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1. INTRODUCTION

Variational inequality problem (VIP) is an approach of finding a point £* € E such
that

(A(€),6—€) >0, VEEE, (1.1)

where E is a nonempty closed convex subset of a real Hilbert space H, A: H — H is a
monotone operator and (-, -) denotes an inner product space. It is a fundamental problem
in optimization theory which is applied in many areas of study such as transportation
problems, economics, engineering and so on (see [7, 8, 20-23, 28, 29]).

There are two approaches for solving the VIP problem, namely, regularization and the
projection method. Based on these, many studies had carried out to study (1.1) with
several algorithms being considered and proposed (see for example [1-3, 13, 14, 17, 27]).
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In this study we are interested in the projection method. The basic idea of the pro-
jection method comes from extending the gradient projection method for minimizing a
function f(£) subject to £ € F which is given by:

§nt1 = Pr (&0 — MV (&), Vn>1, (1.2)

where {\,,} is a sequence of positive real numbers satisfying a particular condition and Pg
is a metric projection onto E. Replacing the gradient operator V f(&,) with an operator
A gives an immediate extension of the method to the VIP, where a sequence {&,} is
generated by the following iterative scheme:

However, a slightly strong assumption of strong monotonicity or strong inverse monotonic-
ity needs to be placed on the operator A to guarantee the convergence of the sequence
generated by this scheme (see [40]). To solve this problem, Korpelevich proposed the ex-
tragradient method for solving saddle point problem in [24], which was further extented
to solve (1.1). The method requires only the operator A to be monotone and L - Lipschitz
continuous for the convergence of the generated sequence {¢,} with A\, € (0,1/L).

The extragradient method needs to compute two projections onto the set E in each
iteration, which is going to be difficult in a situation where E is not a simple set to
project onto. Censor et al. introduced the subgradient extragradient method in [11, 12]
to overcome this drawback, where they replaced the second projection with a projection
onto a constructible half - space which has an explicit formula to compute. In the same
vein, Tseng [38] proposed an algorithm that requires only one projection onto the feasible
set.

Another effort towards solving the problem of double projections is the introduction of
projection and contraction method by some researchers (see [10, 14, 33, 36]). This method
just like the subgradient extragradient method has only one projection in each iteration
with advantages in computation and implementation over the subgradient extra-gradient
method [15]. Tt has the following form:

zn = Pg (£n - )‘Agn) y
d(&ny 2n) = &n — 2n — MAE — Azp), (1.4)
gn"rl = fn - V/Bnd(fna Zn); Vn Z 17

where v € (0,2) and 3, = {&n=2n.d(En20)) The gsequences generated by the above men-

d(€n 2n) 17
tioned algorithms converge weakly to the respective solutions.
Yekini et al. [33] introduced a projection contraction type algorithm which converges

strongly to the solution of the problem. Their scheme only needs a single projection
in each iteration with a pseudomonotone and L -Lipschitzs operator as the underlying
operator. The algorithm is given by:

zn = Pg (fn - )‘nAgn) 5
d(&ns 2n) = &n — 20 — A (A& — Azp), (1-5)
Ent1 = anéi + (1 — an)(€n — 1nd(&n, 2n)), Vn > 1,
where v € (0,2), a,, C (0,1) and
T, = {Wa it d(&n,2zn) #0,
0, it d(&n,2) =0.
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In virtue of the applicability of these methods, several works have been carried out in
this area by numerous researchers to extend, modify, and come up with algorithms that
are easier to implement and faster to converge to the solution of a given problem. Towards
this aim, inertial-type algorithms that are based upon a discrete version of a second-order
dissipative dynamical system [4] were proposed. The inertial step is considered to be a
strategy for accelerating the convergence of the iterates. Alvarez and Attouch [5] used
the procedure in solving the problem of finding zero of a maximal monotone operator.

Recently, inertial schemes have received increasing interests ( see for instance [6, 14,

, 30-32, 37, 39]). In particular, Dong et al. [14] incorporated projection-contraction
scheme with inertial extrapolation step as follows:

Wy, = &p + O‘n(fn - £n71)

zn = Pg (w, — Muw,,) ,

AWy, zp) = Wy — 2, — MAw, — Azp),
€nt1 = wy — YBnd(wn, 2n), Vn > 1,

where v € (0,2),

d)(wﬂ,,zﬂ,) 3
B = {|d<wn,zn>|2’ i d(wn, 20) #0,

(1.6)

0, if d(wp,zn) =0
and
¢(wna Zn) = <wn — Zn, d(wn7 Zn)> .

They established that the sequence generated by (1.6) algorithm converges weakly to the

solution of (1.1) similar to most inertial type algorithms. However, the paper [20] for
fixed point problems and recently in [34] introduced inertial type algorithms with strong
convergence.

In this paper, motivated and inspired by the above works, we propose an inertial one-
step projection-contraction algorithm by incorporating the inertial extrapolation step.
This modification aims to obtain an algorithm with faster and strong convergence prop-
erties which performs better under mild conditions imposed on the parameters. Further-
more, we present several numerical examples to illustrate the performance and the effect
of the inertial step when compared to the existing algorithms in the literature.

This paper is organized as follows: In Section 2, we give some definitions and lemmas
which we will use in our convergence analysis. In Section 3, we present the convergence
analysis of our proposed algorithm. Lastly, in Section 4, we illustrate the inertial-effect
and the computational performance of our algorithms by giving some examples.

2. PRELIMINARIES

This section, recalls some known facts and necessary tools that we need for the con-
vergence analysis of our method.

Throughout this article H is a real Hilbert space with inner product (-, ) and induced
norm ||-||, £ is a nonempty, closed and convex subset of . The notations &, — ¢ and
&, — & are used to indicate that, the sequence {&,} converges weakly and strongly to £
respectively. The following are known to hold in a real Hilbert space:

1€ = 9lI* = 1€l + lloll* £ 2 (&, v) (2.1)
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and

lag + (1 = a)n)|* = all€]* + (1 = a)[In]]* — (1 = ) [I€ — y]|? (2.2)
for all £,y € H and a € R [9].

Definition 2.1. Let A : H — H be a mapping defined on a real Hilbert space H. A is
said to be:

(1) monotone if
(A€) = Av),§ —1) 20, VEyeH.

(2) L -Lipschitz continuous on H if there exists a constant L > 0 such that
IAE = Apl < LI€ = vll, V& p e H.

One of the nice property of a solution set of the VIP defined by a continuous monotone
operator is, it is closed and convex.

Lemma 2.2. [34] Let E be a nonempty closed and convex subset of H, & € H be arbitrarily
given, 9= Pg& and ' :={w e H : (w—E&w—1) <0}. ThenI'NE = {n}.

Lemma 2.3. [9] Let E be a nonempty, closed and convex subset of H and Pg be the
metric projection from H onto E (i.e., for & € H, ||€ — Pg&|| = inf{||E—1v| : v € E}.
Then, for any & € H, vw= Pg& if and only if there holds the relation:

<£_Uay_n>§07 VyéE

Lemma 2.4. [34] Let E be a nonempty, closed and convex subset of H. Let A: E — H
be a continuous, monotone mapping and &* € E. Then
where € is the solution set of the VIP.
Lemma 2.5. [31] Let E be a nonempty, closed and convex subset of H, y = Pr& and
&€ E. Then

[y — €51 < 1€ = €11 = [I€ — vl (2.4)

3. INERTIAL ONE STEP PROJECTION AND CONTRACTION ALGORITHM

Here we present our proposed projection-contraction type algorithm and convergence
analysis of the sequence generated by it. In the sequel, we denote the solution set of (1.1)
as 2 and we assume the following to hold:

Assumption 3.1. The following conditions are assumed for the convergence of our
method:

(A1) The feasible set E is a nonempty closed and convex subset of the real Hilbert
space H.

(A3) The solution set  of the VIP (1.1) is nonempty.

(A2) A:H — Hisamonotone, L - Lipschitz and uniformly continuous on bounded
subsets of H.

(A4) The real sequence {«,} is a non-decreasing with {a,} € [0,a) for all n €
N for some a € [0,1/3) and {8,} C [3,1) is a non-increasing sequence with
lim, 0o B, =0 and Y 7| @, = 00.
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Algorithm 1 Inertial one-step projection and contraction algorithm for variational in-

equality

Initialization: Choose the sequences {a,,} and {f8,} such that, the conditions from
assumption 3.1 hold. Let A\, C (0,1) and v C (0,2). Let &y,& € H be given starting

points:
Steps 1: Set
Wy, = 5n§0 + (1 - ﬁn)gn + an(gn - gn—l);
and compute
zn = Pg (wn - A?LAwn) .

If z,, = w, STOP.
Step 2: Compute
§n+1 = ﬂnwn + (1 - ﬁn) tn,

where
tn = Wy — ’YTnd(w,m Zn)
with
d(w"’ Z”) =Wp — Zn — A (.A’wn - .AZn) ,
and
(Wn—=2n,d(Wn,2n))
r— ) ez A A, za) 20,
0, if d(wna Zn) =0,

Step 3. Set n =n+ 1 and go back to Step 1.

(3.2)

Definition 3.2. Suppose ki, ks are given positve constants. For given &,, let z, and
d(&,, zn) be defined by (3.1) and (3.2) respectively. We say that the parameter \,, € (0, c0)
in Algorithm 1 satisfies the step-size conditions, if its related direction d(&,, z,,) satisfies

<wn — Zn, d(wnvzn» 2 k1||wn - ZnH2
and

<wn — Zn, d(w'ru Zn)>
ld(wn, 20)]”

Lemma 3.3. Let £ € Q, then, from Algorithm 1, we have

= R2.

* * 2—7
[tn — €)1 < [lwn — €I* - Tth —wy?

and

1+ X212
A — w2

oo =1l = 0D

Proof. Observe that ¢, = w, —ymd(wy, z,) and

”tn - E*HQ = ||(wn - f*) - ’YTnd(wmzn)HQ

= |lw, — 5*”2 — 29T (wp — &, d(wn, 2n)) + '727721||d(wm Zn)H2

(3.7)
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Observe that

(W, — &, d(Wn, 2n)) = (Wn — 2, d(Wp, 20)) + (25, — €, d(wn, 2n)) - (3.8)
Since £* € Q, it follows from (3.1) and Lemma 2.3 that

(zn — &, Wy — 25, — A\ Awy,) > 0. (3.9)
Since (AL*, z, — &*) > 0 and the fact that £* € Q, from the monotonicity of A, we have

(Azp, 2, — ") > 0. (3.10)
Thus, we have

(A Azp, zn, — &) > 0. (3.11)

Adding (3.9 )and (3.11), we get
(20 — E  wWn — 2 — ApAwy, + A\ Az,) > 0.

Therefore, we have

(2n — £, d(wn, 2,)) 2 0. (3.12)
From (3.8) and (3.12), it follows that
<wn - E*a d(wru Zn)> > <wn — Zn, d(wnyzn)> . (313)

Substituting (3.13) in to (3.7), we get
[tn — €% < lwn — 511> = 2970 (wn — 20, d(wn, 2)) + V73 | d(wn, 20) ||
= ||wn - §*||2 - 277—71 <wn — Zn, d(w'ru Zn)> + '727—71 <wn — Zn, d(w'ru Zn)>

= ”wn - €*||2 - 7(2 - ’)/)Tn <wn — Zn, d(wn,zn» .

(3.14)
By the definition of ¢,,, we obtain
1
T Wy — 2y AW, 20)) = ||Tnd(wn, 2,)||* = ?Hzn —wy, | (3.15)
Substituting (3.15) in (3.14), implies
* * 2 - Y
[t — €% < llwn — €71 ~ Tllzn — wnll. (3.16)

Now, observe that, from the Cauchy - Schwarz inequality and the Lipchitz property of
A,
(W, — 2n, d(Wn, 7)) = Wy — 2n, Wy — 2n — A (Aw,, — Azp))
= lwn — 2 |1* = An (W — 20, Aw,, — Azy,)
> s — 2l = Al — 2w, — A | 317
> (1= X L)[wn — 2%
Using equation (2.1) and the monotonicity property of A, we get
szl = an = 2~ An (A, — Az
= |lwp — 2n||? + N2 || Aw,, — Az, ||? = 2\ (Wi — 2, Aw, — Az,)
< Jlwn = zall® + A2 Awy — Az |?
<1+ X2L%)|w, — 2%
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By (3.17) and (3.18), we have
(W, — 2n, d(Wn, 2n)) S 1—A.L
ld(wn, zn) 1> 7 1+ AZL2
From (3.15), (3.17) and and (3.19), we obtain
th - wn||2 > '727'71(1 - )‘nL)”wn - Zn||2
o2 (1 -\, L)?
=TT a2
which implies that

Tn =

[|wy, *ZnHza

1+ M2 5
This completes the proof.

l|lwn — tn||2 <

(3.18)

(3.19)

(3.20)

(3.21)

Lemma 3.4. Suppose that, Assumption 3.1 holds. Then for each n € N, we have

_Zﬁn <£n - 5*7671 - £O> 2 ||£n+1 - §*||2 - Hgn - 5*”2 + 2an+1”£n+1 - §n||2
=20 [1€n = En1l® + Brs1lléo = Ensall? = Bullén — &oll®
- anngn - 5*”2 + anflngnfl - 5*”2

+ (1 - 3an+1 - 6n)||£n - §n+1||2

Proof. Now, it follows from the definition of &,41 and equation (2.2) that

€1 = €°11* = 11 Bn(wn =€) + (1 = Ba) (tn — €)1

(3.22)

= Bn”wn - f*HQ + (1 - 6n)”tn - f*H2 - ﬁn(l - Bn)”tn - wn||2

= Bullwn — €12 4+ (1= Bu)ftn — £ — 2

From Lemma 3.3, we have,

B

ﬁ”ffﬂrl - wn||2.

(3.23)

9 _
Ves — €12 < Bullwn — €2 + (1 — ) (w R —wn|2)

- (f’}gn)ugnﬂ —w P

(1 — 5n)(2 _ 7)
v

= |lwn - €°|* ~

B

< lwp — €7 - mﬂfnﬂ — wy%.

Since f,, € [%, 1), this implies that (f% 5 = 1. Therefore, we have

€1 = €11 < wn — €717 = [|€ns1 — wall*.

€41 = wall* -

— Bn)

(1

B

€n+1 — wall?

(3.24)

(3.25)
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Using (2.1) and the definition of w,, we get

lwn = €11 = [[(€n =€) + anl(én — &n—1) — Bul&n — &)
= [[€n — €117 + llan(&n — €n-1) = Bu(&n — &0)I1?
26— € lEn — Eu1) — Buln — &)
= [l6n = £°I12 + 20m (€ — €€ — €n1) — 2B {60 — €7, 0 — &0)
+llan(€n = €n-1) = Bulén — &0)II*.
(3.26)
Similarly, by replacing £* with &,41 in the previous equations, we have
[wn = &nsa?
= [16n = €nr1ll® + 20m (En — €nr1,€n = Enm1) — 2Bn (n — Env1,6n — &0)  (3:27)
+ o (&n = &n1) = Ba(&n = 0)II*:
Now, substituting (3.26) and (3.27) in (3.25) and using (2.2), we obtain

[€nt1 — €*|7
< 1€ — £ + 2an (€n — €%, 6n — Enm1) — 2Bn (€n — €5, &n — &0)

—[|&n — 5n+1||2 — 20 (§n — &ng1,6n — En—1)

+ 280 (§n — &nt1,€n — &0) (3.28)
= [[én — E* 117 4 20 (€n — €, &n — En1) — 2Bn (€ — £, &n — &0)

— 160 = & I? + anllén — Enrall® + anllén — Enall®

— anll€n = ng1 + (En — En1)I” + 280 (€ — Ent1, & — &) -

Therefore, we have

€1 = €12 = 116 — E°1I* — anllén — Enrll* + (1 — an)ll€n — Ensal®

< =285 (60 — €& — o) + 20 (60 — €7, &n — &n—1) + 280 (&n — &nt1,€n — &0)

= 26 (€n — € &n — &) — anllén—1 — EI* + anll€n — €1 + anllén — & ])?
= 160 = &nr1ll® + Bll&ns1 = &all® + BllEn — &oll?,

(3.29)
where we applied (2.2) in the last equation. Hence, we have
=280 (&0 — & & — &0)
> [|€nsr = 112 = 1I€n — €117 = 20m41[[nt1 — &nll® = 2anl€n — &nr]?
(3.30)

+ an (€n—1 = & I17 = 16 — €°117) + Bn (I160 — nsall® — 6n — &lI7)
+ (1= an — 2041 — Bn)ngwl - gnHQ

Therefore, from the fact that, the sequences {«,,} and {3, } are non-decreasing and non-
increasing sequences respectively, then (3.22) follows. Hence, the proof. ]

Theorem 3.5. Suppose that Assumption 3.1 holds. Then the sequence {&,} generated
by Algorithm 1 is bounded.
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Proof. By the simple rearrangement of (3.22), we have

€1 — €717 = 1€n — €711

< anllén = P = an-1llén-1 = €1 = (1 = Bant1 = Bu)lléns1 — &nll?

— 2011 ll€ns1 = &nll® + 20 160 — a1 ll® = Buyilléo — Entall®
+ Bullén — &olI> — 280 (€n — 0,60 — €7) (3.31)

= an[én = €117 — ana1llén1 — €17 = (1 = Bant1 = Bu)[ént1 — &all?

— 2041 [[ént1 — &nll® + 20m|€n — En—1ll” — Brt1 €0 — nta |
+ Bullén — &oll? + Balléo — €117 — Bullén — &oll* — Ballén — €711,

where we used (2.2) in the last equation. Hence we have

1€ns1 = €7 = [16n — €11 + Bullén — €712

< apllén = NP = an-1lléa—r = €17 = (1 = Bans1 = Bu)léns1 — &all®  (3:32)
— 2041 [l€nt1 = &nll® + 200 1€ — Enr||? + Balléo — €¥[1*.

Let px = exp2§:1 Bi k> 1. Notice that, since exp® > 1+ x for some = € R, we obtain

1 " %
—— (Pns1llntr = €1 = pallén — €°11%)
Pn+1

= |1 = €17 = 16n = €17 + ——(pnr1 = pu) €0 = €17 (3.33)
Pn41

< Néngr = €1 = lI€n = 117 + Bntallén — €711
Using the fact the sequence {3, } is non-increasing in (0, 1], we have
P (Prs1lléns1 — EI1° — pnllén — €*1%) (3.34)
< nrr — €117 = 1€ — €11 + Bullén — €117
Substituting (3.34) in (3.32), we have
—— (prsalnss = €17 = pullén = €°IP)
< apllén = €N = an-alln-1 = E1° = (1 = Bant1 = Ba)nt1 — &all?
= 2011 [|€nt1 = &nll* + 200 1€ — Enmr I+ Balléo — €°11%.
From the fact that p,, < p,y1 = pnexp”*! and {3,} is non-increasing, we have
prtillénsr — €)1 = pallén — €11
< pupranllén — &7 = pnam—1llén—1 — €117 = pnia (1 = Bant1 — Bu)[éntr — &all?
— 2pns10n 41 [[6nt1 = Enll® 4+ 2pnam exp™ €0 — Eua | + puy1Balléo — €711
Since Bn4+1 < By, this can be written as
prtillénsr = €17 = pulln — €17
< prgranllén — €17 = pran_allén1 — |17
— pop1 [1 = a1 3+ 2(exp™ ! —1)) = B,] [|€nt1 — &ul?
— 2pn110m41[[6nt1 — &nll® + 2pnam exp™ €0 — Eua | + puy1Ballo — £7I1
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By Assumption 3.1 and {a,} C [0, o], we have
1= app1(3 4 2(exp” ™ —1)) — B, > 1 — a(3 + 2(exp”™ ™ —1)) — B,

Using the fact that lim,, o 8, = 0 and «a,, € [0,1/3), it follows that, for all N € N large
enough, there is a § > 0 such that

1— a3+ 2exp’ ™ —1) -8, >6
for all n > N. Therefore, we have

Prt1ll€ns1 — 5*H2 = pnllén — 5*”2

< put1anllén = €117 = pran—1ll€n—1 = €°11* = dpn+1l&nsr — &nall?
— 201011 ][€ns1 — nll® + 2pnam exp”H 1€, — & )?
+ p+1Blléo — €717

Now, for all n > N, we have

160 — €*117 Z Pj+10;

j=N+1
> prgillénsr — €17 4 2ont10n41 exp/+t [€n+1 — fn”Z — Prr1anl&n — €
— ot lléntr — €117 — 2pn+1ans1 expP U |En 1 — NP + pvpran||En — €77
(3.35)

Dividing (3.35) by px+1 and dropping the non-positive term —2p,, 11,11 exp?+1 ||€,41 —
&nll?, we have

€n+1 = €17 = nll&n — €712

<exp "t [pnpil|Enar — €% + 2onr1antt exp? € — En? (3.36)

n
_pN+1aN||€N _ £*||2} + HSO _ §*||2exp—tn+1 Z ﬂj expthrl,
j=N+1

where t, = 37, 8;. Notice that 3; exp®+1 < exp?(exp?’ —exp'i-1) for all j > 2. There-
fore, we have

n n
> pinaBi= > Bjexpltt <exp’lexp —exp'™) <exp’exp.  (3.37)
j=N+1 J=N+1

Putting (3.37) in (3.36) with exp~/»+* <1, we get

[€ntr — £*|7
< —anllén — 17 + pviallEnsr — €117 + 2pnr1an 11 exp™ [ — En )P
— pnpan|lén — €7 + exp® exp™ [[&o — €7
< —allén — €17 + pngallén — E11° + 2pnpr1an 41 exp™ 0 [[En g — En|?
+exp? |60 — €17
(3.38)
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By the simple calculation and using the convergence of a geometric series, we obtain
€1 — €1 < =" N|Ens1 — €|
1 _ex||2 2 BN4+1 _ 2
t1 4 (pn+1llénss — €117 + 20N 1an 41 exp [€n+1 —Enl
+exp? [ — €°[1%) -
(3.39)
Since the a < 1, It now follows that the sequence {§,,} is bounded. n

Lemma 3.6. Let Assumption 3.1 holds and let {£,} be the sequence generated by Algo-
rithm (1). Suppose that

Jim (€01 — €ull =0
and
nhjgo (||§n+1 — &) = anllén - 5*”2) =0.

Then, the sequence {&,} strongly converges to the solution £* € .
Proof. By the hypothesis, we have

0= lim (|61 — &2 - anllén — €°1P)

= i [([ns1 — €1+ yanlen — €1 (1enser — €~ Vamlién — 1))

Now, we claim that

Tm (e — €1+ Valien — £°1) = 0.

To see this, assume that the above equality does not hold. Then there exist v > 0 and a
subset NV C N such that, for all n > N,

[€nt1 = §° 1 + Vanll§n — £ > v. (3.41)
Using the fact that, a, < o <1 and (3.40), we have
0= lim (J&nrs — €1 — e — €°1)
= limsup (||§n+1 - gn + gn - S*H + vV an”fn - §*||)

neN

= 1imES]\1[1P (I&n = €°l = Nén+1 = &nll = Vanll&n — €711

(3.40)

> limsup (1= v/an) 16 = €l = lgnss = &l (3.42)
= (1 — y/a,) limsup ||&, — &*|| — lim ||§nt1 — &nll

neN neN
= (1 - y/a,)limsup ||&, — &

neN

This implies that limsup,,¢y [|§, — &[] < 0. Clearly, liminf,cn ||, — &[] > 0. Therefore,
it follows that lim,en ||&n — £*|| = 0. By (3.41), this implies

1€nt1 = &nll = €nt1 = €711 = [I€n — €7l
= [[€nt1 = &l + Vanllgn = &l = (1 + Van) 60 — €7l

1%
> 2
-2

for all n € N large enough, which is a contradiction. Hence the proof follows. [
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In the next theorem, we prove the convergence of the sequence {&,} generated by
Algorithm 1.

Theorem 3.7. Suppose that Assumption 3.1 holds. Then, the sequence {&,} generated
by Algorithm 1 strongly converges to a solution £* € €.

Proof. Let {T,,} be a sequence defined by

T, = Hgn - 5*”2 - O‘n—lugn—l - §*H2 + 20‘nH§n - §n—1||2 + Bann - §0||2-

Now, we claim that the sequence {T;,} is non-negative. To see this, using the assumptions
on the sequence {a,,} in Assumption 3.1 and (2.1), we have

T = o = €17 = ot (61 = €0l + 60 = €1 +2 (i1 6060 - €) )
420060 — u 1P+ Bullén — ol
— s = €1 = ctn-a (261 = &0IP + 260 = €1 =~ Ionsa — 260 €717
420,60 — u 1P+ Bullén — ol
> o — €12~ 200t [0t — Eull + 26— €12 — s — 261 — €°[
20060 — Eu P+ Ballén — ol

1
> §||§n - 5*”2 + ﬁann - §0H2

> 0.
(3.43)
Applying {T,,} in Lemma 3.4, we have
Tn+1 _Tn+(1_3an+1 _ﬂn)Hgn _€n+1H2 (3 44)

< _2571 <§n - €*a§n - £0> :
We now consider two cases
Case 1: Suppose for some N € N sufficiently large enough 7,1 < T, that is, the
sequence {7} is monotonically non-decreasing. Then obviously {7} is convergent. It
follows from Assumption 3.1 and 3.5 that, there exists § > 0 and M > 0 such that

1 —3apt1 — Bn > 6 and 2|{§, — £*, &, — &o)| < M respectively. Therefore, from (3.44),
we obtain

6||§71+1 - £n||2 < ﬁnM +T, — Tn+1 —0 asn — oo. (345)
Therefore, we have
1 (€ — €l 0.

Using the fact that /3, — 0, the boundedness of the sequence {&,} and the convergence
of {T,}, the limit

pi= Tim (fensn — €12 = anllén — €°1) (3.46)
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exists and is equal to lim, o, Tp4+1. In particular, (3.43) implies that u > 0. Now, we
show that u = 0. Suppose that p > 0. Since the sequence {£,} is bounded, we can select
a subsequence {&,, } which converges weakly to p € H such that

liminf (€, — £°,€° — &) = lim {6, —€',€" — &) = (p— £, — &)
Next, we show that p € Q. Observe that
8llwn = &nll < [1Bn(&0 = &n) + an(&n — &n—1)
< Bulléo = &nll + anllén — &n—1]] — 0 as n — .
This implies that

(3.47)

1€nt1 = wall < [I€n = wnll + [I€n41 = &nll = 0 as n — oco. (3.48)

Now, it follows from (3.25) and the assumption on the sequence {5, } in Assumption 3.1
that

1€nr1 = €717 < llwn — €17 = [6n+1 — wall?
< lwn = €17 = Ballwn — 2 (3.49)
< lwn = €517 = llwn — 2al|?
Since {&,} is bounded and hence {w, } are bounded, it follows from (3.49) that
lwn = znl* < wn — €17 = lgn41 — £
= (lwn = &Ml = n+1 = €11) (lwn — €17 + [€n+1 — €71)
(lwn = &1 = [1€nt2 = €711 M
l[wn = &nt1lM,
where M := sup,,>1{|[wn — &[], [€nt1 — €|} It now follows from (3.48) that

(3.50)

lim ||w, — 2,]| = 0.
n—oo

It then follows from (3.6) that
lim ||w, —t,] = 0.
n—roo

This implies that &, — 2, — 0. Therefore, z,, — p and since 2z, € E, we have p € E.
Similarly, wy,, — p. Now, for all £ € F, using Lemma 2.3 and the monotonicity of A, we
have

0 < (zn, — Wn,, + AAwn, , & — 2n,)
= (2Zn, — Wnyr & — Zny) + An (AWp, , Wny, — 2n,.) + An (Awp,, & — wp,) (3.51)
< (ny — Wiy § — Wy ) + A (AWny, Wiy — 20y ) + A (A€ € — why)
Passing through the limit, we have
(A, —p) >0, VEEE.
Then Lemma (2.4), implies p € € so that
liminf (£, — €7,6" — €o) = (p— £, € — &) > 0, (3.52)
where the last inequality follows from Lemma 2.3. Now, from (3.46), we have

liminf |61 — €17 > tim ([6s — €17 — anllén — €)= .



An Inertial Projection and Contraction Scheme ... 1125

Since p > 0, for some Ny € N large enough, we have
l6nsr — €17 2 30 V2 M
Observe that
(€n =€ 6 —C0) = & — €17 + (€a — €€ — &) - (3.53)
Using (3.53), the equation (3.52) will be
liminf (¢, — €€, — €0) = liminf (||gn — €12 + (6 — €, €" — &)

> lim inf (;u +(6n — €6 — €o>)

= Sutlimint (€, — €6 &)

1

> —u.
> S

It implies once again that, for some Ny € N large enough,
. 1
(6 =€ 60 —60) > gu V= Ny
Therefore, it follows from (3.44) that
1
Tn+1 - TTL S _§Bn,u’7 vn Z N27
which implies that
1 n
5h D P STy, =Ty < Ty, ¥n>N,.
k=N,
This contradicts our assumption on the sequence {3, } in Assumption 3.1. Therefore we
must have p = 0. Hence the sequence {&,} converges strongly to a solution £*.
Case 2: Suppose the sequence {7} is not monotically decreasing. For some N € N
large enough, define a map ¢ : N — N for all n > N by
¢(n) :=max{k e N: k <n,T, <Thy1}. (3.54)

Clearly, ¢(n) is a non-decreasing sequence such that ¢(n) — oo as n — oo and Ty(,) <
Ty(ny4+1 for all n > N. Therefore, in a similar manner as the proof of Case 1, it follows
from (3.44) that

8l1€pmy+1 — o) I* < BomyM — 0 as n — oo, (3.55)
where M > 0 is a constant. Thus

I€s(n)+1 — Egmyll = 0 as n — oo. (3.56)
Similarly as in Case 1 above, it follows that

1€s(n)+1 — Wom)ll = 0 as n — oo,

[won) — Loyl = 0 as n — oo, (3.57)
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and
1€o(n) — 2oyl = 0 as n — oo. (3.58)

Again, notice that, for & > 0, by (3.44) , Txy1 < Ty when & ¢ ' = {£ € H :
(€ —&0,& — &) < 0}. Therefore, since Ty(,) < Ty(ny41, we have g,y € I' for all n > N.
Now, since {{4(n)} is bounded, we can select a subsequence (for simplicity, we denote it
by {€s(n)} ) which weakly converges to ¢ € H. Since I is a closed convex and hence
weakly closed, it then implies that £ € T. Similarly as in Case 1, using (3.58), we have

Zg(n) — £ and f € Q. Consequently, we have { e I'NQ, and so, from Lemma 2.2, f &,
Moreover, since §4(,,) € I', we have

€5y — E°117 = (Ep(ny — €0:Epny — €°) — (€5 — €0, Ep(n) — €7)
— (& = &0, &pm) — £ -

Taking the limsup through the last inequality gives
limsup [[£4(n) — || < 0.
n—roo
Thus we have
||§¢>(n) — f*” — 0 asn— oo.
Now, we claim that lim,, o Ty(n)+1 = 0. It is easy to see by simple calculation and using

3.56) and (3.58) that, lim,, o0 Ty(n)+1 Which is given by
$(n)+

n—r oo

lim Ty g = lim. (||§¢(n)+1 = &7 = g l€smy — €°IIP

+200(m)+11p(m)+1 — € I” + By +1[1€o(m)+1 — §0||2)
goes to zero. We next show that, the limit of T, is actually zero, that is, lim, ., T),, = 0.
Notice that, if n # ¢(n), T,, < Ty(n)+1 for all n > N since Ty > Ty for on)+1<k<
n — 1. It follows that, for all n > N,
T, < maX{TqS(n)v Td)(n)+1} = T¢(n)+1 — 0,

and so limsup,, ,., T < 0. On the other hand, (3.43) implies that liminf, ., T, > 0.
Therefore, lim, o, T, = 0. Consequently, by the boundedness of the sequence {,},
(3.44) and Assumption 3.1, we have

lim ||&, — &nt1|| — 0 as n — oo.
n—oo
Thus, the definition of {7} implies

Tim ([[€nss — €2 — anllén — £°1%) =0

It is now easy to see that, using Assumption 3.1, the last equation gives the strong
convergence of {&,} to £*. n
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4. NUMERICAL ILLUSTRATIONS

Here, we analyze the computational performance and the inertial-effect of our proposed
algorithm by giving some computational experiments and comparisons with some existing
algorithms in the literature. For reference, our codes were written using the Matlab
program (Matlab R2016b) and were run on a PC with Intel(R) Core(TM)i5, CPU @
1.4GHz, and RAM 4.00 GB.

Example 4.1. [14] Let consider the VIP (1.1) with an operator A defined as

A(&1,&2) = (281 + 28 +sin(&y), =261 + 262 + sin(&z))

for all £1,& € H with E = {£ € R? : —10 < &, < 10, n = 1,2}. The unique solution of
this problem is £* = (0,0)7 . It can be shown that A is a strongly monotone and L -
Lipschitz with Lipschitz constant L = 1/26.

We give the numerical analysis of Example 4.1 in Table 1, where €, &y, "iter” and CPU
denote respectively the tolerance, initial point, number of iterations and CPU time.

TABLE 1. Results of Example 4.1 for Algorithm 1 with different initial values

€ 1072 10~* 10> 107 1073 10-%  107° 107
&o Tter. Tter. TIter. Iter. cpu. cpu. cpu. cpu.
(1,10)T 10 43 329 32334 0.2598 0.3939 3.2108 354.5379
(10,10)T 12 56 458 44957 0.2799 0.4388 4.2567 510.9625
(5,200 15 7 662 66477 0.2898 0.6129 6.8006 627.5416

Example 4.2. [19] Let us consider the fractional programming problem defined as fol-
lows:

minT'(§) = gTPsz _C’_ng(f =

subject to £ € X := {€ € R* : dT¢ +dy > 0}

with
5 -1 2 0 1 2
-1 5 -1 3 -2 1
P = 9 -1 3 ol Cc = 9> d= E 00—2, d0—4
0 3 0 5 1 0

It can be seen that P is symmetric and positive definite in R*, therefore, T is pseudo-
convex on X. Minimizing T' over F = {5 ER*:1<¢,<10,n=1, ...,4} C X using
Algorithm 1 with A(§) := ((dT€ + do)(2P& + ¢) — d(§TPE + T+ ap)) /(dT€ + do)*. Tt
is clear that £* = (1,1,1,1)7 in E is the unique solution of this problem.

In Table 2 we present the numerical analysis of Example 4.2 with different initial values
and stopping criteria.
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TABLE 2. Results of Example 4.1 for Algorithm 1 with different initial values

€ 103 107* 10° 10° 1073 10* 107 10-°
&o Tter. TIter. Iter. Iter. cpu. cpu. cpu. cpu.
(10,10,10,10)T 75 236 749 2369 0.5752 1.8721 7.4670 23.3459
(5,10,15,20)T 89 283 898 44957 0.6249 2.2638 9.3607 29.9212
(10,20,30,40)7 128 408 1292 4087 0.9729 3.4837 13.1561 43.9974

Example 4.3. [16] Let the operator A(§) := ME¢ + q,& € R™. This is a prominent
Example considered in the literature by many authors, see for example [33, 35], where
M = BBT + C + D, with B, C and D as n x n square matrices such that C is a skew-
symmetric, and D is a diagonal matrix with nonnegative diagonal entries. Therefore, M
is a positive semi-definite and ¢ is a vector in R™. We defined the feasible set E := {£ €
R™ : Q¢ < b} as a closed and convex subset E C R™, where @ is an | x n matrix and b
is a nonnegative vector. It can be seen that A is monotone and M-Lipschitz-continuous.
When ¢ = 0, the solution set is 2 := {0}.

Algorithm 1 ¢
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F1GURE 1. Comparison of error estimate with respect to the number of
iterations of Alg.1, Alg.4.0, Alg.4.1 and Alg.4.3 with different sizes of m
and ! (see Example 4.3 ).
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In this example we use H := R", and L := ||M]|. Similar to the example in [16],
we choose randomly the starting points & € [0,1]™ and & € [0,1]™. We compare our
proposed Algorithm with the Inertial Projection and Contraction Algorithm [14] given by
(1.6), the Single Projection Method Algorithm introduced in [33] and the Halpern type
Subgradient Extragradient Algorithm studied in [25]. For convenience we denote these
algorithms respectively as Alg. 4.0, Alg. 4.3 and Alg. 4.1. We use ||&, — &*|| < e = 0.005
as the stopping criterion. For this experiment we take A,, = 0.9/||M|| for Alg. 1, Alg. 4.3
and Alg. 4.0, A = 1/2||M|| for Alg. 4.1. We randomly generate the matrices A,b, B,C, D
and, we take 8, = 1/(n+2), a, = 0.3 and v = 1.99 for Alg. 1, a, = 1/(13n + 2) and
v =1.99 for Alg.4.3, o, = 0.4 for Alg. 4.0 and «,, = 1/(100n + 2) for Alg. 4.1.

We recall that, the Halpern-type subgradient extragradient algorithm studied in ([25])
is given by:

So €H,

zn = Pp (& — 7 (&),

Tn:{wEH : <§n_7'f(§n)_znaw—zn> So}a
Ent1 = ano + (1 — an)Pr, (& — 7f(21))

where f : H — H and E C H is nonempty, closed and convex. We also recall the Single
Projection Method Algorithm introduced in [33] given as follows:

Initialization: Choose sequence {a,} C (0,1) with lim,, oo o, = 0 and Y7 | v, =
oo. Ler A, € (0,00), v € (0,2) and let & € H be a given stating point: Set n = 1.
Steps 1:

zn = Pg (& — M AE) (4.2)

If ¢, — z, =0 STOP
Step 2 Compute

Ad(&nyzn) =&n — 2n — A (AL, — Azy), (4.3)
Step 3 Compute
§nt1 = i + (1 = an) (§n — 1Pnd(8n, 2n)),
where p,, is given by
P = {<£n|clf§jz(«i’§|’z2")>’ i d(En,20) 70,
0, if d(&n,2n) =0,
Step 3. Set n =n+ 1 and go back to Step 1.

We compare the number of iterations and the execution time of these algorithms for
different sizes of m and [ in Table 3, Figure 1 and Figure 2.
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TABLE 3. Comparison of Algorithm 1 with some existing Algorithms

m,l Alg. 1 Alg. 4.0 Alg. 4.1 Alg. 4.3
20, 20 Tter. 110 1039 813 188
cpu 1.4292 12.0576 10.7666 2.7607
20, 50 Iter. 93 947 558 129
cpu 1.1522 10.8669 7.226187 1.5127
30, 70 Tter. 270 1726 1216 506
cpu 4.0807 23.6044 17.9609 8.7087
30, 100 Iter. 258 1975 1443 368
cpu 4.0943 34.2453 24.5201 6.2354
10° %N*;;; 10° ~>5\Q
. %\\ &835&6%@& - ‘ﬁ En\a\q“&c\
S Ti " s).e‘%?&@*ss B E \l 5\0\&&0\0\&
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0 ‘,* L*»M e . . e %3&% QS_&%%\
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F1GURE 2. Comparison of error estimate with respect to the elapsed

(D) m = 20,1 = 100

time of Alg. 1, Alg. 4.0, Alg. 4.1 and Alg. 4.3 with different sizes of m
and ! (see Example 4.3 ).
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5. CONCLUSION

In this article, we presented a one-step inertial projection algorithm for solving VIP.
The algorithm incorporates an inertial term with the projection-contraction method. We
have shown that the sequence generated by our proposed algorithm converges strongly
under mild assumptions imposed on the underlying operator. We also presented some nu-
merical examples to illustrate the computational performance of our proposed algorithm.
Moreover, we compared the proposed algorithm with other strong convergence algorithms
[25, 33] and inertial projection and contraction algorithm presented in [14]. Our proposed
algorithms performed better in both the number of iteration and computational time
compared to these algorithms.
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