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Abstract : In this paper, we introduce a new iterative scheme for finding a com-
mon fixed point of a finite family of generalized asymptotically quasi-nonexpansive
mappings in a Banach space and then obtain strong convergence theorems.
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1 Introduction

Let C be a nonempty closed convex subset of a real Banach space X. A
mapping T : C → C is said to be

(i) nonexpansive if ‖Tx− Ty‖ ≤ ‖x− y‖ for all x, y ∈ C;
(ii) quasi-nonexpansive if ‖Tx− p‖ ≤ ‖x− p‖ for all x ∈ C and p ∈ F ;
(iii) asymptotically nonexpansive if there exists a sequence {rn} in [0,∞) such

that limn→∞ rn = 0 and

‖Tnx− Tny‖ ≤ (1 + rn)‖x− y‖,

for all x, y ∈ C and n ≥ 1;
(iv) asymptotically quasi-nonexpansive if there exists a sequence {rn} in [0,∞)

such that limn→∞ rn = 0 and

‖Tnx− p‖ ≤ (1 + rn)‖x− p‖,

for all x ∈ C, p ∈ F (T ) and n ≥ 1;
(v) generalized quasi-nonexpansive if there exists a sequence {sn} in [0, 1) such
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that limn→∞ sn = 0 and

‖Tnx− p‖ ≤ ‖x− p‖+ sn‖x− Tnx‖,
for all x ∈ C, p ∈ F (T ) and n ≥ 1;

(vi) generalized asymptotically quasi-nonexpansive if there exist two sequences
{rn} and {sn} in [0, 1) such that limn→∞ rn = 0 = limn→∞ sn and

‖Tnx− p‖ ≤ (1 + rn)‖x− p‖+ sn‖x− Tnx‖,
for all x ∈ C, p ∈ F (T ) and n ≥ 1.
From the above definitions, it is clear that :

(i) a nonexpansive mapping is a generalized asymptotically quasi-nonexpansive
mapping;

(ii) a quasi-nonexpansive mapping is a generalized asymptotically quasi-nonexpansive
mapping;

(iii) an asymptotically nonexpansive mapping is a generalized asymptotically
quasi-nonexpansive mapping;

(iv) an asymptotically quasi-nonexpansive mapping is a generalized asymptot-
ically quasi-nonexpansive mapping.

(v) a generalized quasi-nonexpansive mapping is a generalized asymptotically
quasi-nonexpansive mapping.
However, the converse of the statements is not true, we have the following example
shows that a generalized asymptotically quasi-nonexpansive mapping may be not
a generalized quasi-nonexpansive mapping and also may be not an asymptotically
quasi-nonexpansive mapping.
Example Let X = `∞ with the norm ‖ · ‖ defined by

‖x‖ = sup
i∈N

|xi|, ∀x = (x1, x2, ..., xn, ...) ∈ X,

and C = {x = (x1, x2, ..., xn, ...) ∈ X : xi ≥ 0, x1 ≥ xi, ∀i ∈ N and x2 = x1}.
Then C is a nonempty subset of X.
Now, for any x = (x1, x2, ..., xn, ...) ∈ C, define a mapping T : C → C as follows

T (x) = (0, 2x1, 0, ..., 0, ....).

It is easy to see that T is a generalized asymptotically quasi-nonexpansive mapping.
In fact, for any x = (x1, x2, ..., xn, ...) ∈ C, taking T (x) = x i.e.,

(0, 2x1, 0, ..., 0, ....) = (x1, x2, ..., xn, ...).

Then we have F (T ) = {(0, 0, ..., 0, ...)} and Tn(x) = (0, 0, ..., 0, ...), ∀n = 2, 3, ....
For all r1, s1 ∈ [0, 1) with r1 + s1 ≥ 1, we have
‖T (x)− p‖ − (1 + r1)‖x− p‖ − s1‖x− T (x)‖

= ‖(0, 2x1, 0, ..., 0, ...)‖ − (1 + r1)‖(x1, x2, ..., xn, ...)‖ − s1‖(x1, x2, ..., xn, ...)‖
= 2x1 − (1 + r1)x1 − s1x1

≤ 0
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and

‖Tn(x)− p‖ − (1 + rn)‖x− p‖ − sn‖x− Tn(x)‖ = 0− (1 + rn)x1 − snx1

≤ 0,

for all n = 2, 3, ...,{rn} and {sn} ⊂ [0, 1) with rn → 0 and sn → 0 as n →∞, and
so T is a generalized asymptotically quasi-nonexpansive mapping. However, T is
not a generalized quasi-nonexpansive mapping. Since

‖T (x)− p‖ − ‖x− p‖ − s1‖x− T (x)‖ = 2x1 − x1 − s1x1

> 0 ,∀s1 ∈ [0, 1).

And T is not an asymptotically quasi-nonexpansive mapping with respect to {rn}.
Since

‖T (x)− p‖ − (1 + r1)‖x− p‖ = 2x1 − (1 + r1)x1

> 0 , ∀r1 ∈ [0, 1).

Since 1972, the weak and strong convergence problems of iterative sequences
(with errors) for asymptotically nonexpansive types mapping in the condition of
a Hilbert space or a Banach space have been studied by many authors (see, for
example, [1],[3],[4]).

In this paper, we introduce a new iteration process for a finite family {Ti : i =
1, 2, ..., m} of generalized asymptotically quasi-nonexpansive mappings as follows
:

Let C be a closed convex subset of a Banach space X and x0 ∈ C. Suppose
that αin ∈ [0, 1], i = 0, 1, 2, ...,m and n ≥ 1. Let {Ti : i = 1, 2, ..., m} be a family
of self-mappings of C. The iteration scheme is defined as follows :

xn+1 = Snxn, ∀n ≥ 1, (1.1)

where Sn = α0nI + α1nTn
1 + α2nTn

2 + ... + αmnTn
m with

∑m
i=0 αin = 1.

Clearly, the iteration process (1.1) generalizes the modified Mann iteration
from one mapping to the finite family of mappings {Ti : i = 1, 2, ..., m} . The
main purpose of this paper is to establish a necessary and sufficient condition for
strong convergence of the iteration scheme (1.1) to a common fixed point of a
finite family of generalized asymptotically quasi-nonexpansive mappings in a Ba-
nach space.

We need the following useful known lemmas for the development of our results.

Lemma 1.1. [5, Lemma 2.2] Let the sequence {an} and {un} of real number sat-
isfy :

an+1 ≤ (1 + un)an, ∀n ≥ 1,

where an ≥ 0, un ≥ 0 and
∑∞

n=1 un < ∞. Then
(i) limn→∞ an exists;
(ii) if lim infn→∞ an = 0, then limn→∞ an = 0.
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Lemma 1.2. [2, Lemma 2.2] Let C be a nonempty closed subset of a Banach space
X and T : C → C be a generalized asymptotically quasi-nonexpansive mapping
with the fixed point set F (T ) 6= ∅. Then F (T ) is a closed subset in C.

2 Convergent Theorem in a Banach Space

In this section, we prove strong convergence theorem of the iteration scheme
(1.1) under some suitable conditions :

Lemma 2.1. Let C be a nonempty closed convex subset of a Banach space X
and {Ti : i = 1, 2, ..., m} a family of generalized asymptotically quasi-nonexpansive
self-mappings of C. Assume that F :=

⋂m
i=1 F (Ti) 6= ∅, ∑∞

n=1 rn < ∞ and∑∞
n=1 sn < ∞ where rn = max1≤i≤m rin and sn = max1≤i≤m sin. Define the

sequence {xn} as in (1.1). Then

(i) there exists a sequence {δn} in [0,∞) such that
∑∞

n=1 δn < ∞ and ‖xn+1−
p‖ ≤ (1 + δn)‖xn − p‖ for all p ∈ F and n ≥ 1;

(ii) there exists a constant M > 0 such that ‖xn+k − p‖ ≤ M‖xn − p‖ for all
p ∈ F and n, k ≥ 1.

Proof. (i) Let p ∈ F , rn = max1≤i≤m rin and sn = max1≤i≤m sin.
Now, we have

‖xn+1 − p‖ = ‖Snxn − p‖
= ‖α0nxn + α1nTn

1 xn + α2nTn
2 xn + ... + αmnTn

mxn − p‖
≤ α0n‖xn − p‖+ α1n‖Tn

1 xn − p‖+ α2n‖Tn
2 xn − p‖

+ ... + αmn‖Tn
mxn − p‖

≤ α0n‖xn − p‖+ α1n

(
(1 + r1n)‖xn − p‖+ s1n‖xn − Tn

1 xn‖
)

+ α2n

(
(1 + r2n)‖xn − p‖+ s2n‖xn − Tn

2 xn‖
)

+ ... + αmn

(
(1 + rmn)‖xn − p‖+ smn‖xn − Tn

mxn‖
)

≤ α0n‖xn − p‖+ α1n

(
(1 + rn)‖xn − p‖+ sn‖xn − Tn

1 xn‖
)

+ α2n

(
(1 + rn)‖xn − p‖+ sn‖xn − Tn

2 xn‖
)

+ ... + αmn

(
(1 + rn)‖xn − p‖+ sn‖xn − Tn

mxn‖
)

=
(
α0n + α1n(1 + rn) + α2n(1 + rn) + ... + αmn(1 + rn)

)‖xn − p‖
+ sn

(
α1n‖xn − Tn

1 xn‖+ α2n‖xn − Tn
2 xn‖+ ... + αmn‖xn − Tn

mxn‖
)
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≤ (
α0n(1 + rn) + α1n(1 + rn) + α2n(1 + rn)

+ ... + αmn(1 + rn)
)‖xn − p‖+ sn

(
α1n‖xn − Tn

1 xn‖
+ α2n‖xn − Tn

2 xn‖+ ... + αmn‖xn − Tn
mxn‖

)

= (α0n + α1n + α2n + ... + αmn)(1 + rn)‖xn − p‖
+ sn

(
α1n‖xn − Tn

1 xn‖+ α2n‖xn − Tn
2 xn‖+ ... + αmn‖xn − Tn

mxn‖
)

≤ (1 + rn)‖xn − p‖+ sn

(
α1n‖xn − Tn

1 xn‖+ α2n‖xn − Tn
2 xn‖+ ...

+ αmn‖xn − Tn
mxn‖

)
. (2.1)

Now, we show that ‖xn − Tn
i xn‖ ≤ 2+rn

1−sn
‖xn − p‖, i = 1, 2, ...,m.

For i = 1, 2, 3, ..., m, we have

‖xn − Tn
i xn‖ ≤ ‖xn − p‖+ ‖Tn

i xn − p‖
≤ ‖xn − p‖+ (1 + rin)‖xn − p‖+ sin‖xn − Tn

i xn‖
≤ ‖xn − p‖+ (1 + rn)‖xn − p‖+ sn‖xn − Tn

i xn‖
=

2 + rn

1− sn
‖xn − p‖. (2.2)

It follows from (2.1) and (2.2) that

‖xn+1 − p‖ ≤ (1 + rn)‖xn − p‖+ sn

(
α1n

2 + rn

1− sn
‖xn − p‖+ α2n

2 + rn

1− sn
‖xn − p‖

+ ... + αmn
2 + rn

1− sn
‖xn − p‖)

=
(
1 + rn + (α1n + α2n + ... + αmn)sn

2 + rn

1− sn

)‖xn − p‖

≤ (
1 + rn + sn

2 + rn

1− sn

)‖xn − p‖. (2.3)

Put δn = rn +sn
2+rn

1−sn
. By assumption, it follows that

∑∞
n=1 δn < ∞. Hence above

formula reduces to ‖xn+1−p‖ ≤ (1+ δn)‖xn−p‖. This completes the proof of (i).
(ii) If t ≥ 0 then 1 + t ≤ et. Thus, from part (i), we get

‖xn+k − p‖ ≤ (1 + δn+k−1)‖xn+k−1 − p‖
≤ exp{δn+k−1}‖xn+k−1 − p‖
≤ exp{δn+k−1}(1 + δn+k−2)‖xn+k−2 − p‖
≤ exp{δn+k−1} exp{1 + δn+k−2}‖xn+k−2 − p‖
...

≤ exp{
n+k−1∑

i=1

δi}‖xn − p‖

≤ exp{
∞∑

i=1

δi}‖xn − p‖.
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Setting M = exp{∑∞
i=1 δi}, then ‖xn+k − p‖ ≤ M‖xn − p‖. This completes the

proof of (ii).

Theorem 2.2. Let C be a nonempty closed convex subset of a Banach space X and
{Ti : i = 1, 2, ..., m} a family of generalized asymptotically quasi-nonexpansive self-
mappings of C. Assume that F :=

⋂m
i=1 F (Ti) 6= ∅, ∑∞

n=1 rn < ∞ and
∑∞

n=1 sn <
∞ where rn = max1≤i≤m rin and sn = max1≤i≤m sin. Then the iterative sequence
{xn} defined by (1.1) converges strongly to a common fixed point of the family of
mapping if and only if lim infn→∞ d(xn, F ) = 0, where d(xn, F ) = infp∈F ‖x− p‖.
Proof. We will only prove the sufficiency, the necessity is obvious. From Lemma
2.1 (i), we have ‖xn+1 − p‖ ≤ (1 + δn)‖xn − p‖, ∀n ≥ 1. Therefore

d(xn+1, F ) ≤ (1 + δn)d(xn, F ) and
∞∑

n=1

δi < ∞.

By Lemma 1.1 and lim infn→∞ d(xn, F ) = 0, we get that limn→∞ d(xn, F ) = 0.
Next, we prove that {xn} is a Cauchy sequence. From Lemma 2.1 (ii), we have

‖xn+k − p‖ ≤ M‖xn − p‖, (2.4)

for all p ∈ F and n, k ≥ 1. Since limn→∞ d(xn, F ) = 0, for each ε > 0, there exists
a natural number n1 such that d(xn, F ) ≤ ε

3M , ∀n ≥ n1. Hence, there exists
z1 ∈ F such that

‖xn1 − z1‖ ≤ ε

2M
. (2.5)

From (2.4) and (2.5), ∀n ≥ n1, we have

‖xn+k − xn‖ ≤ ‖xn+k − z1‖+ ‖xn − z1‖
≤ M‖xn1 − z1‖+ M‖xn1 − z1‖
≤ ε.

Thus {xn} is a Cauchy sequence in X. By the completeness of X, we also have
that {xn} is a convergent sequence. Assume that {xn} converges to a point p′.
Then p′ ∈ C because C is a closed subset of X. By Lemma 1.2, we know that F
is closed. From the continuity of d(x, F ) = 0 with d(xn, F ) → 0 and xn → p′ as
n →∞, we get d(p′, F ) = 0 and so p′ ∈ F . This completes the proof.

A generalized quasi-nonexpansive mapping must be a generalized asymptoti-
cally quasi-nonexpansive mapping, so we have

Corollary 2.3. Let C be a nonempty closed convex subset of a Banach space
X and {Ti : i = 1, 2, ..., m} a family of generalized quasi-nonexpansive self-
mappings of C. Assume that F :=

⋂m
i=1 F (Ti) 6= ∅ and

∑∞
n=1 sn < ∞ where

sn = max1≤i≤m sin. Then the iterative sequence {xn} defined by (1.1) con-
verges strongly to a common fixed point of the family of mapping if and only if
lim infn→∞ d(xn, F ) = 0, where d(xn, F ) = infp∈F ‖x− p‖.
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An asymptotically quasi-nonexpansive mapping is a generalized asymptotically
quasi-nonexpansive mapping, so we have

Corollary 2.4. Let C be a nonempty closed convex subset of a Banach space
X, and {Ti : i = 1, 2, ...,m} a family of asymptotically quasi-nonexpansive self-
mappings of C. Assume that F :=

⋂m
i=1 F (Ti) 6= ∅ and

∑∞
n=1 rn < ∞ where rn =

max1≤i≤m rin. Then the iterative sequence {xn} defined by (1.1) converges strongly
to a common fixed point of the family of mapping if and only if lim infn→∞ d(xn, F ) =
0, where d(xn, F ) = infp∈F ‖x− p‖.
Corollary 2.5. Let C be a nonempty closed convex subset of a Banach space X
and {Ti : i = 1, 2, ..., m} a family of generalized quasi-nonexpansive self-mappings
of C. Assume that F :=

⋂m
i=1 F (Ti) 6= ∅, ∑∞

n=1 rn < ∞ and
∑∞

n=1 sn < ∞ where
rn = max1≤i≤m rin and sn = max1≤i≤m sin. Then the iterative sequence {xn}
defined by (1.1) converges strongly to a point p ∈ F if and only if there exists a
subsequence {xnj} of {xn} which converges to p.

Theorem 2.6. Let C be a nonempty closed convex subset of a Banach space X
and {Ti : i = 1, 2, ..., m} a family of generalized quasi-nonexpansive self-mappings
of C. Assume that F :=

⋂m
i=1 F (Ti) 6= ∅, ∑∞

n=1 rn < ∞ and
∑∞

n=1 sn < ∞ where
rn = max1≤i≤m rin and sn = max1≤i≤m sin.
Suppose that there exists a map Tj which satisfies the following conditions:

(i) limn→∞ ‖xn − Tjxn‖ = 0;
(ii) there exists a constant M such that ‖xn − Tjxn‖ ≥ Md(xn, F ), ∀n ≥ 1.

Then the iterative sequence {xn} defined by (1.1) converges strongly to a point
p ∈ F .

Proof. From (i) and (ii), it follows that limn→∞ d(xn, F ) = 0. By Theorem 2.2,
{xn} converges strongly to a common fixed point of the family of mappings.
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