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Abstract A study of non-Newtonian Sutterby ferrofluid and heat and mass transfer in the flow due to

curved stretching sheets is presented.The flow in porous media is described using the Darcy-Forchheimer

model which caused by the linear velocity of the curved stretching sheet. Concentration and energy

equations are incorporated in the study of mass and heat transfer impacts. The motile microorganism

equation included governing the swimming of the gyrotactic microorganism. The governing equations are

transformed from nonlinear partial differential equation to ordinary differential equation and the solved

using Homotopy Analysis method. The velocity is reduced due to dipole and non-Newtonian parameters

effects. Temperature increases with the magnetic dipole and thermal radiation parameters. Concentra-

tion decreases with an increase in chemical reaction parameter and the concentration of microorganisms

decreases with the Lewis number and increase with Peclet number. The numerical values of Nusselt,

Sherwood and Local density numbers are presented in the tables.
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1. Introduction

The law of Newton’s viscosity does not apply to non-Newtonian fluids. The viscosity of
a non-Newtonian fluid depends hugely on shear pressure and time for the perfect method.
Several fundamental equations are developed due to the heterogeneity of non-Newtonian
fluids. A growing interest in the biotechnology era has been investigated recently as a
result of industrial and technological applications. Viscoelastic fluid is a non-Newtonian
fluid with both viscous and elastic deformation properties. One type of fluid that accu-
rately depicts the properties of viscoelastic fluid and diluted polymer solutions is Sutterby
fluid Sutterby [1, 2]. The Sutterby fluid model is specifically equivalent to shear dilution
and shear thickening in the case of high aqueous polymer solutions such as methylcellulose,
hydroxyethyl cellulose, and carboxymethylcellulose Batra and Eissa [3]. Some studies on
Sutterby fluids can be found in the references [4–6].
Due to the extreme wide range of practical applications in industry, such as porous insu-
lation, geothermal systems, packages, waste disposal, crude oil extraction, food storage,
oil technologies and fossil fuels, and so on, scientists are often very engaged in the flow
of porous media. Various models have been developed in the literature, including Darcy
and Brinkman and Darcy Forchheimer [7, 8]. Researchers are now interested in porous
media models according to Darcy’s law, s a result, numerous models are being developed.
Kishan and Maripala [9] reported on the thermophoresis analysis and viscous dissipa-
tion effects on the mixed convection Darcy-Forchheimer MHD in a fluid saturated porous
media. Rauf et al. [10] investigated on thermal radiation viscous fluid flow in Darcy-
Forchheimer porous space over a curved moving surface. Jagadha and Amrutha [11]
studied the Darcy-Forchheimer mixed convection MHD boundary layer flow with viscous
dissipation in nanofluid saturated porous media.
Ferrofluids are a type of magnetized fluid that has had a significant technological impact
and is currently being studied. Ferrofluid is a colloidal suspension of a single magnetic
particle domain that is spread across a container and has a typical size of about 10
nm. Many industrial applications are commonly used, including nuclear aerodynamics,
avionics, laser, robotics, fiber optics, cooling agents, semiconductor processing, crystal
processing, cooling, filtration, plastic drawing, and computer peripherals. This prompted
an increase in ferrofluid research by a number of researchers and scientists. The visual
effects of magnetic dipoles on ferrofluide have been investigated by Anderson and Valnes
[12]. Hayat [13] investigated on the exploration of the contribution of magnetic dipoles
to the radiative flow of ferromagnetic Williamson fluid. References [14–16] show some
important work on ferrofluid.
The Curve surface flow is a popular topic due to its indispensible applications in the poly-
mer sector, engineering processes, and modern technology. Melt-spinning, extrusion of
polymers from dying material, cooling of large metal plates in the bath, i.e. electrolytes,
production of rubber and plastic sheets, wire drawing, paper manufacturing, polymer
sheeting, thinning, glass fibers, filaments, winding rolls, liquid crystals in the condensa-
tion process, and so on are examples. The final quantity of a substance depends on the
process of cooling and incarceration. Sakiadis [19] was the first to present a flow study due
to the curved moving surface. Muhammad et al. [20] presented study on full developed
Darcy-Forchheimer mixed convection flow via a curved surface. Ahmad et al. [21] studied
a boundary layer flow over a curved surface embedded in porous media. Recent Khan et
al. [22] investigated on the mathematical analysis of thermally radiative time dependent
Sisko nanofluid flow on curved surface.
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The current study focused on the Darcy-Forchheimer of hydromagnetic Sutterby fer-
romagnetic fluid flow over a curved stretching surface with the influence of chemical
reaction, magnetic dipole and viscous dissipation. Partial differential equations are trans-
formed into ordinary differential equations using an appropriate similarity transformation
process and solved using the well-known homotopy analysis method HAM Liao [23–25].
However, many researchers [26–29] used HAM to solve their problems. The obtained
results have been used to graphically discuss the effects of all related fluid parameters on
all dimensionless profiles.

2. Mathematical Formulations

The 2-dimensional incompressible hydrodynamic ferromagnetic Sutterby fluid past a
stretching curved surface. The effect of the chemical reaction, magnetic dipoles and ther-
mal radiation are also considered. The x and y are used for curvilinear coordinates. The
stretching surface is curled in a radius circle R′. Based on the linear velocity u = Ax (A is
constant), the surface is stretched in x− direction and y− direction while it is transverse
to x− direction. The surface is soaked in a non-Darcy porous medium. As the Reynolds
number (magnetic) is smaller in the control problem, the electrical field and the induced
magnetic field are ignored. Convective heat and mass transfer conditions are observed.

Figure 1. Geometry of the problem.

The boundary layer equations that govern the flow can be written in dimensional form
under the above assumptions [10, 13, 20]

∂{(y +R′)v}
∂y

+R′ ∂u

∂x
= 0, (2.1)

u2

y +R′ =
1

ρ

∂p

∂y
(2.2)
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R′

y +R′ u
∂C

∂x
+ v

∂C

∂y
=

D

y +R′

(
∂C

∂y
+ (y +R′)

∂2C

∂y2

)
−Kc(C − C∞), (2.5)

(
R′

y +R′

)
u
∂N

∂x
+ v

∂N

∂y
+

bWc

Cw − C∞

∂
(
N ∂C

∂y

)
∂y

= Dm
∂2N

∂y2
, (2.6)

with boundary conditions

u = Ax = Uw(x), v = 0, −K
∂T

∂y
= h1

(
Tw − T

)
,

−D
∂C

∂y
= Km

(
Cw − C

)
, N = Nw at y = 0, (2.7)

u → 0,
∂u

∂y
→ 0, v → 0, T → T∞, C → C∞ N → N∞, as y → ∞, (2.8)

where velocity components are (u,v) in the radial (x− direction) and transverse (y−
direction), mass diffusion coefficient Dm, fluid density ρ, thermal conductivity kT of fluid,
electrical conductivity σ of fluid, dynamic viscosity µ, magnetic permeability µo, heat
capacitance (ρcp) of the fluid, first order chemical reaction parameter Kc, Microorganism
diffusion coefficient Dn, gyrotactic Speed cell Wc, b chemotaxis, S1 porosity of porous
medium, T the temperature, C the concentration, N the gyrotactic Microorganism and
T∞, C∞ and N∞ stand for the temperature, concentration and density of microorganisms
further away from the surface, respectively.

2.1. Magnetic Dipole

The characteristics of the magnetic field have an effect on the flow of ferrofluid due
to the magnetic dipole. Magnetic dipole effects are recognized by the magnetic scalar
potential Φ shown as in eq. (2.9)

Φ =
γ

2π

x

x2 + (y + c)2
(2.9)

With γ stands for magnetic field strength at the source. Taking Hx and Hy as the
components of magnetic field as shown in Eqs. (2.10) and (2.11).

Hx = −∂Φ

∂x
=

γ

2π

x2 − (y + c)2

[x2 + (y + c)2]2
(2.10)
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Hy = −∂Φ

∂y
=

γ

2π

2x(y + c)

[x2 + (y + c)2]2
. (2.11)

Because of the magnetic body strength is usually proportional to theHx andHy gradient,
it is therefore given as in (2.12)

H =
√

H2
x +H2

y . (2.12)

Eq. (2.13) can approximate the linear shape of magnetization M by temperature T

M = K1(T − T∞), (2.13)

The value of K1 is identified as a ferromagnetic coefficient. Figure 1 shows the physical
diagram of the ferrofluid.
Considering the following transformations [10]
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(
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)√
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ν
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. (2.14)
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+
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′′]+ Le

(
α1
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)
fχ′ = 0. (2.19)

To eliminate the pressure term from integrate (2.15) to get p and replace it, then (2.16)
becomes
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1
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f ′′ − 1

(ζ + α1)2
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)[
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with boundary conditions

f ′(0) = 1, f(0) = 0, f(∞) = 0, f ′′(∞) = 0, θ′(0) = −Bi1[1− θ(0)], θ(∞) = 0,

ϕ′(0) = −Bi2[1− ϕ(0)], ϕ(∞) = 0, χ′(0) = 1, χ(∞) = 0, (2.21)
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where α1 is the curvature parameter, d dimensionless distance, β is the ferrohydrody-
namic interaction, λ is heat dissipation parameter, ε is the curie temperature, Pr is
Prandtl number, Rd is thermal radiation parameter, D and Dm the ratio of the diffu-
sion coefficients, δ is the chemical reaction parameter, Sc is the Schmidt number, De is
Deborah number, Li is the local inertia parameter, P1 is the porosity parameter, Bi1 is
thermal Biot number and Bi2 is concentration Biot number, Pe is Peclet number, Le is
the Lewis number, are dimensionless quantities given by

α1 = R′
√

A

ν
, p1 =

µS1

ρAk∗o
, Li =

CbS1√
k∗o

, β =
γµoK1ρ(Tw − T∞)

2πµ2
, P r =

µCp

kT
,

λ =
Aµ2

ρ(Tw − T∞)kT
, d =

√
Ac2

ν
,Bi1 =
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kT

√
ν

A
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Km

kT

√
ν

A
,

De =
mE2(Ax)2

ν
, Rd =

16σ∗T 3
∞

3kk∗
, P e =

bWc

Dn
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ν

Dn
, , Nδ =

N∞
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,

δ =
AKc

ν
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ν
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, Re =

A

ν
, ϵ =

T∞

T∞ − Tw
. (2.22)

The interesting physical quantities, including skin friction, local Nusselt, Sherwood num-
bers and local density numbers, are determined accordingly by

Cf =
τyx

ρ(Ax)2
, Nux =

−xqw
kT (Tw − T∞)

,

Shx =
−xqm

D(Cw − C∞)
Snx =

−xqn
Dm(Nw −N∞)

(2.23)

τyx = µuy|y=0, qw = −k∗Ty|y=0, qm = −DCy|y=0 qn = DmNy|y=0 (2.24)

Cf =
1

Rex

(
f ′′(0)− Def ′(0)

α1

)
, Nu = −Re0.5x (1 +Rd)θ′(0),

Sh = −Re0.5x ϕ′
1(0), Sn = −Re0.5x χ′(0) (2.25)

3. HAM Solutions methodology

Taking the initial guesses and the linear operators as

f0(ζ) = (1− e−ζ), θ0(ζ) +
Bi1

1 +Bi1
e−ζ , ϕ0(ζ) =

Bi2

1 +Bi2
e−ζ , χ0 = e−ζ . (3.1)

equation (3.1) satisfy the properties given below

Lf (Q1 +Q2e
ζ +Q3e

−ζ) = 0, Lθ(Q4e
ζ +Q5e

−ζ) = 0,

Lϕ(Q6e
ζ +Q7e

−ζ) = 0, Lχ(Q8e
ζ +Q9e

−ζ) = 0 (3.2)

where Qi(i = 1, ..., 9, ) indicates the arbitrary constants.
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4. Result and Discussion

4.1. Velocity Profile

Figure 2 depicts the effect of α1 on the velocity profile. The figure shows that the
velocity of the fluid increases by α1. Figure 3 shows the performance of the ferromagnetic
hydrodynamic interaction parameter β in the velocity profile. The velocity behavior
is decelerating by β. Usually, the resistance force classified as Lorentz force increases
with β and the velocity decreases. Figure 4 shows the velocity behavior of the Deborah
number De. this number is used to illuminate the viscoelasticity characteristics of the
Sutterby material. By increase theDe the flow velocity of Sutterby fluid increases. Higher
fluid motion increases the thickness of the hydrodynamic boundary layer and therefore
increases the velocity of the fluid. Figure 5 depicts the effect of porosity parameter P1.
The present porous medium slows down the flow field, resulting in an increase in shear
stress on the curved surface and, as a result, the velocity profile shows a declining trend
by increasing the values of P1.

Figure 2. f ′(ζ) as a function of α1.
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Figure 3. f ′(ζ) as a function of β.

Figure 4. f ′(ζ) as a function of De.
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Figure 5. f ′(ζ) as a function of P1.

4.2. Temperature Profile

Figure 6 depicts the effect of α1 on the velocity profile. In the figure the velocity
component increases with the increase in α1 value. Figure 7 illustrated the effects of β on
temperature. The temperature of the fluid increases with the increase in β.Figure 8 shows
that, the temperature decreases by increasing of ε. Fluid thermal conductivity increases
with the larger ε. As a result, the extra heat is transfered from the surface to the fluid
material and the temperature increases. Figure 9 shows the effect of λ on temperature.
The temperature decreases with an increase in λ. Physically thermal conductivity of
fluid decay with larger λ, hence the temperature reduces. Figure 10 depicts the impact
of Bi1 on temperature profile. It is observed that the temperature is rising by Bi1. Bi1
depends on the coefficient of heat transfer or, in other words, is directly proportional to
the coefficient of heat transfer (which is greater for Bi1). Figure 11 shows the temperature
response for Prandtl number Pr. The temperature of the Sutterby fluid decreases with
the higher Pr. Physically, Prandtl number refers to thermal diffusivity. Larger Pr is the
lower thermal diffusivity which causes the temperature to decomposed. Figure 12 shows
that the temperature of the fluid increases due to the increase in the radiation parameter
Rd. In this case, the absorption coefficient decreases with an increase in Rd, which leads
to an increase in the rate of radiative heat transfer.
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Figure 6. θ(ζ) as a function of α1.

Figure 7. θ(ζ) as a function of β.
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Figure 8. θ(ζ) as a function of ε.

Figure 9. f ′(ζ) as a function of λ.
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Figure 10. θ(ζ) as a function of Bi1.

Figure 11. θ(ζ) as a function of Pr.
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Figure 12. θ(ζ) as a function of Rd.

4.3. Concentration Profile

Figure 13 depicts the impact of the chemical reaction parameter δ. It is observed the
concentration of fluid decreased by δ. Figure 14 shows the effect of Schmidt number Sc
on the concentration profile. The concentration of the particles increased by an increasing
the Schmidt number.

Figure 13. ϕ(ζ) as a function of δ.



1050 Thai J. Math. Vol. 19 (2021) /A.H. Usman et al.

Figure 14. ϕ(ζ) as a function of Sc.

4.4. Microoganism motile Profile

Figure 15 shows the effect of Peclet number Pe on the profile of the motile microorgan-
ism. There is a clear connection between the improved density of the motile microorgan-
ism with the increasing values of Pe. Figure 16 shows the effect of Lewis number Le on
the motile microorganism profile. The reduction in the concentration distribution could
be seen as the Lewis number was inversely proportional to the mass diffusion.

Figure 15. χ(ζ) as a function of Pe.



Study of Heat and Mass Transfer in MHD Flow of Sutterby Ferrofluid ... 1051

Figure 16. ϕ(ζ) as a function of Le.

4.5. Numerical values of Nusselt, Shewood and local density numbers

Table 1 depicts the numerical estimation of the local Nusselt number for various values
of β, α1, λ, Pr,Rd, ε,Bi1. It is observed that the local Nusselt number decreases with in-
creasing values of β, α1, λ, Bi1.Table 2 depicts the numerical values of the local Sherwood
number for various values of α1, Sc, δ. It is observed that the local Sherwood number de-
creases with the increasing values of all the three parameters. Table 3 shows the numerical
values of the local density number for various values of α1, P e, Le,Nδ. It is observed that
the local density number decreases with the increasing values of all the parameters except
Nδ. The tables clearly show that the current findings are completely consistent.
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Table 1. Numerical values of Nusselt number with varying values of the
parameters β, α1, λ, Pr,Rd, ε,Bi1.

β ε λ α1 Rd Bi1 θ′(0)

0.4 0.3 0.2 0.5 0.4 0.2 0.34701
0.8 0.35167
1.2 0.36752

0.4 0.39766
0.5 0.38914
0.6 0.37245

0.5 0.35806
0.8 0.35739
1.1 0.35623

1.5 0.73123
2.5 0.67433
3.5 0.54876

0.5 0.43342
0.6 0.42534
0.7 0.41998

0.4 0.61291
0.6 0.63854
0.8 0.64554

Table 2. Numerical values of Sherwood number with varying values of
the parameters α1, Sc, δ.

δ Sc α1 ϕ′(0)

0.1 0.3 0.2 0.54237
0.3 0.53831
0.5 0.52633

0.5 0.61271
0.7 0.62220
0.9 0.63742

0.4 0.67472
0.6 0.61386
0.8 0.56075
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Table 3. Numerical values of local density number with varying values
of the parameters Nδ, Pe, Le, α1.

Nδ Pe Le α1 χ′(0)

0.1 0.3 0.2 0.2 0.25238
0.2 0.26103
0.3 0.27271

0.4 0.39327
0.5 0.35102
0.6 0.32714

0.3 0.26671
0.4 0.22386
0.5 0.23185

0.3 0.35408
0.4 0.34965
0.5 0.34121

5. Conclusion

The Darcy-Forchheimer model of hydromagnetic flow of Sutterby ferrofluid on a curved
stretching surface with chemical reaction, thermal radiation, and the presence of mag-
netic dipoles effect was investigated. Through similarity transformations, the resulting
non-dimensional ordinary differential equations were obtained, and the results were nu-
merically presented. The main points are as follows:

• The velocity has declined with the increasing ferro-hydrodynamic interaction
parameter and porosity parameter and increases with the curvature parameter,
Debora number and heat dissipation parameter.
• Temperature increases with an increasing value of curvature parameter, ferro-
hydrodynamic interaction parameter and thermal radiation parameter, and de-
creases with Prandtl number.
• Larger chemical reaction parameter portrays a rising in the concentration,
while Schmidt number lead to the reduction in concentration.
• The motile density of microorganism increases with Peclet number and de-
creases with Lewis number.
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