fRr+y)+ f2x —y) =2f(z +y) +2f(z —y) + 12f (). (1.3)

The equation (1.3) was solved by Jun and Kim [I12]. By the similar method for a
quadratic functional equation, they also proved that a function f : X — Y is a solution
of the equation (1.3) if and only if there exists a function F': X3 — Y such that f(z) =
F(z,z,z) for all z € X and F is symmetric for each fixed one variable and is additive for
fixed two variables. Every solution of the equation (1.3) is called a cubic function. Also,
the equation (1.3) is equivalent to the following equation:

f(@+2y) + fz = 2y) + f(20) = 4f (x + y) + 4 (x —y) + 2/ (2). (1.4)
Koh [14] introduced the following functional equation:
4 (@ + my) + 4f(z —my) +m2f(2) = 4m3(f @+ y) + F@— ) +8/(@) (L5)

and established the general solution for the generalized Hyers-Ulam-Rassias stability prob-
lem for the functional equation (1.5) in Banach spaces as follows:

Theorem 1.3. Let X and Y be real vector spaces. A function f : X — Y satisfies the
functional equation (1.5) if and only if f is cubic.
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It is easy to see that the function f(z) = ca® is a solution of the functional equations

(1.3), (1.4) and (1.5). Thus it is natural that the functional equations (1.3), (1.4) and
(1.5) are called the cubic functional equation and every solution of these cubic functional
equations is called a cubic function.

Najati and Rahimi [18] introduced

flrotsy) =" fa+y)+ T fa - y) (16)

for any r,s € R with r # +s and investigate the Hyers-Ulam- Rassias stability of the
functional equation (1.6) in Banach modules over a unital C*-algebra.

In this paper, we prove stability of the functional equations (1.2), (1.5) and (1.6) in
random and non-Archimedean normed spaces.

2. PRELIMINARIES

In the sequel, we adopt the usual terminology, notions and conventions of the theory
of random normed spaces as in [5].
Throughout this paper, let AT denote the set of all probability distribution functions
F : RU[—00,+00] — [0,1] such that F is left-continuous and nondecreasing on R and
F(0) =0, F(+00) = 1. It is clear that the set

Dt ={F e At : 1" F(—o0) = 1},

where [~ f(x) = limy_,,— f(t), is a subset of AT. The set AT is partially ordered by the
usual point-wise ordering of functions, that is, F' < G if and only if F(t) < G(t) for all
t € R. For any a > 0, the element H,(t) of DV is defined by

0, if t<a,
Ha(t)_{l, if t>a.

We can easily show that the maximal element in A7 is the distribution function Ho(t).

Definition 2.1. A function 7T : [0,1]?> — [0, 1] is a continuous triangular norm (briefly, a
t-norm) if T satisfies the following conditions:

(a) T is commutative and associative;

(b) T is continuous;

(c) T(z,1) =z for all z € [0, 1];

(d) T(z,y) < T(z,w) whenever x < z and y < w for all z,y, z,w € [0, 1].

Three typical examples of continuous ¢-norms are as follows:

T(x,y) ==y, T(z,y)=max{a+b—1,0}, T(z,y)=min(a,b).

Recall that, if T' is a ¢t-norm and {z,} is a sequence in [0, 1], then T} ,z; is defined
recursively by TiL 21 = 21 and T2 x; = T(Tinz_llxi, xy) for all n > 2. T2 x; is defined

by TiO§1 Tyt

Definition 2.2. A random normed space (briefly, RN-space) is a triple (X, ¥, T'), where
X is a vector space, T is a continuous t-norm and ¥ : X — D% is a mapping such that
the following conditions hold:

(a) U, (t) = Ho(t) for all ¢ > 0 if and only if = 0;

(b) Upur(t) = \I'w(gtl) for all « € R with a # 0, z € X and t > 0;

(¢) Upyy(t+5) >T(V,(t), T, (s)) for all z,y € X and ¢,s > 0.
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Every normed space (X, || - ||) defines a random normed space (X, ¥, Tys), where

t
U (t) = ——
t+ Jluf
for all ¢ > 0 and Ty is the minimum ¢-norm. This space X is called the induced random
normed space.

If the t-norm T is such that supy.,.; T'(a,a) = 1, then every RN-space (X, ¥, T) is
a metrizable linear topological space with the topology 7 (called the ¥-topology or the
(€, 6)-topology, where € > 0 and X € (0, 1)) induced by the base {U (e, \)} of neighborhoods
of 6, where

Ule, ) ={zeX:T,(e) >1—A}.

Definition 2.3. Let (X, ¥, T) be an RN-space.

(1) A sequence {z,} in X is said to be convergent to a point x € X (write x,, — = as
n — 00) if lim,, 00 Uy, —o(t) = 1 for all ¢ > 0.

(2) A sequence {z,} in X is called a Cauchy sequence in X if lim, oo ¥y, 5, (t) =1
for all ¢ > 0.

(3) The RN-space (X,¥,T) is said to be complete if every Cauchy sequence in X is
convergent.

Theorem 2.1. ([26]) If (X, ¥,T) is RN-space and {x,} is a sequence such that x,, — x,
then lim, oo U, (t) = U,(t).

Definition 2.4. Let X be a set. A function d : X x X — [0,00] is called a generalized
metric on X if d satisfies the following conditions:

(1) d(x,y) =0 if and only if x =y for all z,y € X;

(2) d(z,y) = d(y,x) for all z,y € X;

(3) d(x, 2) < d(x,y) + d(y, z) for all z,y,z € X.

Theorem 2.2. Let (X,d) be a complete generalized metric space and J : X — X be a
strictly contractive mapping with Lipschitz constant L < 1. Then, for all x € X, either

d(J"z, J" M r) = 0o (2.1)
for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J"x, J"Hlz) < oo for all ng > no;
(2) the sequence {J™xz} converges to a fixed point y* of J;
(3) y* is the unique fixed point of J in the set Y = {y € X : d(J™z,y) < oo};
) d(y,y*) < 11z d(y, Jy) for ally € Y.

(4
Definition 2.5. By a non-Archimedean field we mean a field K equipped with a function
(valuation) | - | : K — [0, 00) such that, for all r, s € K, the following conditions hold:

(a) |r| = 0 if and only if r = 0;

(0) [rs| = |r[lsl;

(c) [r + s| < max{|r],|s|}.

Clearly, by (b), |1| = | — 1| = 1 and so, by induction, it follows from (c) that |n| <1
for all n > 1.

Definition 2.6. Let X be a vector space over a scalar field K with a non-Archimedean
non-trivial valuation | - |.
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(1) A function || - || : X — R is a non-Archimedean norm (valuation) if it satisfies the
following conditions:

(a) ||z]| = 0 if and only if z = 0 for all z € X

®) |lrz|| = |r|||z|| for all r € K and z € X;

(c) the strong triangle inequality (ultra-metric) holds, that is,

[+ yll < max{]|z[], ly[l}

for all x,y € X.
(2) The space (X, || - ||) is called a non-Archimedean normed space.

Note that
|zn — 2] < max{|lzji1 — x5l :m < j<n—1}
for all m,n € N with n > m.

Definition 2.7. Let (X, || - ||) be a non-Archimedean normed space.
(1) A sequence {z,} is a Cauchy sequence in X if {z,+1 —x,} converges to zero in X.
(2) The non-Archimedean normed space (X, ||-||) is said to be complete if every Cauchy
sequence in X is convergent.

The most important examples of non-Archimedean spaces are p-adic numbers. A key
property of p-adic numbers is that they do not satisfy the Archimedean axiom: for all
xz,y > 0, there exists a positive integer n such that x < ny.

Example 2.1. Fix a prime number p. For any nonzero rational number x, there exists
a unique positive integer n, such that z = 7p"=, where a and b are positive integers not
divisible by p. Then |z|, := p~™* defines a non-Archimedean norm on Q. The completion
of Q with respect to the metric d(z,y) = |« — y|, is denoted by Q,, which is called the
p-adic number field. In fact, Q, is the set of all formal series x = Z?;m app”, where
|ak| < p—1. The addition and multiplication between any two elements of Qp are defined
naturally. The norm |ZZ‘;”L arp®|, = p~" is a non-Archimedean norm on Q, and Q,
is a locally compact filed.

3. RANDOM STABILITY OF THE FUNCTIONAL EQUATION (1.2):
DIRECT METHOD

Let
n(m —+n)

2
= P ) — 2 — i — n?) £ () — (0 — mn) ).

where m,n € Z with n # £m, —3m.

Theorem 3.1. Let X be a real linear space, (Z, ¥, min) be an RN-space and v : X2 — Z
be a function such that there exists 0 < o < m? such that

\Ilw(mx,o) (t) > \Ilocw(ac,O)(t) (31)
forallz € X andt >0, f(0) =0 and limy, 00 Ve (mna,mny) (m?*t) =1 for all z,y € X
andt > 0. Let (Y, u,min) be a complete RN-space. If f : X =Y is a mapping such that

pn (2.9) (8) 2 Wop(a ) (F) (3.2)

My(z,y) = f(ma +ny) + f(mz —ny) — fz+y)
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for all x,y € X and t > 0, then there is a unique quadratic mapping C : X — Y such
that C(z) = lim,, oo m~2" f(m"z) and

B @)-c(@) () = Yy a0 ((m* = a)t) (3.3)
forallz € X andt > 0.

Proof. Putting y = 0 in (3.2), we see that

Paima) 5 (8) = Wy a0 (M) (3.4)
for all x € X. Replacing by m”x in (3.4) and using (3.1), we obtain
" m2(’n+1)t
K pmntla)  f(mna) (t) > \Ilw(m"ac,o) (m2( +1)t) > \IJTZJ(LO) (7n) (35)
m2(n+1) m2mn «
and so
n—1 tOék n—1 t()tk
nezza s X paem) = g e s (3 )
ta®
n—1
> Tk s (Gagem) 69
> T (Voo ()
= Yyl
This implies that
t
Patmna) g0 (8) 2 Wop(a0) (ﬁ) (3.7)
" k=0 m2&+D
Replacing & by mPx in (3.7), we obtain
t
o smntea) _ somea (8) 2 ‘I’w(mPr,O)(
m2(n+p) m2P Zk 0 W
t
> Vya,0) (W (3.8)
Y k=0 materTD
t
= ‘Pw(mﬁo) ( n+p—1 ak )
k=p  m2CtD
Since .
lim W —_— ) =1
P (x,0) ( n+p— ak ’
p,n—00 Zk:ﬁ 1 7712(7:4—1)

n e’}
it follows that {f (;n%w)} is a Cauchy sequence in a complete RN-space (Y, u, min)
n=1

and so there exists a point C(z) € Y such that
lim m~2"f(m"z) = C(x).

n— oo
Fix z € X and put p =0 in (3.8). Then we obtain
4
Mf<m"r> (m)( ) > ‘I’w(ac,O) (ﬁ)v (3.9)

k=0 m?2(k+1)
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and so, for any € > 0,

He(z)—f)(t+€) = T(uc(x)_f%;m(6)7Mf«£;';x>_f(x)(t)) (3.10)
t

Zn—l ak
k=0 m?2(k+1)

> 7 (1o st (9 Yoo (

Taking the limit as n — oo in (3.10), we get

o) —5() (E+€) 2 Uy(a0) (M = a)t). (3.11)
Since € is arbitrary, by taking e — 0 in (3.11), we get

Ho@)— 1) (1) = Wy o) ((m* = @)t). (3.12)
Replacing « and y by m™a and m™y in (3.2), respectively, we get

Ky (mna,mny) (t) > \I/w(m"x,m"y)(m2nt) (3'13)

for all z,y € X and ¢ > 0. Since limy, o0 Wy (nz,mny) (M>"t) = 1, we conclude that
C(mz +ny) + C(mz —ny) = M{C(x +y)+C(x - y)}
+2(m? — mn — n?)C(z) + (n* — mn)C(y).

To prove the uniqueness of the quadratic mapping C', assume that there exist another
quadratic mapping D : X — Y which satisfies (3.3). By induction, one can easily show
that

C(m"z) =m*C(z), D(m"z)=m>"D(x)
for all n € N and x € X and so
,uc(z),D(w)(t) = lim pro@mnra D) (t) (3.14)

n—00 m2n
t t

>  lim min{MC’(wL”w) F(mna) (*),MD(mw) F(mna) (*)}
TmIn o T \2 - 2

n—00 m2n m2n m2n m2n

(mQ”(m2 — ) )

Z lim \I"L[J(m"z,o)

n— 00 2
. m2*(m? — a)t
N
. . m?" (m?—a)t
Since limy, 0o — 5,7 = 00, we get
) m2n (m2 _ Oé)t
Jm w0 (F5m) =L
Therefore, it follows that pc(z)—pe)(t) = 1 for all £ > 0 and so C(x) = D(x). This
complete the proof. [

Corollary 3.2. Let X be a real linear space, (Z, ¥, min) be an RN-space and (Y, pu, min)
be a complete RN-space. Let 0 <p <1 and zg € Z. If f: X — Y is a mapping that
1at s (a,y) () = Wy oy, (£) (3.15)

forallz,y € X and t > 0, then there exists a unique quadratic mapping C : X =Y such
that

C(x) = lim m™"f(m"z) (3.16)

n—oo
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and

fif(a)—C () () = 1 (3.17)
forallz € X andt > 0.

Proof. Let a = m?” and ¢ : X? — Z be a mapping defined by ¥ (x,y) = ||y||P20. Then,
from Theorem 3.1, the conclusion follows. [

Corollary 3.3. Let X be a real linear space, (Z, ¥, min) be an RN-space and (Y, u, min)
be a complete RN-space. Let 0 <p <1 and zg € Z. If f : X =Y is a mapping that

Fntg () (1) 2 Wty o)z0 () (3.18)
for all x,y € X and t > 0, then there exists a unique quadratic mapping C' : X =Y such
that

C(z) = li_)m m=2" f(m"x) (3.19)
and
B @)—C@) () = Yoy, ((m* —m*P)t) (3.20)

forallz € X andt > 0.

Proof. Let a = m?? and v : X2 — Z be a mapping defined by ¥(x,y) = (||2[|” + ||y||”)20-
Then, from Theorem 3.1, the conclusion follows. ]

Corollary 3.4. Let X be a real linear space, (Z, ¥, min) be an RN-space and (Y, pu, min)
a complete RN-space. Let p,q € RT withO <p+qg<landz € Z. If f: X =Y isa
mapping that

1atg (a,) (8) 2 Yoot ylpratially)a)z () (3.21)

forallz,y € X and t > 0, then there exists a unique quadratic mapping C : X — Y such
that

C(z) = lim m™2" f(m"x) (3.22)
and
Mf(x),c(w)(t) > \I/Hm\|p+q20 ((m2 - m2(p+q))t) (3.23)

forallz € X andt > 0.
Proof. Let @ = m?®+9 and ¢ : X2 — Z be a mapping defined by
bz, y) = (2P + lylP*+ 2 ]P[ly]|7)zo-

Then, from Theorem 3.1, the conclusion follows. ]

Corollary 3.5. Let X be a real linear space, (Z, ¥, min) be an RN-space and (Y, pu, min)
be a complete RN-space. Let zog € Z. If f : X — Y is a mapping that
pny () () = Wz (1) (3.24)

forallz,y € X andt > 0, then there exists a unique quadratic mapping C : X — 'Y such
that

C(x) = lim m™"f(m"z) (3.25)

n—oo
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and

B @)—C @) (t) = Uszo ((M* = 1)1) (3.26)
forallz € X andt > 0.
Proof. Let a = 1 and ¢ : X2 — Z be a mapping defined by 9(x,y) = 629. Then, from
Theorem 3.1, the conclusion follows. [
Example 3.1. Let p = 1, a = m*, ¥(z,y) = (||z]|> + ||ly[|*)20 and f : X — Y be a
mapping satisfying

1y () (E) 2 ()24 ll12)20 (T)- (3.27)
As in Theorem (3.1), we obtain

t
[ panntan)  poman (B) > ‘I’|x|2z0<zn+q1 Ty )

m2(n+q) m24 k=q m2k+2
Since
n+q—1 n+q—1 —
mik 1 Z o mAteTh 2
- = mr =
E : m2k+2 ;2 1—m?2
k=q k=q
and
li Lo m? #
im oo
n,q—o0 m2(n+a—1) _ m?2q ’
we have

; . 1—m?
Hm  ftponntan)  poman (£) = lim ‘1/|w||2ZO( )7’5 L.

n,q—00" BT 34 n,q— 00 m2(ntq—1) _ m2q

n e’}
This means that the sequence {f (711?27195)} is not a Cauchy sequence.
n=1

4. RANDOM STABILITY OF THE FUNCTIONAL EQUATION (1.5)
FiXeED POINT APPROACH

In this section, we use fixed point technique to prove the generalized Hyres-Ulam
stability of the quadratic functional equations (1.5).

Let
n(x,y) = 4f (& +my) + 4f (z — my) +m” f(2z)
—8f(x) —4m*(f(z +y) + f(z — y)).

where m € N with m > 2.

Theorem 4.1. Let X be a linear space, (Y, u, Tar) be a complete RN-space and A be a
mapping from X% to DT (A(x,y) is denoted by A, ) such that there exists 0 < o < 8
such that

A%%(t) <Ay y(at) (4.1)
forallz,y € X andt>0. Let f: X — Y be a cubic mapping satisfying
Fing () = Day (1) (4.2)
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forallx,y € X andt > 0. Then

A(z) := lim f(2"z)

n—oo &N

(4.3)
exists for all x € X and there exists a unique cubic mapping A : X — Y such that

Hf(x)—A(x) (t) > Ax,O((8 - a)t) (44)
forallz € X andt > 0.

Proof. Putting y =0 in (4.2), we have

pren(0) > Aro(8) (45)
for all x € X and ¢t > 0. Consider the set

S={g: X->Y} (4.6)
and the generalized metric d in S defined by

d(f,g) = inf{u € RY : fig(s)—n(a) (ut) > Ay o(t), Vo € X, ¢t > 0}, (4.7)

where inf ) = +o00. It is easy to show that (S, d) is complete.
Now, we consider a linear mapping J : S — S such that

Th(z) = éh(2x) (4.8)

for all z € X. First, we prove that J is a strictly contractive mapping with the Lipschitz
constant §. In fact, let g, h € S be such that d(g,h) < e. Then

Hg(a)—h(a)(€t) = Az o(t) (4.9)
for all z € X and ¢ > 0 and so

et et
/‘Jg(m)*Jh(r)(?) = :u’%g(QTJ)—éh(?m)(?)
= Hg(22)—n(2a) (€t (4.10)
> Ao o(at)
> Ago(t)

for all z € X and ¢ > 0. Thus d(g, h) < € implies that d(Jg, Jh) < S¢. This means that
d(Jg. Jh) < Zd(g.h) (4.11)
for all g, h € S. It follows from (4.5) that
d(f,Jf) < é <1 (4.12)

By Theorem 2.2, there exists a mapping 7' : X — Y satisfying the following:
(1) A is a fixed point of J, that is,

A(2z) = 8A(x) (4.13)
for all x € X. The mapping A is a unique fixed point of J in the set
Q={heS:d(g,h) < oo} (4.14)

This implies that A is a unique mapping satisfying (4.13) such that there exists u € (0, c0)
satisfying

Hof(2)— Az) (ut) = Ay o() (4.15)
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for all x € X and ¢t > 0.
(2) d(J"f,A) — 0 as n — oo. This implies the equality

1 non
nh_{rgo 8—nf(2 x) = A(x) (4.16)
for all z € X.
(3)d(f,A) < d(l'f;if) with f € , which implies the inequality
8
1
d(f,A) < 4.17
(f.A) < o (117)
and so
t
_ ) > ALt 418
trw-aw (5= ) 2 Acol®) (4.18)

for all z € X and ¢t > 0. This implies that the inequality (4.4) holds.
Now, we have

" n 8 n
/‘g%nf@"m’,?”y) (t) = /Lnf(2"£,2”y) (8 t) 2 AQnI,Qny(S t) 2 Ax7y<<a) t) (419)
for all 2,y € X, t > 0 and n € N. Since limy,_,o Amyy((%)ng — 1 forall 2,y € X and

t > 0, then, by Theorem 2.1, we deduce that p,,(y,) = 1 for all z,y € X and ¢ > 0.
Thus the mapping A : X — Y is cubic. This complete the proof. m

Corollary 4.2. Let 0 > 0 and p be a real number with 0 < p < 1. Let X be a normed
vector space with norm || -||. Let f: X =Y be a mapping satisfying

. t
t+0(llzll? + lyll”)
forallz,y € X andt > 0. Then
A(z) = lim f(2"z)

n—o00 &n

Hin (,y) (1) (4.20)

(4.21)

exists for all x € X and there exists a cubic mapping A : X — Y such that

(8 —8P)t
- t) >
e O R o

forallz € X andt > 0.

(4.22)

Proof. The proof follows from Theorem 4.1 by taking

t
Ay, () =
v = el + o)

for all z,y € X and t > 0. In fact, if we choose o = 87, then we get the desired result. m

(4.23)

Similarly, we can obtain the following and so we omit the proof.

Theorem 4.3. Let X be a linear space, (Y, pu, Tar) be a complete RN-space and A be a
mapping from X? to DT (A(z,y) is denoted by A, ,) such that there exists 0 < a < %
such that

Aglgy (t) S Aw,y(&t) (424)
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forallz,y € X andt>0. Let f: X =Y be a cubic mapping satisfying

Fing () = Dy (1) (4.25)
forallz,y € X andt > 0. Then
. nel T
A(w) = Tim § f<2n) (4.26)

exists for all x € X and there exists a unique cubic mapping A : X — Y such that

1*780‘)t) (4.27)

[f (z)—A(z) (8) = Ax,o((
forallxz,y € X and t > 0.

(07

Corollary 4.4. Let 0 > 0 and p be a real number with p > 1. Let X be a normed vector

space with norm || - ||. Let f: X — Y be a cubic mapping satisfying
t
iy o (D) = (4.28)
= (el + Tyl
forallz,y € X andt > 0. Then
(T
A(z) = lim 8 f(2n) (4.29)
exists for all x € X and there exists a unique cubic mapping A : X — Y such that
(8P — 8)t
_ t) > 4.30
forallz € X andt > 0.
Proof. The proof follows from Theorem 4.3 by taking
t
Ag (1) (4.31)

—t+0([llP + lylP)
for all ,y € X and ¢ > 0. In fact, if we choose a = 8P, then we get the desired result. m

5. RANDOM STABILITY OF THE FUNCTIONAL EQUATION (1.6)

In this section, we use fixed point technique to prove the generalized Hyres-Ulam
stability of the quadratic functional equations (1.6).

Theorem 5.1. Let m,n € N with m # n, X be a vector space, (Z, ¥, min) be an RN-
space and ¢ : X2 = Z be a function such that there exists 0 < o < m + n such that

Vy((metn)z, (m+nyy) (1) Z Yay(a,y) (t) (5.1)
forallz,y € X andt >0 and

H Wy (ntnyre, (menyry) (M + 1)) =1

n—oo

for all z,y € X and t > 0. If (Y, u,min) is a complete RN-space and f : X — Y is a
mapping such that

Pf v-ny)— 22 f(at) - 252 =) (D) Z Vo) () (5.2)

2 2
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for all x,y € X and t > 0, then there exists a unique additive mapping C : X —'Y such
that

C(x) = lim (m+n)~ f((m +n)'z) (5.3)
and
[f(2)—C () () = Wy(z,m) (M +n —a)t) (5.4)

forallx,y € X and t > 0.

Proof. Since the proof of Theorem 5.1 is similar to the proof of Theorem 3.1 and so we
omit the proof of Theorem 5.1. [

Corollary 5.2. Let X be a real linear space, (Z, ¥, min) be an RN-space and (Y, u, min)
be a complete RN-space. Let 0 <p<1landzyp€ Z. If f: X — Y is a mapping such that

B (mav-ng) — 252 f oby) - 252 f o—y) () 2 Claljpz (F) (5.5)

2

for allx,y € X and t > 0, then there exists a unique additive mapping C : X — 'Y such
that

C(z) = llilglo(m+n)*lf((m+n)lfﬂ) (5.6)
and
L (@)—C (@) () = V) zpez (M +n — (m+n)P)t) (5.7)

forallz € X andt > 0.
Proof. Let a = (m +n)? and ¢ : X? — Z be a mapping defined by ¥ (z,y) = ||z/|”20-

Then, from Theorem 5.1, the conclusion follows. ]

Corollary 5.3. Let X be a real linear space, (Z, ¥, min) be an RN-space and (Y, u, min)
be a complete RN-space. Let 0 <p <1l andzy€ Z. If f: X =Y is a mapping such that

I f (matny)— 222 f@ty)— 222 fo—y) () = C(alr+lylp)zo () (5.8)

2
for all x,y € X and t > 0, then there exists a unique additive mapping C : X —'Y such
that

C(z) = llim (m4+n)"lf((m+n)x), (5.9)

—00

and

(5.10)

[if () —C(a) (t) > \I]\Iz\lp((m +n —ém +n) )t).

forallz € X andt > 0.

Proof. Let a = (m+n)? and v : X2 — Z be defined by ¥ (z,y) = (||z]|P +||y||”)20. Then,
from Theorem 5.1, the conclusion follows. [
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Corollary 5.4. Let X be a real linear space, (Z, ¥, min) be an RN-space and (Y, pu, min)
be a complete RN-space. Let p,q € RT with0<p+q<landzc Z. Iff: X —Y isa
mapping such that

Bt m-tng)— 252 5 (a-ty) - 252 o) () 2 Y(llpratiyloratizlelyin= () (5.11)

2

for all x,y € X and t > 0, then there exists a unique additive mapping C : X — Y such
that

C(z) = llim (m+n)"Lf((m+n)'x) (5.12)
— 00
and
(m+n— (m-+n)Ptot

Hof (2)—C () () = ‘I’||m|\p+qz()( 3 ) (5.13)
forallxz € X andt > 0.
Proof. Let a = (m +n)PT and v : X? — Z be a mapping defined by

d(a,y) = (275 + ylPF7 + [l2]” - [ly[|7) 20

Then, from Theorem 5.1, the conclusion follows. ]

Corollary 5.5. Let X be a real linear space, (Z, ¥, min) be an RN-space and (Y, u, min)
be a complete RN-space. Let zo € Z. If f : X — Y is a mapping such that

I f (matny)— 8 f (o) — 22 f(a—y) () = Yoz (1) (5.14)

for allx,y € X and t > 0, then there exists a unique additive mapping C' : X — 'Y such
that

C(x) = lim (m+n)~' f((m +n)'x) (5.15)
and
K@) —c@) () = Ysz, ((m+n —1)t) (5.16)

forallz € X andt > 0.
Proof. Let a =1 and ¢ : X? — Z be be a mapping defined by ¢ (z,y) = 629. Then, from

Theorem 5.1, the conclusion follows. [

Example 5.1. Let p = 2, a = (m +n)?, ¥(z,y) = (||z]|*> + [[y||* + ||z|.]|y|)z0 and
f: X — Y be a mapping satisfying

I f (matny) — (252 F @) — (252 ) £ (a—y) (8 = P+ lyl2+ eyl zo (£)- (5.17)

2

As in Theorem 3.1, we obtain

t)y>w t
K p(mtn)ltae)  f((mtn)da) = Flzll?20 I+q—1 :
CmmITa (mm)d 3> ,:;qq (m + n)k-1

m 4 )kl — (m+n)*t97% — (m +n)!
Z( 0= (m+n)(1—m—n)
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and
(m+4+n)(1—m—mn)
La—oo (M +n)ta=2 — (m + n)4

we have

(m+n)(1—m—n)
1 dx m+4n)dx t = 1 \IJ ||z 1
st 0= I ¥ia (3 e () 7

f((m4n)'z)

This means the sequence { Gy

o0
} is not a Cauchy sequence.
=1

6. STABILITY OF THE FUNCTIONAL EQUATION (1.2)
IN NON-ARCHIMEDEAN NORMED SPACES

In this section, we solve the stability problem of the functional equation (1.2) in non-
Archimedean normed spaces.

Throughout this section, let G be an additive semigroup and X be a complete non-
Archimedean space.

Theorem 6.1. Let 1) : G*> — [0, 4+00) be a function such that
1i_>m |m|~2"p(m"x, m"y) =0 (6.1)

for all x,y € G. Suppose that, for all x € G, the limit

1
U(z) = lim max{mw(mkx,O);O <k< n}

n—r oo

exists and f : G — X is a mapping satisfying the inequality

| M (z, )| < o(x,y) (6.2)
for all x,y € G. Then the limit

— 1; —2n n

T(z) := nl;rr;om fim"z)

exist for all x € G and T : G — X is a mapping satisfying
1
[#@) = 7@ < oz ¥(@) (63)

for all x € G. Moreover, if

1 ,¢(mjx,0):k§j<n—|—k}:(), (6.4)

lim lim max{
[m|27

k—o00 n—00

then T is the unique mapping satisfying (6.3).

Proof. Putting y = 0 in (6.2), we have
[ - o] <

(e 0) (6.5)

Replacing x by m™z in (6.0) and dividing both sides by m?", we get
n+1

H m2(n+1

m2n H ‘m‘27b+2 ¢(mnx’ O) (66)
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Thus it follows from (6.1) and (6.6) that the sequence {% }n:1 is a Cauchy sequence.
f(m

Since X is complete, { } is convergent and so set

T(@) = Tim 2008

n—ooo Mm2n

By induction, we can see that

[

- f(a:)H < |7i|2 max{ |m1|2kw(mkx,0) 0<k< n} (6.7)

Indeed, (6.7) holds for n = 1 by (6.5). Now, if (6.7) holds for all 0 < k < n, then, by
(6.6), we obtain

m2n

H m2(7;++11) — f(@)
- | “n?;””) sl
B T N
< ﬁmw{ﬁﬂ)(m”xﬂ),max{mekx’o) 0 <k < n}}
N ﬁmax{ﬁw(mk@o) 0<k<n+ 1}.

So, (6.7) holds for all n € N and = € G. By taking n — oo in (6.8), we can obtain (6.3).
If S is another mapping satisfies (6.3), then we get

I7(2) = S@)l| = Jim_[m| | T(m*z) - S(m*a)|
i |m] =2 max {|T(252) - F@*2), |1 2"2) - S(2*0) }

1 .
lim lim max{mw(mjx,()) k<j< n—|—k} =0

- |m|2 k— 00 Nn—00

IN

for all x € G. Therefore, we have T'=S. This completes the proof. [

Theorem 6.2. Let 1) : G — [0,400) be a function such that

: 2n L Y _
Jim (255 ) =0 (6:9)
for all x,y € G. Suppose that, for all x € G, the limit
_ 2%k )
) = lim mas {|m*(5.0) 0 <k <n}
exists and f : G — X is a mapping satisfying the inequality
[ M (. y)|| < ¥(z.y) (6.10)

for all x,y € G. Then the limit
T(z) := lim m2"f(in)
n—o00 m
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exist for all x € G and T : G — X is a mapping satisfying
1
[ () = T(x)]| < W‘I’(x) (6.11)
for all x € G. Moreover, if
27 22 . ; —
klgrolonll_{r;omax{\m\ w( 0) .k§]<n+k}—0 (6.12)

for all x € G, then T is the unique mapping satisfying (6.11).

Proof. As in the proof of Theorem (6.1), we obtain

Hf(m”?) - f(:z:)H < ﬁ (z,0). (6.13)

Replacing by % in (6.13) , we get

m"

s Gim) -Gl < o) o

and so it follows from (6.9) and (6.14) that the sequence {mZ"f(%> }OO is a Cauchy
n=1

o0
sequence. Since X is complete, {mzn f (ﬁ)} is convergent and so it follows from
n=1

(6.14) that
s () =1 (55 )|

= || 3wy () e ()|

k=p+1
< max{ng(k_l)f(%) 2kf( )H p+1<k< n} (6.15)
< ﬁmax{|m|2kw(%,0> :p—|—1§k<n}

for all x € G and m,n € N with n — 1 > p > 0. Letting p =0 and n — oo in (6.15), we
obtain (6.11).

The rest of the proof is similar to the proof of Theorem 6.1. This complete the proof.
m

Corollary 6.3. Let A : [0,00) — [0,00) be a function satisfying
A(|mlt) < A(JmDA@),  A(|ml) < |m|?
forallt > 0. Let § >0 and f: G — X be a mapping satisfying the inequality

([ M (2, )| < S(Alz]l) + Adllyll))
for all x,y € G. Then there exists a unique mapping T : G — X such that

5/\ x

Im|?
forallx € G.

(6.16)
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Proof. By induction, wee can show that
AJml™t) < (A(m)"A(|¢) < Im[*" A([t]) (6.17)
for all n € N. If we Define a mapping ¢ : G*> — [0, 00) by

wi,y) = 3(Ml) + Ayl

A(m|)

[m]?

fm LT ()\(|m|))nw(x,y) —0 (6.18)

n— 00 |m|2” n—00 \m\z

for all z,y € G, then, from < 1, it follows that

for all z,y € G. Also, for all x € G, the limit

) = Tim max { o o(me, 0010 <k <n} = (2,0) = ()

n—o0o |m |2k
exists and

1 .
lim lim max{mw(m]x,O) k<j< n—l—k} =0

k—o00 n—00

for all x € GG. Therefore, the result follows by Theorem 6.1. This completes the proof. m

Corollary 6.4. Let A :[0,00) — [0,00) be a function satisfying
AJm|™H) < A(m[THA®),  A(m|™h) < [m|72
forallt > 0. Let § >0 and f: G — X be a mapping satisfying the inequality

([ M (. y)|| < S(Alz(1) + AdlylD)
for all x,y € G. Then there exists a unique quadratic mapping T : G — X such that

@) - 7)) < 2D (6.19)

forallxz € G.

However, the following example shows that Theorem 1.1 is not true in non-Archimedean
normed spaces.

Example 6.1. Let p > 2 and f : Q, — Q, be a mpping defined by f(z) = 2 for all
x € Qp. Then, for e =1,

[f(@+y) = flz) - fly)l =1<e€

n o0 [oe]
for all z, y € Q,. However, neither { f(gnx) } nor {Q”f (2%) } is a Cauchy sequence.
n=1 n=1

In fact, by using the fact that |2| = 1, we have

f@ra)  fentt
’ an B 2n+1

:17)‘ _ |27n L9 27(n+1) . 2| _ ‘27n| -1

and

2 f(%>72 “f(2”+1)‘:|2 9 2t g = jgntl =1

for all z,y € Q, and n € N. Hence these sequences are not convergent in Q,,.
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7. STABILITY OF THE FUNCTIONAL EQUATION (1.5)
IN NON-ARCHIMEDEAN NORMED SPACES

In this section, we solve the stability problems of the functional equation (1.5) in
non-Archimedean normed spaces.

Throughout this section, let G be an additive semigroup and X be a complete non-
Archimedean space.

Theorem 7.1. Let 1) : G* — [0,4+00) be a function such that
le 18| (2"z,2"y) =0 (7.1)
for all x,y € G. Suppose that, for all x € G, the limit

U(z) = nliﬁrrolomax{ﬁw@kxﬁ) 0<k< n}
exists and f : G — X is a mapping satisfying the inequality

[ (2, 9)|| < ¢(x,y) (7:2)
for all x,y € G. Then the limit

T(x) := nh_{rgo 87" f(2"x)

exist for allz € G and T : G — X is a cubic mapping satisfying

| f(z) = T(x)|| < @\11 (7.3)
for all x € G. Moreover, if
1
J < = .
klgrolonll)ngomax{‘8| (292,0) : k_]<n—|—k} 0 (7.4)

for all x € G, then T is the unique mapping satisfying (7.3).
Proof. Putting y = 0 in (7. 2) we have

Hmm A H |8|

Replacing by 2™z in (7.5) and dividing both sides by 8", we get

| - 25

(,0). (7.5)

1
|8|n+1¢(2"x,0). (7.6)

Thus it follows from (7.1) and (7.6) that the sequence {%} is convergent and so

n=1
! ()
m’x
T(x):= ﬂh_wo T
The rest of the proof is similar to proof of the Theorem 6.1. [

Theorem 7.2. Let 1) : G*> — [0,4+00) be a function such that
lim |8]" 1/1( J ) =0 (7.7)

for all x,y € G. Suppose that, for all x € G, the limit
_ k .
U(x) = nl;rrgomax{\8| 1/)(2k,0).0§k<n}
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exists and f : G — X is a mapping satisfying the inequality

| M; (2, y)|| < ¥(2,y) (7.8)
for all x,y € G. Then the limit

T(x):= lim S”f(%)

n—oo
exist for all x € G and T : G — X is a cubic mapping satisfying

(@) - T()| < Fi'w) (7.9)

for all x € G. Moreover, if
lim lim max{|8|j1p(£,0) :k§j<n—|—k:}:0 (7.10)
k—00 n—00 27

for all x € G, then T is the unique mapping satisfying (7.9).

Corollary 7.3. Let A :[0,00) — [0,00) be a function satisfying
A(12[t) < A(12DA®),  A(12]) < (8]
forallt > 0. Let § >0 and f: G — X be a mapping satisfying the inequality

[ (2, )| < s(Alz]l) + AllylD)
for all x,y € G. Then there exists a unique cubic mapping T : G — X such that

SACll)
Ie) — 7] < 2L (1)
forallxz € G.
Corollary 7.4. Let X :[0,00) — [0,00) be a function satisfying
A217H) < A2l HA®), A2l < I8
forallt > 0. Let § >0 and f: G — X be a mapping satisfying the inequality
([ M (2, )| < Szl + Allyll))
for all x,y € G. Then there exists a unique cubic mapping T : G — X such that
SA(lz)
1f(z) = T()]| < 8] (7.12)
forallxz € G.

8. STABILITY OF THE FUNCTIONAL EQUATION (1.6)
IN NON-ARCHIMEDEAN NORMED SPACES

In this section, we solve the stability problems of the functional equation (1.6) in
non-Archimedean normed spaces.

Throughout this section, let G be an additive semigroup and X be a complete non-
Archimedean space.
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Theorem 8.1. Let 1) : G? — [0, 4+00) be a function such that
plir&\m+n|’pw((m+n)px,(m+n)py) =0 (8.1)
for all x,y € G. Suppose that, for all x € G, the limit
U(x) = pan;o max {|m + 0| F e ((m + n)rz, (m+n)ky) 10 <k < p} (8.2)
exists and f : G — X is a mapping satisfying

[ £one +m) - T @) - P p - )| < i) (53)
for all x,y € G. Then the limit
T(x) = Jim (m+n)~" f((m+n)'z)

exists for allx € G and T : G — X is a mapping satisfying

I/ () !

Ix = @ (8.4)

for all x € G. Moreover, if

lim lim max{|m + 0|7y ((m +n)rz, (m+n)ky) 1 j <k <p —|—j} =0 (8.5)

j—r00 p—00

for all x € G, then T is the unique mapping satisfying (8.4).

Proof. Putting y = x in (8.3), we get

Wﬁﬁiﬁﬁ_f@w b(z, ). (8.6)

< -
m+n X~ |m+n|

Replacing z by (m + n)P~ 'z in (8.6) and dividing both sides by (m + n)P~1, we get

[{lmt ) _ At nr =i
(e ()

P = ekl (om0 (e ),

(8.7)
) —+o0

for all z € H. It follows from (8.1) and (8.7) that the sequence {%} ) is a
=

+o00
%}pzl is convergent.

Cauchy sequence. Since X is complete, so the sequence {
Set
P
T(z) = tim LU EW"D)

p—oo  (m+n)P

Using induction we see that

(m+n)Pz) 1 _
H (m ) f(x)”X_ T max {\m+n| ML ((m+n)*ex, (m4n)Fz) ; O§k<p}.

The rest of the proof is similar to proof of the Theorem 6.1. [
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Theorem 8.2. Let 1) : G? — [0,4+00) be a function such that

7H&muwm¢menwwminy):0 (8.8)

for all x,y € G. Suppose that, for all x € G, the limit
U(z) = 1i kel a Y
(z) n;néomax{\m+n| w((m—i—n)k’ (m+n)k
exists and f : G — X is a mapping satisfying
m+n m-—n
|£ma ) = o f @+ y) - P @ - )| < vay) (8.10)

for all x,y € G. Then the limit

):0:O§k<p} (8.9)

1 l xr
T“*ﬁf&m”””me+ny>
exists for allx € G and T : G — X is a mapping satisfying
1
-T < —0 a1
| f () @Nx_m+m(@ (8.11)

for all x € G. Moreover, if

€z Y
(m+n)k" (m+n)*
for all x € G, then T is the unique mapping satisfying (8.11).

lim lim max{|m + n\k*1¢(

j—o0 p—00

Jiisk<n+jf=0 (812

Proof. Letting y = x in (8.10), we get

| £(m 4 m)z) = (m 4 ) f @) < (a2, (8.13)

for all x € G. If we replace z by (mfn)p in (8.13), then we have
R (e ) AU (e )| MO R (e
, Zﬁi%ﬁﬁ)’ (8.14)

for all z € G and all non-negative integer n. It follows from (8.14) and (8.8) that the
sequence {(m + n)Pf(m)} ) is a Cauchy sequence in X for all z € G. Since X is
p=

complete, the sequence {(m + n)Pf((mjn)p)} . converges for all x € G. On the other
n=
hand, it follows from (8.15) that

[+ n71 () = om0 ()

[ oo () e ()l o
< max{|[(m o+ ) () = b () p s <
< e e b (e )P < < )
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for all z € G and all non-negative integers p, ¢ with ¢ > p > 0. Letting p = 0 and passing
the limit ¢ — oo in the last inequality, we obtain (8.11).
The rest of the proof is similar to the proof of Theorem (6.1). L]
Corollary 8.3. Let vy :[0,00) — [0,00) be a function satisfying

t 1 1 1
——) <= )r, A ) < 8.16
’y<|m—&—n\)7’y |m 4 n vy |m 4 n |m + n| (8.16)

for allt > 0. Let § >0 and f: G — X be a mapping satisfying

R (Ca)]| NERICTCDERT(7)) B CREY

|y -

2 2
for all x,y € G. Then there exists a unique mapping T : G — X such that
25y(|=|)
-T < 8.18
) - 7@ < 2202 (519
forallz € G.
Corollary 8.4. Let v :[0,00) — [0,00) is a function satisfying
Y(Im +nft) < y(lm+nl)y(t),  y(Im+nl) <|m+n| (8.19)

forallt > 0. Let § >0 and f: G — X be a mapping satisfying

[ £one +m) = T @) = T f - )| < (el D) (8:20)

for all x,y € G. Then there exists a unique mapping T : H — X such that

26v(|z
Hﬂ@T@MXSVJﬂﬁ (8.21)

forallxz € G.
Proof. If v : G* — [0,00) is a mapping defined by v¥(z,y) = §(v(|z| + y(|y])) for all
z,y € G, then, from Theorem 8.1, the result follows. [

Corollary 8.5. Let v :[0,00) — [0,00) is a function satisfying

t 1 1 1
— < —_— t 8.22
VQm+nQ—7Qm+nQ“% VQm+m><pn+m (822)
forallt > 0. Let § >0 and f: G — X be a mapping satisfying
m-+n m-—n
|£ma+ny) = o fa+y) = TS @ = y)|| < 00D (D) (3:23)
for all x,y € G. Then there exists a unique mapping T : G — X such that

572 (lz)
|m + n|

I£@) = T(@)]x < (8.24)

forallz € G.

Proof. Define a mapping ¢ : G — [0,00) by ¥(z,y) = d(v(|z|) - v(|y|)) for all z,y € G.
Then, from Theorem 8.1, the conclusion follows. [
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Corollary 8.6. Let vy :[0,00) — [0,00) is a function satisfying
Y(Im + nft) < y(lm +nl)y(t), y(Im +nl) < |m+n| (8.25)
forallt > 0. Let § >0 and f : G — X be a mapping satisfying
m+n m—-n
|£ma +ny) = " @ y) - P fa = )| <0 Aleh) (3:26)

for all x,y € G. Then there exists a unique mapping T : G — X such that

87(|)
-T < 8.27
7@ -1y < T (827
forallxz € G.
Proof. Define a mapping ¢ : G2 — [0,00) by ¥(z,y) = 6(v(|z]) - v(|y])) for all z,y € G.
Then, from Theorem 8.1, the conclusion follows. ]
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