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Abstract In this paper, we study and integrate the positive solution of fractional pantograph differential
equation with mixed conditions of the from:

RLDg+u(t) + f(t7 u(t)vu()‘t)) =0, te (07 1)7 0<A< 1,

n
w(0) =0, rrDE,u(1) =Y asu(m), 0<p<1, ni€(0,1),
=1

where 1 < ¢ <2, a; €R, n €N, and RLDS+7 RLD(Z;]Jr are the Riemann-Liouville fractional derivative of
order gq,p, f :[0,1] X R Xx R — R is a continuous function. By using the fixed point theorems, the main
tools for finding positive solutions and uniqueness of this problem are obtained. We give one example of

the main results.
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1. INTRODUCTION

In recent decades, fractional calculus and fractional differential equations have at-
tracted the interest of many mathematicians and researchers. The fractional differential
equations have an important role in numerous fields of study carried out by mathemati-
cians, physicists and engineers. They have used it basically to developed the mathematical
modeling, many physical applications and engineering disciplines such as viscoelasticity,
control, porous media, phenomena in eletromagnetics etc. (See [1-3]). The major differ-
ences between fractional order differential operator and classical calculus is it’s nonlocal
behavior, that is the feature future state based on the fractional differential operator
depends on its current and past states. More details on the fundamental concepts of
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fractional calculus, fractional differential equations and fractional integral equations can
be found in books like A. A. Kilbas, H. M Srivastava and J. J. Trujillo [1], K. S Miller

and B. Ross [2], and J. Banas and K. Goebel [4]. Fractional integro-differential equations
involving the Caputo-Fabrizio derivative have been studied by many researchers from dif-
ferential points of view. (see, for example, [5—8] and the references therein) have been
published.

In the 1960s, the British Railways wanted to make the electric locomotive faster. An
important construct was the pantograph, which collects current from an overhead wire.
Therefore, J. R. Ockendon and A. B. Tayler studied the motion of the pantograph head
on an electric locomotive in [16]. In the solution procedure of this problem, they came
across a special delay differential equation of the form

2’ (t) = ax(t) + bx(At),t > 0,

where a,b are real constants and 0 < A < 1 for € R. When the article was published in
1971, this kind of delay differential equation was called pantograph equation. The pan-
tograph equation has many applications in electrodynamic and biology; see [9]. Several
authors have solved the pantograph differential equations of integer-order such as, Jacobi
operational method [10], Chebyshev polynomials [11], Bernoullie polynomials [12], varia-
tional iteration method [13], and so on. But there exist few methods applied to numerical
solution of pantograph differential equations of fractional-order.

Boundary value problem for fractional differential equation has aroused much attention
in the past few years; many professors devoted themselves to the solvability of fractional
differential equations, especially to the study of the existence of solutions for boundary
value problems of fractional differential equation.

Qualitative theory of differential equations have significant application, and the ex-
istence of solutions and of positive solutions of fractional differential equations, which
respect the initial and boundary value, have also received considerable attention. In
order to study such type of problems different kind of techniques such as fixed point
theorems [141-16], fixed point index [16, 17], upper and lower solutions method [18], coin-
cidence theory [19], etc are in vogue. For instance, in [20-23] the authors investigate the
existence of positive solutions for boundary value problems.

reDgcu(t) + f(t,u(t) =0, 0 <t <1,
with one of the boundary conditions
u(0) =wu(l) =0,
uw(0) +u'(0) = u(1) + /(1) =0,
where 1 < ¢ <2, f:[0,1] x [0,00) — [0,00) is continuous function and gy Dg, is the

Riemann-Liouville fractional derivative of order q.
In [24], the authors solve the problem:

RLDngu(t) +pf(tu) =0, 0<t <1,
u(0) =0, u(l) =e¢,
where 1< ¢<2, pueRT, ceR, f:]0,1] x [0,00) — [0,00) is continuous function and
R LDg + is the Riemann-Liouville fractional derivative of order gq.

In 2010 [25], the authors obtained the existence results of positive solutions for the fol-
lowing non-linear fractional boundary value problem:

RLDg+u(t) + f(t7u(t)) = 07 0<t< 17
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u(0) =0, Bu(n) = u(l),

where 1 < ¢<2, 8e€R~N{0},0<n<1, f:]0,1] x[0,00) = [0,00) is continuous
function and g LDgJr is the Riemann-Liouville fractional derivative of order q.

In 2013 [26], the authors study the existence and uniqueness of positive solutions for the
following integral boundary value problem:

rReDE u(t) + f(t,u(t) =0, 0<t <1,

where 1 < ¢ <2, f:[0,1] x [0,00) — [0,00) is continuous function and gy Dg, is the
Riemann-Liouville fractional derivative of order q.

In 2020 [27], the authors study and consider the positive solution of fractional differential
equation with nonlocal multi-point conditions of the form:

rrDgu(t) +g(t)f(t,u(t)) =0, t € (0,1),

uM(0) =0, u(l) = Zﬁi rLDgLu(n;),

i=1

wheren—1<qg<n, n>2, n—-1<p;<n, g>p,mneNk=01,....n—20<
m<m<--<kBi <0,k € (0,1],r DY, ,re Dyt are the Riemann-Liouville fractional
derivative of order ¢, p;, f : [0,1]xC([0,1], E) — E, E be Banach space and g : (0,1) — R™
are continuous functions.

There have already been lots of books and papers involving the positive solutions for
boundary value problems of fractional differential equation ; however, only a few papers
cover that for positive solution of boundary value problem involving fractional pantograph
differential equation. Inspired by the papers in [22-27], the objective of this paper is to
derive the existence solution of the fractional pantograph differential equations and mixed
conditions:

rL DI u(t) + F(tult), u(A) =0, t€[0,1], 0< A< 1,

u(0) =0, rLDYu(l) = au(n), 0<p <1, n €[0,1],

=1

(1.1)

where1 < ¢ <2, a; € R, n € N,and g D{,, rDj, are the Riemann-Liouville fractional
derivative of order ¢,p, f: [0,1] x R x R — R is a continuous function.

The current paper is organized as follows: Section 1 contains the introduction; in
Section 2, some basic definitions of fractional differential equations are introduced. In
Section 3, the main results are devided into two parts; a positive solution for fractional
pantograph differential equations is considered in Section 3.1; the study of existence and
uniqueness result via Boyd and Wong fixed point theorem and one example of the main
results are presented in Section 3.2. Finally, a conclusion is presented in Section 4.

2. PRELIMINARIES

Some basic definitions and properties of fractional differential equations are presented
in this section, which are used in this paper.
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Definition 2.1. [28] The Riemann-Liouville fractional integral of order ¢ > 0 with the
lower limit zero for a function f : (0,00) — R is defined by

roll, (1) = ﬁ /0 (t — 8= f(s)ds,

where I'(-) denotes the Gamma function defined by

F(q):/ e %517 1ds.
0

Definition 2.2. [28] The Riemann-Liouville fractional derivative of order ¢ > 0 of a
function f : (0,00) — R, is defined by

1 d\" [
D! )t =— = / t— )" f(s)ds,
(RL 0+f ( ) F(’I’L—q) <dt) 0 ( S) f(S) S
where n is the smallest integer greater than or equal to q.
Lemma 2.3. [29] Let b,q > 0 and = € C(0,b) N L*(0,b). Then
RLIg+ RLDS+I(t) =z(t) + ettt FeatT 4 et
where ¢; € R;7=1,2,...,n,n is the smallest integer greater than or equal to gq.

Proposition 2.4. [30] If 0 < r < ¢ then for f € LP([a,b],R), (1 < p < 00), the relation
rLD! (rRoIY, f(t)) =re I27" f(t) hold almost every on [a, b].

Proposition 2.5. [28] If ¢, p > 0, for p > —1 + ¢, we have gD, t* = %t”_q.
Lemma 2.6. [26] Let D be a subset of the cone P of semi-order Banach space FE,

T : D — E be non-decreasing. If there exist xg, yo € D such that zo < yo, (xo,y0) C D
and g, yo are the lower and upper solution of equation x — T'(x) = 0, then the equation
x — T'(x) = 0 has maximum and minimum solution z*, y* in (zg, yo) such that z* < y*,
when one of the following condition holds:

(1) P is normal and T is compact continuous;
(2) P is regular and T is continuous;
(3) E is reflexive, P is normal and T' is continuous or weak continuous.

Definition 2.7. [31] Let E be a Banach space and let A : E — E be a mapping. A is
said to be a non-linear contraction if there exists a continuous non-decreasing function
U :RT — RT such that ¥(0) = 0 and ¥(e) < € for all € > 0 with the property:

[Az — Ay||< ¥([lz - yl), Yo,y € E.

Theorem 2.8. [31] (Boyd and Wong fixed point theorem)
Let E be a Banach space and let A : E — E be a nonlinear contraction. Then A has a
unique fixed point in F.

3. MAIN RESULTS

In this section, first we establish the following Lemma to support our main results:
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Lemma 3.1. Let 1 < g < 2, Assume h(t) € C[0,1], then the following equation

RLDg+u(t) +h(t)=0,t€[0,1], 0< A<,

3.1
u(0) =0, rrDfyu(l) =Y awu(m), 0<p<1, n; € 0,1], 3.1)
i=1
has a unique solution u(t fo s)ds, where
1 -1 _ —p—1 _ _ _1
Gt s) = @ |t (1=95)T"P" o(s) = (t —s)1 0'(0)], 0<s<t<1 32)
e |17 (1= 8)T" a(s)), 0<t<s<l1

Proof. We may apply Lemma 2.3 to reduce equation (3.1) to an equivalent integral equa-
tion.

u(t) = —rpId h(t) + et + ot ?2
By u(0) = 0, we can get co =0
u(t) = —grpld h(t) +crt? !,
and second condition, we have

ca1l'(q)
I'(qg—p)

n n n
Zaiu(m) = - ZaiRngJrh(ni) +a Zamf L
i=1 i=1 i=1

RLDngu(l) = —RLIg:ph(l) +

So,

F _ B n
o = (‘1 P) [_ RLIZTPh(1) + Zamdgm(m)].

1 =
(g —p) Zamf =t

Hence,

417 (g —
4=p) [ rolg Ph(1) + Z airp Iy h(m)] :
I'(q—p) Zamq '—T(q) =t
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From Definition 2.1

=L L sy — RO )
u(t) = )/O(t )" h(s)d x

I'(q
I'(q - p) Zamq ' —T(q)

n

[ /1<1—s>”1h<s>ds— a /O"’(m—s)qlh(s)}

T'(g—p) Jo — T(q)
=L L sy — AR NC) y
= g | =t

T(g—p Zamq ' —T(q)

{ ! /t(l —8)17P7 ] (s)ds + ﬁ /tl(l —8)17 P (s)ds

F(q _p) 0
Rty Onm sy o]
= /t {_ (t—9)" _ tq—ir(q —p) ((1 — g)apl
0 I'(q) (g p) Z T T(q—p)
- ai(n; — s q—1 1 -1 R
Z T e | [ "Tla - p1> ((1r(q -
- I'(qg—p) Zosz

n -1

_ ; W)h(s)]ds
= [ [ 9 a0 + e )G

Lga=1(1 — 5)7 P~ 1g(s)
+/t ()0 0) h(s)ds.

Hence; u(t) = fol G(t, s)h(s)ds, where

G(t,s) = W (1= 8)T P o (s) — (¢ - s)Q*lo(())], 0<s<t<1
F(q)a(()) td _1(1 - S)q_p_la(s)}7 0<t<s<,
673 771 — 5 q L 1 n ainq_l
= 0 — _ (3 .
7(5) = 1 ZF 1_8,”,1,0() Ilg—p) = T -

Lemma 3.2. Suppose that o(0) > 0, a > 0, g—p—1 < 0 that function o(s) > 0, s € [0,1]
and o is non-decreasing on [0, 1].

Lemma 3.3. The function G(t, s), defined by (3.2) admits the following property G(t, s) >
0.
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Proof. For 0 < s <t < 1, noticing that (0) > 0. By Lemma 3.2, we get

e 0] [tﬂa — §)47P g () — g21(1 — ;)q’la(O)
> tr%) (=5t == 20,

In view of 0 < t < s < 1, we get G(t,s) > 0. Obviously, G(t,s) is continuous on
[0,1] x [0,1]. n

Let E = C|0, 1] be the Banach space endowed with the sup-norm and define the cone
PCE. P={ue FE:u(t) >0, 0<t<1}. Define the operator T': P — P as follows

1
Tu(t) ::/0 G(t,s)f(s,u(s),u(Ns))ds,

then the equation (1.1) has a solution if and only if the operator T has a fixed point.

3.1. A POSITIVE SOLUTION FOR FRACTIONAL PANTOGRAPH DIFFERENTIAL EQUA-
TIONS

The definition of lower and upper solution of the operator T" are given below.

Definition 3.4. [26] Let v(t), w(t) € E, we say that v(t) is called a lower solution
of operator T if v(t) < Tw(t), and w(t) is called an upper solution of operator T if
w(t) > Tw(t).

Theorem 3.5. Assume that

(H1) f:]0,1] x [0,400) x [0, +00) = [0, +00) is continuous f(t,-) is non-decreasing for
each t € [0,1] and there exists a positive constant a such that f(t,-) is strictly increasing
on [0,a] for each t € [0, 1];

(H2) 0 < ull)glw f(t,u(t), u(At)) < +oo for each t € [0,1].

Then the equation (1.1) has a positive solution.

Proof. We will prove the theorem through four steps.

Step 1. T : P — P is completely continuous. The operator T': P — P is continuous in
view of non-negativeness and continuity of G(¢,s) and f(¢,u(t),u(At)), 0 < A < 1. Let
) C P be bounded, which is to say there exists a positive constant M > 0 such that

llul|< M, Vu € Q. Let L = max | f(t,u(t),u(At))|+1. Then Vu € Q, we have
0<t<1, 0<u<1

Tu(t)|

IN

/OG(t,s)f(&u(s),u()\s))ds

IN

1
L/ G(t,s)ds.
0
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Hence T'(2) is bounded. For each u € Q, V71,75 € [0, 1] satisfy 71 < 72, we have

Tu(re) — Tu(ﬁ)‘ =

‘/01 G(72,8)f(s,u(s),u(As))ds — /01 G(11,8)f(s,u(s),u(Ns))ds

< / G(72,8) — G(1, s)‘f(s,u(s), u(As))ds
° T2
—i—/T G(72,5) —G(ﬁ,s)‘f(s,u(s),u()\s))ds
—|—/T1 G(72,8) — G(m, s)‘f(s,u(s),u(/\s))ds
Tu(rs) — TU(T1)‘ < m /OTl [(Tg—l _ qu—l)(l — 3)‘1—17—10'(8)

(1 —8)T — (1 — s)q_l}a(O)}f(s,u(s),u()\s))ds
ol A (R (B It

f{(m — )97l (g — 5)‘171}0(0)}f(s,u(s),u(/\s))ds.

Since o(s) is non-decreasing on [0, 1] then o(s) < o(1).

Tu(ry) — Tu(r)| <

F(q)La(O) (7 =)o) = (1] —gl)q‘l}

—0(0)(751;Tf _(m —qu)qﬂ

Jrr(q)La(o) [(7571 — 78 e (1) [~ Tl)q’: :]()1 — 1) 1P]
o) - mq} . (q)LJ e ! [1_(;:;2)41]

As 15 — 7, the right hand side tends to zero. The Arzela-Ascoli Theorem implies that
T(Q) is compact. That is T': P — P is completely continuous.
Step 2. T is an increasing operator. In fact, by (H1), let u3 < ug, we have

Tuy(t) = /0G(t,s)f(s,ul(s),ul(s))ds

1
< [ Gl uas) ua(s))ds < Tusle).
0

So; T is an increasing operator.
Step 3. By (H2), 3M; > 0, N > 0, such that w > Ny, it holds f : [0,1] x [0, N1] x [0, N3],
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where N7 > Na, is continuous IMs > 0 such that u < Ny, it hold f(t, u(t),u(At)) <
M, Yu > 0. Now we consider the following equation

reDSw(t) + M =0, te[0,1], 1<q<2,

w(0) =0, RLD&w(l) = Zaiw(ni), 0<p<1, n€lo,1]. (3.3)

=1

From Theorem 3.1, we have solution of (3.3) is an upper solution of the oprator 7. On
the other hand, its obvious that v(t) = 0 is a lower solution of the operator T', and we
have v(t) < w(t).

Step 4. Since P is a normal cone. Lemma 2.6 implies that 7" has a fixed point u €
(0,w(t)). Therefore, the equation (1.1) has a positive solution. L]

3.2. EXISTENCE AND UNIQUENESS RESULT VIA BoyD AND WONG FIXED POINT
THEOREM.

Theorem 3.6. Let f : [0,1] x [0, N1] x [0, No] = R be a continuous function satisfying
the assumption:

If(t,u(t),u(At)) — f(t,v(t),v(At))|< B(t)|u — vl

B+ |u—v|

where B(t) : [a,b] — R is continuous and B is the constant defined by

/Gst s)ds < 1.

Then the problem (1.1) has a unique solution on [0, 1].

, fort € la,b], u,v >0,

Proof. Consider a continuous non-decreasing function ¥ : RT™ — R™ by
Be
\I/ =
=5

for all € > 0, such that ¥(0) = 0 and ¥(e) < € for all € > 0. For any u,v € C|0, 1] and for
each t € [0, 1], yields.

) =T < | [ 600161 w0 [ Gt 5,006), 0000
< [au s)]f(s, u(s),u(As))ds — F(s. (), v(rs))|ds
< [ e |u—z||d5
. uu—vn ([ a9
< Wl

This implies that ||Tu—Tv||< U(||u—wv]||). There for A is a non-linear contraction. Hence,
by theorem (Boyd and Wong). The operator T has a unique fixed point, which is the
unique solution of the problem (1.1).

L]
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Example 3.7. Consider the following fractional boundary value problems

5 (VI+3) 1 1 _
DG u(t) + Y (1= g — o La ) =0, e (0,1),

3 (3.4)
u(0) =0, pDGu(l) = ju(3) + ju(3) + u(}).

By comparing problem (3.1) and (3.4), we obtain the following parameters: ¢ = 5/4, p =
1/2, a1 = 1/3, az = 1/4, az =1/5, m = 1/3,m2 = 1/4, n3 = 1/5 f(t,u(t), u(At) =

(\[+3) 1 1 1
(1 — ST 3\1+u(%)|)' Note that Ol <0, 73‘1+ @] < 0. We now
obtaln
. (Vt+3) 1 1
1 t A) = 1 (1 - - )
S (@), un) = lm S M+ u®)] 3L+ (D)
t+3
S 7(\[;— ) < +00

Then, the condition (H1) and (H2) hold. If fact, the solution of (3.4) is equivalent to a
fixed point of the operator T, here

1
Tu(t) = / G(t, 5)f (s, u(s), u(As))ds

\f+3) 1 1
B /G (1‘2|1+u<s>|‘3|1+u<%>|)d8'

Setting w(t fo t,s ‘[+3) ds, and v(t) = 0, then

w(t) > /0 G(t,s)f(s,w(s), w(As))ds = Tw(t),

which implies w(t) is an upper solution of the operator T'. It is obvious that v(t) =0 is a
lower solution of the operator T. Thus, by Theorem 3.5, we can get that the problem (3.7)
has a positive solution. By choosing 3(t) = 5/6 we then have B = fo t)B(s)ds =~
0.4906. Consider

1 1
- +
‘ 21 +ur(t)] 2|1 + ua(t)]
1 1
2t + 2t‘
B+ ui(Z)] 31+ up(E)]
e A et
6|1 +ui(t)] 6|1+ ux(t)]
& lu1 — us|
1+‘U17U2‘
§lur — uy|

= 04906 + uy — ug|

Pt ua(8), w1 (M) = f(tus(8), u2(0) | =

Hence, by Theorem 3.6, problem (3.4) has a unique solution on (0, 1).
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4. CONCLUSION

In conclusion, a positive solution for fractional pantograph differential equations is
obtained and existence and uniqueness result via Boyd and Wong fixed point theorem is
presented. Also we give example as an application to illustrate the results obtained.
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