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1. Introduction

Several problems can be modeled as equations of the form Tx = x where T is a given
self-mapping defined on a subset of a metric space, a normed linear space, topological
vector spaces or some suitable spaces. However, if T is a nonself-mapping from A to B,
then the aforementioned equation does not necessarily admit a solution. In this case, it
is contemplated to find an approximate solution x in A such that the error d(x, Tx) is
minimum, where d is the distance function. In view of the fact that d(x, Tx) is at least
d(A,B), a best proximity point theorem guarantees the global minimization of d(x, Tx) by
the requirement that an approximate solution x satisfies the condition d(x, Tx) = d(A,B).
Such optimal approximate solutions are called best proximity points of the mapping T .
Interestingly, best proximity theorems also serve as a natural generalization of fixed point
theorems, for a best proximity point serves as an optimal approximate solution to the
equation Tx = x.

A classical best approximation theorem was introduced by Fan [1], that is, if A is a
non-empty compact convex subset of a Hausdorff locally convex topological vector space
B and T : A → B is a continuous mapping, then there exists an element x ∈ A such that
d(x, Tx) = d(Tx,A). Afterward, several authors, including Prolla [3], Reich [4], Sehgal
and Singh [5, 6], have derived extensions of Fan’s Theorem in many directions. Other
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works of of the existence of a best proximity point for contractions can be seen in [7, 8, 15].
On the other hand, in 2008, Suzuki [16] defined generalized versions of Edelstein’s mapping
which called Suzuki contraction mapping and proved fixed point results for this mapping in
compact metric spaces. Later, in 2012, Wardoski [11] introduced a new contraction called
F−contraction and acquired a fixed point result which generalize Banach contraction
principle in many ways. Afterward, many authors use this mapping for studied the
existences of fixed points and best proximity point and applied to several problems concern
F -contraction mapping for example see [2, 10, 12, 14, 17].

The aim of this paper is to combine the Suzuki contraction and F -contraction mapping
for define F−Suzuki proximal contractions and establish a new best proximity point for
such the mapping in complete matric spaces. Also we give some illustrative example of
our main results.

2. Preliminaries

2.1.Best proximity point

Let A and B be nonempty subsets of a metric space (X, d), we recall the following
notations and notions that will be used in what follows.

d(A,B) := inf{d(x, y) : x ∈ A and y ∈ B},
A0 := {x ∈ A : d(x, y) = d(A,B) for some y ∈ B},
B0 := {y ∈ B : d(x, y) = d(A,B) for some x ∈ A}.

If A ∩ B ̸= ∅, then A0 and B0 are nonempty. Further, it is interesting to notice that
A0 and B0 are contained in the boundaries of A and B respectively, provided A and B
are closed subsets of a normed linear space such that d(A,B) > 0 (see [13]).

Definition 2.1. A point x ∈ A is said to be a best proximity point of the mapping
T : A → B if it satisfies the following condition

d(x, Tx) = d(A,B).

It can be observed that a best proximity reduces to a fixed point if the underlying
mapping is a self-mapping.

2.2. F -contraction mapping

In 2012, Wardowski [11], introduced the following concept:

Definition 2.2. We denote by F the family of all functions F : R+ → R with the
following properties:

(F1) F is strictly increasing, that is s < t ⇒ F (s) < F (t) for all s, t ∈ R+,
(F2) for every sequence {sn}∞n=1 in R+ we have lim

n→∞
sn = 0 iff lim

n→∞
F (sn) = −∞,

(F3) there exists a number k ∈ (0, 1) such that lim
s→0+

skF (s) = 0.

Example 2.3. ([11])The following functions Fi : R+ → R, i = 1, 2, 3, 4, belong to F :

(i) F1(t) = ln t, with t > 0,
(ii) F2(t) = ln t+ t, with t > 0,
(iii) F3(t) = ln(t2 + t), with t > 0,
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(iv) F4(t) = − 1√
t
, with t > 0.

Definition 2.4 ([11]). Let (X, d) be a metric space. A mapping f : X → X is called
an F -contraction on X if there exists F ∈ F and τ > 0 such that, for all x, y ∈ X with
d(fx, fy) > 0, we have

τ + F (d(fx, fy)) ≤ F (d(x, y)). (2.1)

Remark 2.5. Let F : R+ → R be given by the formula F (α) = lnα. It is clear that
F satisfies (F1)-(F3) for any k ∈ (0, 1). Each mapping T : X → X satisfying (2.1) is an
F -contraction such that

d(Tx, Ty) ≤ e−τd(x, y), for all x, y ∈ X, Tx ̸= Ty.

It is clear that for x, y ∈ X such that Tx = Ty the inequality d(Tx, Ty) ≤ e−τd(x, y) also
holds, i.e. T is Banach contraction.

Remark 2.6. Let F : R+ → R be given by the formula F (α) = ln(α2 + α). It is clear
that F satisfies (F1)-(F3) for any k ∈ (0, 1). Each mapping T : X → X satisfying (2.1) is
an F -contraction such that

d(Tx, Ty)(d(Tx, Ty) + 1)

d(x, y)(d(x, y) + 1)
≤ e−τ , for all x, y ∈ X, Tx ̸= Ty. (2.2)

Remark 2.7. Let F ∈ F . Then

(a) From (F1) and (2.1) every F -contraction, we get T is a contractive mapping,
i.e.

d(Tx, Ty) < d(x, y) for all x, y ∈ X, Tx ̸= Ty.

(b) Every F -contraction is a continuous mapping.

Now, by using the concept of Suzuki contraction and F−contraction, we extend to
F−Suzuki proximal contractions as follow:

Definition 2.8. Let A and B be nonempty of metric space (X, d). A mapping T : A → B
is said to be an F−Suzuki proximal contraction, if there exist τ > 0 such that for all
x, y ∈ A with Tx ̸= Ty,

1

2
d∗(x, Tx) < d(x, y) ⇒ τ + F (d(Tx, Ty)) ≤ F (d(x, y)) (2.3)

where F ∈ F and d∗(x, Tx) = d(x, Tx)− d(A,B).

3. Main result

Theorem 3.1. Let A and B be nonempty closed subsets of a complete metric space X
such that A ̸= ∅. Let T : A → B be a mapping satisfies the following conditions :

(1) T is an F−Suzuki proximal contraction
(2) T (A0) ⊆ B0.

Then, T has a best proximity point in A. Moreover, for each x0 in A0 there is a sequence
{xn}∞n=1 such that for each n ∈ N, d(xn, Txn) = d(A,B) and the sequence {xn}∞n=1

converges to the best proximity point of T . Furthermore, if a pair (A,B) satisfies weak
P−property, the best proximity point of T is unique.
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Proof. Let x0 a fixed element in A0. By the fact that T (A0) ⊆ B0 then there exists an
element x1 ∈ A0 such that d(x1, Tx0) = d(A,B). Again, by T (A0) ⊆ B0 then there
exists an element x2 ∈ A0 such that d(x2, Tx1) = d(A,B). By similar fashion we can find
sequence {xn}∞n=1 in A0 such that for each n ∈ N,

d(xn, Txn−1) = d(A,B). (3.1)

So, for each n ∈ N, we can write

1

2
d∗(xn−1, Txn−1) =

1

2
[d(xn−1, Txn−1)− d(A,B)]

≤
1

2
[d(xn−1, xn) + d(xn, Txn−1)− d(A,B)]

=
1

2
d(xn−1, xn)

≤ d(xn−1, xn).

(3.2)

Then, by (2.3) and (3.2)

τ + F (d(Txn−1, Txn)) ≤ F (d(xn−1, xn)) (3.3)

and hence

F (d(Txn−1, Txn)) ≤ F (d(xn−1, xn))− τ
≤ F (d(xn−2, xn−1))− 2τ
...
≤ F (d(x0, x1))− nτ.

(3.4)

Then, we obtain that limn→∞ F (d(xn, Txn)) = −∞, by (F2), we get

lim
n→∞

d(xn, Txn) = 0. (3.5)

If there exits n0 ∈ N such that xn0 = xn0+1, we observe that

d(xn0
, Txn0

) = d(xn0+1, Txn0
) = d(A,B),

that is xn0
is a best proximity point of T . Thus, we suppose that d(xn, xn+1) > 0 for all

n ∈ N∪{0}, putting αn := d(xn, xn+1) by (3.5) and (F3), there exist k ∈ (0, 1) such that

lim
n→∞

αk
nF (αn) = 0. (3.6)

So, for any n ∈ N, we have

αk
nF (αn)− αk

nF (α0) ≤
(
αk
nF (α0)− αk

nnτ
)
− αk

nF (α0) = −αk
nnτ ≤ 0. (3.7)

Letting, n → ∞, and using (3.6)and (3.7) we obtain

lim
n→∞

nαk
n = 0. (3.8)
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Hence, there exists n1 ∈ N such that nαk
n ≤ 1 for all n ≥ n1. Therefore for any n ≥ n1,

αn ≤ 1

n1/k
. (3.9)

So, we have the series
∑∞

n=1 αn is convergent. Let m,n ∈ N with m ≥ n ≥ n1, by the
triangular inequality, we get

d(xn, xm) ≤ αn + αn + · · ·+ αm−1 ≤
∞∑
i=n

αi.

Therefore, {xn}∞n=1 is a Cauchy sequence in A. Since A is closed subset of a complete
metric space X, then there exists x∗ ∈ A such that xn → x∗ as n → ∞.

Now, we will show that

1

2
d∗(xn, Txn) < d(xn, x∗) or

1

2
d∗(Txn, T

2xn) < d(Txn, x∗) (3.10)

for all n ∈ N. On the contrary, suppose that there exists m ∈ N such that

1

2
d∗(xm, Txm) ≥ d(xm, x∗) and

1

2
d∗(Txm, T 2xm) ≥ d(Txm, x∗). (3.11)

Hence, we have

2d(xm, x∗) ≤ d∗(xm, Txm)

= d(xm, Txm)− d(A,B)

≤ d(xm, x∗) + d(x∗, Txm)− d(A,B)

= d(xm, x∗) + d∗(x∗, Txm)

(3.12)

its follow that

d(xm, x∗) ≤ d∗(x∗, Txm) ≤ d(x∗, Txm). (3.13)

Using (3.11) and (3.13), we have

d(xm, x∗) ≤
1

2
d∗(Txm, T 2xm). (3.14)

Since
1

2
d∗(xm, Txm) < d(xm, Txm)− d(A,B) ≤ d(xm, Txm).

By T is an the F−Suzuki proximal contraction, there exists τ > 0 such that

τ + F (d(Txm, T 2xm)) ≤ F (d(xm, Txm)).

Since, τ > 0 implies that

F (d(Txm, T 2xm)) < F (d(xm, Txm)).
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By (F1), we get

d(Txm, T 2xm) < d(xm, Txm). (3.15)

Using (3.11), (3.14) and (3.15),

d(Txm, T 2xm) < d(xm, Txm)

≤ d(xm, x∗) + d(x∗, Txm)

≤
1

2
d∗(Txm, T 2xm) +

1

2
d∗(Txm, T 2xm)

= d∗(Txm, T 2xm)

(3.16)

which is a contradiction. Hence, we obtain (3.10) hold, and for every n ∈ N with τ > 0,
either

τ + F (d(Txn, Tx∗)) ≤ F (d(xn, x∗)) (3.17)

or

τ + F (d(T 2xn, Tx∗)) ≤ F (d(Txn, x∗)) = F (d(xn+1, x∗)). (3.18)

Suppose that (3.17) is true, by (F2), we have

lim
n→∞

F (d(Txn, Tx∗)) = −∞,

again by (F2) which implies that limn→∞ d(Txn, Tx∗) = 0 and hence Txn → Tx∗ as
n → ∞. Therefore,

d(x∗, Tx∗) = lim
n→∞

d(xn+1, Txn) = d(A,B).

If (3.18) is true, by (F2), we have

lim
n→∞

F (d(T 2xn, Tx∗)) = −∞,

again by (F2) which implies that limn→∞ d(T 2xn, Tx∗) = 0 and hence T 2xn → Tx∗ as
n → ∞. Therefore,

d(x∗, Tx∗) = lim
n→∞

d(xn+2, T
2xn) = lim

n→∞
d(xn+2, Txn+1) = d(A,B).

From, all case we get that x∗ is a best proximity point of T in A. That is

d(x∗, Tx∗) = d(A,B). (3.19)

Suppose that x⋆ is another best proximity point of T and a pair (A,B) satisfies the weak
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P−property, so that

d(x⋆, Tx⋆) = d(A,B). (3.20)

From (3.19), (3.20) and a pair (A,B) satisfies the weak P−property, we get

d(x∗, x⋆) = d(Tx⋆, Tx∗). (3.21)

Since,

1

2
d∗(x∗, Tx∗) < d(x∗, x⋆). (3.22)

By (3.21), (3.22) and T is an F−Suzuki proximal contraction with τ > 0, we have

F (d(x∗, x⋆)) = F (d(Tx∗, Tx⋆))

< τ + F (d(Tx∗, Tx⋆))

≤ F (d(x∗, x⋆))

(3.23)

which is a contradiction and hence the he best proximity point of T is unique.

Remark 3.2. Interesting, in Theorem 3.1 we can prove existence of a best proximity
point by using only properties of a mapping T . However, for the uniqueness of a best
proximity point of a mapping T , we add the weak P -property in the assumption.

Since, F−Suzuki proximal contraction ⇒ F− contraction for non-self, then we obtain
following result:

Corollary 3.3. Let A and B be nonempty closed subsets of a complete metric space X
such that A ̸= ∅. Let T : A → B be a mapping satisfies the following condition :

(1) T is an F−contraction
(2) T (A0) ⊆ B0.

Then, T has a best proximity point in A. Moreover, for each x0 in A0 there is a sequence
{xn} such that for each n ∈ N, d(xn, Txn) = d(A,B) and the sequence {xn} converges to
the best proximity point of T . Furthermore, if a pair (A,B) satisfies weak P−property,
the best proximity point of T is unique.

Corollary 3.4. [12] Let A and B be nonempty closed subsets of a complete metric space
X such that A0 is nonempty. Let T : A → B be an F−contraction non-self mapping such
that T (A0) ⊆ B0. Assume that a pair (A,B) satisfies P−property.

Then, there exists a unique x∗ ∈ A such that d(x∗, Tx∗) = d(A,B).

4. An example

Now, below we give an example to illustrate Theorem 3.1.
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Example 4.1. Recall the complete metric space in[11], X = {Sn : n ∈ N} with the
metric d(x, y) = |x− y| for all x, y ∈ X, where the sequence {Sn}∞n=1, defined by

S1 = 1
S2 = 1 + 2
S3 = 1 + 2 + 3

...
Sn = 1 + 2 + 3 + . . .+ n.

Let A = {S2n : n ∈ N} and B = {S2n−1 : n ∈ N}. It is easy to see that d(A,B) = 2,
A0 = A and B0 = B. Define a mappings T : A → B, by T (S2n) = S2n−1 for all n ≥ 1. We
will show that T is an F−Suzuki proximal contraction with F ∈ F defined in Example
2.3(i), that is F (α) = lnα and τ = 2. Observe that,

1

2
d∗(S2n, T (S2n)) < d(S2n, S2m) ⇔ [(n < m) ∨ (m < n)].

With out of generality, we may assume that n < m, and since

S2n−1 = 1 + 2 + 3 + . . .+ 2n− 1,

S2m−1 = 1 + 2 + 3 + . . .+ (2n− 1) + 2n+ . . .+ (2m− 1),

S2n = 1 + 2 + 3 + . . .+ (2n− 1) + 2n,

S2m = 1 + 2 + 3 + . . .+ 2n+ (2n+ 1) + . . .+ 2m.

It follow that,

d(T (S2n), T (S2m)) = |S2n−1 − S2m−1|

= 2n+ (2n+ 1) + . . .+ (2m− 1),

d(S2n, S2m) = |S2n − S2m|

= (2n+ 1) + . . .+ (2m− 1) + 2m,

and

d(T (S2n), T (S2m))− d(S2n, S2m) = |S2n−1 − S2m−1| − |S2n − S2m|

= 2n− 2m.

So that,

d(T (S2n), T (S2m))

d(S2n, S2m)
ed(T (S2n),T (S2m))−d(S2n,S2m) =

2n+ . . .+ (2m− 1)

(2n+ 1) + . . .+ 2m
e|S2n−1−S2m−1|−|S2n−S2m |

< e2(n−m)

< e−2.

There fore τ + F (d(T (S2n), T (S2m))) ≤ F (d(S2n, S2m)) with τ = 2. Hence T is an
F−Suzuki proximal contraction and there exist S2 ∈ A such that

d(S2, TS2) = d(S2, S1) = 2 = d(A,B).



1036 Thai J. Math. Vol. 19 (2021) /C. Phanthong et al.

Acknowledgements

The authors would like to thank Department of Mathematics, Statistics and Com-
puter Sciences and Faculty of Liberal Arts and Science, Kasetsart University for financial
supported.

References

[1] K. Fan, Extensions of two fixed point theorems of F.E. Browder, Math. Z. 112 (1969)
234-240.

[2] K. Khammahawong and P. Kumam, A best proximity point theorem for RogerHardy
type generalized F-contractive mappings in complete metric spaces with some exam-
ples,Revista de la Real Academia de Ciencias Exactas, Fsicas y Naturales. Serie A.
Matemticas volume 112(2018) 1503 –1519.

[3] J.B. Prolla, Fixed point theorems for set valued mappings and existence of best
approximations, Numer. Funct. Anal. Optim. 5 (1982-1983) 449 – 455.

[4] S. Reich, Approximate selections, best approximations, fixed points and invariant
sets, J. Math. Anal. Appl. 62 (1978) 104 – 113.

[5] V.M. Sehgal, S.P. Singh, A generalization to multifunctions of Fan’s best approxi-
mation theorem, Proc. Amer. Math. Soc. 102 (1988) 534 – 537.

[6] V.M. Sehgal, S.P. Singh, A theorem on best approximations, Numer. Funct. Anal.
Optim. 10 (1989) 181–184.

[7] C. Mongkolkeha an d P. Kumam, Best proximity point Theorems for generalized
cyclic contractions in ordered metric spaces, Journal of Optimization Theory and
Applications, 155(1)(2012) 215–226.

[8] C. Mongkolkeha and P. Kumam, Some common best proximity points for proximity
commuting mappings, Optimization Letters 7 (2013) 1825 –1836.

[9] C. Mongkolkeha, Y.J. Cho and P. Kumam, Best proximity points for Geraghty’s
proximal contraction mappings, Fixed Point Theory and Applications 2013 (2013)
180.

[10] H.Piri and P.Kumam, Some fixed point theorems concerning F-contraction in com-
plete metric spaces. Fixed Point Theory and Applications 2014 (2014) 210.

[11] D. Wardowski, Fixed points of new type of contractive mappings in complete metric
space, Fixed Point Theory Appl. 2012 (2012) 94.

[12] M. Omidvari, S. M. Vaezpour and R. Saadati, Best proximity point theorems for
F-contractive non-self mappings, Miskolc Mathematical Notes, 15 (2) (2014) 615 –
623.

[13] S. Sadiq Basha, P. Veeramani, Best proximity pair theorems for multifunctions with
open fibres, J. Approx. Theory 103 (2000) 119–129.

[14] NA, Secelean, Iterated function systems consisting of F-contractions. Fixed Point
Theory Appl. 2013, Article ID 277(2013)

[15] K. Ungchittrakool, A best proximity point theorem for generalized non-self-Kannan-
type and Chatterjea-type mappings and Lipschitzian mappings in complete metric
spaces. J. Funct. Spaces 2016, 9321082 (2016).

[16] T. Suzuki, A new type of fixed point theorem in metric spaces. Nonlinear Anal.
71(2009) 5313 – 5317.

[17] D. Singh, V. Joshi, M. Imd and P. Kumam, Fixed point theorems via generalized
F–contractions with applications to functional equations occurring in dynamic pro-
gramming, Journal of Fixed Point Theory and Applications 19 (2017) 1453 – 1479.


	Introduction
	Preliminaries
	Best proximity point 
	 F-contraction mapping

	Main result
	An example

