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Abstract : In this paper, we introduce a new iterative scheme for finding a com-
mon fixed point of a finite family of generalized asymptotically quasi-nonexpansive
mappings in a Banach space and then obtain strong convergence theorems.
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1 Introduction

Let C be a nonempty closed convex subset of a real Banach space X. A
mapping T : C' — C is said to be
(1) nonexpansive if || Tz — Ty|| < ||lx —yl| for all x,y € C;
(ii) quasi-nonexpansive if || Tz — p|| < ||z — p|| for all z € C and p € F};
(iil) asymptotically nonexpansive if there exists a sequence {r,} in [0,00) such
that lim,, o r, = 0 and

| Tz — T y| < (1 + )|z — vl

forallxz,y € C andn > 1;
(iv) asymptotically quasi-nonexpansive if there exists a sequence {r,} in [0, 00)
such that lim,,_, o r, = 0 and

[Tz = pll < (1 + )z = pl,

forallz e C,pe F(T) and n > 1;
(v) generalized quasi-nonexpansive if there exists a sequence {sn} in [0,1) such
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that lim,, .o S, = 0 and
[T"2 — pl| < [l = pl| + snlle = Tz,

forallz e C,pe F(T) and n > 1;
(vi) generalized asymptotically quasi-nonexpansive if there exist two sequences
{rn} and {s,} in [0,1) such that im, o, =0 =lim,,_ s, and

[T"x —pll < (1 + 7o)z —pll + snlle = T"z|,

forallz € C;pe F(T) andn > 1.
From the above definitions, it is clear that :

(i) a nonexpansive mapping is a generalized asymptotically quasi-nonexpansive
mapping;

(ii) a quasi-nonexpansive mapping is a generalized asymptotically quasi-nonexpansive
mapping;

(iii) an asymptotically nonexpansive mapping is a generalized asymptotically
quasi-nonexpansive mapping;

(iv) an asymptotically quasi-nonexpansive mapping is a generalized asymptot-
ically quasi-nonexpansive mapping.

(v) a generalized quasi-nonexpansive mapping is a generalized asymptotically
quasi-nonexpansive mapping.
However, the converse of the statements is not true, we have the following example
shows that a generalized asymptotically quasi-nonexpansive mapping may be not
a generalized quasi-nonexpansive mapping and also may be not an asymptotically
quasi-nonexpansive mapping.
Example Let X = ¢, with the norm || - || defined by

llz|| = sup |zi|, V& = (z1, 22, ..., Tpn,...) € X,
iEN

and C = {z = (x1,29,...,Zpn,...) € X 1 x; > 0,21 > 2;,,Vi € N and x9 = 21}.
Then C' is a nonempty subset of X.
Now, for any x = (21,2, ..., Tn,...) € C, define a mapping T : C — C as follows

T(z) = (0,211,0,....,0, ....).

It is easy to see that T is a generalized asymptotically quasi-nonexpansive mapping.
In fact, for any « = (z1, za, ..., Ty, ...) € C, taking T(z) = z i.e.,

(0,221,0,...,0,....) = (T1,Z2, e, Tpy, -..).

Then we have F(T') = {(0,0,...,0,...)} and T"(x) = (0,0,...,0,...), Vn = 2,3, ....
For all 71, s; € [0,1) with 71 + 57 > 1, we have
[T(z) = pll = (1 +r1)|lz = pl| = sifla = T(z)]

1(0,221,0,...,0,.. )] — (1 + r)||(x1, T2, cooy Tnoy ) || = S1I[(21, T2, oty Ty )|
2x1 — (14 r1)x; — s121
0

IN
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and

177 (2) = pll = L+ )l = pll = sullz =T ()|

0— (14 ry,)z — spay
< 0,

for all n = 2,3, ....{r,} and {s,} C [0,1) with r, — 0 and s, — 0 as n — 00, and
so T is a generalized asymptotically quasi-nonexpansive mapping. However, T is
not a generalized quasi-nonexpansive mapping. Since

IT(x) =pll = llz = pll =s1lle =T(@)| = 221 —21 =511
> 0,Vs; € [0,1).

And T is not an asymptotically quasi-nonexpansive mapping with respect to {r,}.
Since

1T(z) —pll = (Lt r)lle—pll = 221 —(1+r)n
> 0,Vr; € [0,1).

Since 1972, the weak and strong convergence problems of iterative sequences
(with errors) for asymptotically nonexpansive types mapping in the condition of
a Hilbert space or a Banach space have been studied by many authors (see, for
example, [1],[3], ).

In this paper, we introduce a new iteration process for a finite family {T; : i =
1,2,...,m} of generalized asymptotically quasi-nonexpansive mappings as follows

Let C be a closed convex subset of a Banach space X and zg € C. Suppose
that o, € [0,1],¢=0,1,2,....m and n > 1. Let {T; : ¢ = 1,2,...,m} be a family
of self-mappings of C'. The iteration scheme is defined as follows :

Tp+1 = Snxnz vn Z 17 (11)
where S, = aonl + a1, T7" + @2, T + ... + apn Ty with D200 ) i = 1.

Clearly, the iteration process (L.I) generalizes the modified Mann iteration
from one mapping to the finite family of mappings {7T; : i = 1,2,...,m} . The
main purpose of this paper is to establish a necessary and sufficient condition for
strong convergence of the iteration scheme (1.1) to a common fixed point of a
finite family of generalized asymptotically quasi-nonexpansive mappings in a Ba-
nach space.

We need the following useful known lemmas for the development of our results.

Lemma 1.1. [5, Lemma 2.2] Let the sequence {a,} and {u,} of real number sat-
isfy :

pt1 < (14 up)ap, Vn>1,

where an, >0, u, >0 and Yoo | u, < co. Then
(1) limy,— o0 a,, exists;
(ii) #of liminf,, o a, = 0, then lim, o a, = 0.
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Lemma 1.2. [2, Lemma 2.2] Let C' be a nonempty closed subset of a Banach space

X and T : C — C be a generalized asymptotically quasi-nonexpansive mapping
with the fized point set F(T) # 0. Then F(T) is a closed subset in C.

2 Convergent Theorem in a Banach Space

In this section, we prove strong convergence theorem of the iteration scheme
(1.1) under some suitable conditions :

Lemma 2.1. Let C be a nonempty closed conver subset of a Banach space X
and {T; :i=1,2,....,m} a family of generalized asymptotically quasi-nonexpansive
self-mappings of C. Assume that F := (o, F(T;) # 0, >..°  rn < 00 and
Zzozl S, < 00 where r, = MaXi<i<m Tin 0Nd S, = MaXi<i<m Sin. Define the
sequence {x,} as in (I.1). Then

(i) there exists a sequence {8, } in [0,00) such that > >~ | 8, < 0o and ||Tn41 —
pll < (14 0p)||xn —pl|| for allp € F and n > 1;

(ii) there exists a constant M > 0 such that ||xnir — p|| < M||zy — pl| for all
peF andn, k> 1.

Proof. (i) Let p € F, r,, = maxj<j<m Tin and s, = Maxi<;<m Sin-
Now, we have

[zni1 —pl = |IShan =l
||O‘0n-73n + alnT{lxn + a2nT2nxn + ...+ O‘mnT»,ZIn - p”

< aonlzn = pll + 1| 1120 — pll + a2 || T5'zn — pl|
+ oo+ || T — D

< O‘On”In *p” + aln((l Jr7"17L)H1'n *p” + Sln”xn - Tlnxn”)
+ a2n((1 + r2n>||xn - pH + 32onn - T2n$n||)
+ot O‘mn((l + rmn) |20 = pll + Smnllzn — Tﬂzan)

< aonllzn —pll + an((l +7ro)llTn — pll + sallzn — T1n1‘n||)

+ a2n((1 +rp)||lzn — pl + SnHmn - T;xn”)
4+ o+ ozmn((l + r0)||xn — pll + snllxn — T:}anH)
= (aon +o1n(l+ 1) + a2n(1+70) + oo + A (14 13)) |25 — pl|

+ sn(alnHmn =TV || + aonllzn — T3 xn|l + - + amn|lzn — T,?L:EnH)
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< (aon(T4 1) + oan(l+ 1) + azn(1+ 1)
+ oot amn (L4 10)) lzn — Il + sn(a1nllzn — TT @, ||
+ Qopll@n — T3 @n || + ... + Q|| 20 — Tiixal])

= (aon + @1n + @on + oo + @mn ) (1 + 1) |20 — P

+ sy, (alonn — TV, || + aonllzn — T3 n|| + .- + mn||en — TTZLB”H)

IN

(I +7rp)l|zn — Dl + Sn (oqn”xn —TVxp|| + aonllTn — T3 @n|| + -
+ amp |0 = Tinll)- (2.1)

Now, we show that ||z, — Tz, | < ff;z lzn —pll, i=1,2,...m

Fori=1,2,3,...,m, we have

|zn — T znll < lzn —pll + |17 2, — pl|
<z = pll + (1 + i) |20 — pll + sinllTn — an
< zn = pll + A+ ) llzn = pll + snllzn — T3 an
247
T, lzn =Pl (2.2)

It follows from (2.1) and (2.2) that

247 2+
[Znt1 —pll < (T+ra)lzn — p||+5n(a1n1_ nH n_p||+a2n1_7n” n =Dl
n
247
247
n
2+r
< (1+Tn+5n1_sn)||xn_p||' (23)

n

Put 6, = rn + 8,75 2+T” . By assumption, it follows that Y>> | 6, < co. Hence above
formula reduces to ||£Cn+1 —p|| < (146,)||zn —p||- This completes the proof of (i).
(ii) If ¢t > 0 then 1 +¢ < e'. Thus, from part (i), we get

||$n+k _pH < (1+5n+k—1)|‘xn+k—1 _pH
< exp{nti—1}|Tntrr—1 — Dl
< exp{nsh—1}(1 + nti—2)|Tnsr—2 — Dl
< exp{0p+k—1}exp{l + dnir—2}|Tnik—2 — Pl
n+k—1
< exp{ Y i}z —p
i=1
0
< exp{>_&i}lzn —pll.
i=1
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Setting M = exp{>_ =, §;}, then ||z, 4 — p|| < M|z, — p|. This completes the
proof of (ii).
O

Theorem 2.2. Let C' be a nonempty closed convex subset of a Banach space X and
{T; :i=1,2,....,m} a family of generalized asymptotically quasi-nonexpansive self-
mappings of C. Assume that F := (2, F(T;) #0, > 0" rm <00 and Y .7 | $p <
00 where Ty, = MaxXi<i<m Tin and S, = MaXi<i<m Sin. 1hen the iterative sequence
{xn} defined by (1.1) converges strongly to a common fized point of the family of
mapping if and only if liminf, .. d(z,, F) = 0, where d(x,, F) = inf,cr ||z — p||.
Proof. We will only prove the sufficiency, the necessity is obvious. From Lemma
2.1/ (1), we have ||zp+1 — p|| < (1 +d,)||zn, — pll, ¥n > 1. Therefore

d(xpi1, F) < (14 6p)d(zn, F) and Zéi < 0.
n=1
By Lemma [I.1 and lim inf,, . d(x,, F) = 0, we get that lim,, ., d(z,, F') = 0.

Next, we prove that {z,} is a Cauchy sequence. From Lemma 2.1 (ii), we have

[#nir = pll < Ml|zn — pll; (2.4)

for all p € F and n, k > 1. Since lim,, o d(zy, F') = 0, for each ¢ > 0, there exists
a natural number ny such that d(z,, F) < 337> vn > ni. Hence, there exists
z1 € F such that

€
zn, — 21l < M (2.5)

From (2.4) and (2.5), Vn > ny, we have

[Zntk = 21l + |20 — 21

Mjzn, = 21l + M[zn, — 2|

€.

|Zn+k — @nl

IN A IA

Thus {x,} is a Cauchy sequence in X. By the completeness of X, we also have
that {z,} is a convergent sequence. Assume that {x,} converges to a point p’.
Then p’ € C because C' is a closed subset of X. By Lemma 1.2, we know that F
is closed. From the continuity of d(x, F') = 0 with d(x,, F) — 0 and z,, — p’ as
n — oo, we get d(p’, F) =0 and so p’ € F'. This completes the proof. O

A generalized quasi-nonexpansive mapping must be a generalized asymptoti-
cally quasi-nonexpansive mapping, so we have

Corollary 2.3. Let C' be a nonempty closed convexr subset of a Banach space

X and {T; : i = 1,2,....,m} a family of generalized quasi-nonexpansive self-
mappings of C. Assume that F := (o, F(T;) # 0 and Y77, s, < oo where
Sp = MaXi<i<m Sin- 1Lhen the iterative sequence {x,} defined by (1.1) con-

verges strongly to a common fixed point of the family of mapping if and only if
liminf,, o d(zy, F) =0, where d(z,, F) = infpcp ||z — p||.
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An asymptotically quasi-nonexpansive mapping is a generalized asymptotically
quasi-nonexpansive mapping, so we have

Corollary 2.4. Let C' be a nonempty closed convex subset of a Banach space
X, and {T; : i = 1,2,...,m} a family of asymptotically quasi-nonexpansive self-
mappings of C. Assume that F := (-, F(T;) #0 and > 7 r, < 00 where 1, =
maxi<i<m Tin. Lhen the iterative sequence {x,,} defined by (1.1) converges strongly
to a common fized point of the family of mapping if and only if iminf,, ., d(z,, F) =
0, where d(z,, F') = infpcp ||z — p||.

Corollary 2.5. Let C' be a nonempty closed convex subset of a Banach space X
and {T; : i = 1,2,...,m} a family of generalized quasi-nonexpansive self-mappings
of C. Assume that F := (2, F(T;) 0, >0 1 <00 and Y > | $n < 00 where
Ty = MaX1<i<m Tin ONd Sy, = MaX1<;<m Sin- 1hen the iterative sequence {x,}
defined by (1.1) converges strongly to a point p € F if and only if there exists a
subsequence {xy,} of {x,} which converges to p.

Theorem 2.6. Let C' be a nonempty closed convexr subset of a Banach space X
and {T; : i = 1,2,...,m} a family of generalized quasi-nonexpansive self-mappings
of C. Assume that F:= (2, F(T;) 0, >0 7 <00 and Y > | $n < 00 where
Ty = MaAX1<i<m Tin ANd Sp = MAX1<i<m Sin-
Suppose that there exists a map T; which satisfies the following conditions:

(i) imy— oo |2 — Tjzn| = 0;

(ii) there exists a constant M such that ||z, — Tz, || > Md(zn, F), Yn > 1.
Then the iterative sequence {x,} defined by (1.1) converges strongly to a point
peF.

Proof. From (i) and (ii), it follows that lim, . d(z,, F) = 0. By Theorem 2.2,
{z,} converges strongly to a common fixed point of the family of mappings. [
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