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1. INTRODUCTION

Several problems can be modeled as equations of the form Tx = = where T is a given
self-mapping defined on a subset of a metric space, a normed linear space, topological
vector spaces or some suitable spaces. However, if T' is a nonself-mapping from A to B,
then the aforementioned equation does not necessarily admit a solution. In this case, it
is contemplated to find an approximate solution x in A such that the error d(z,Tz) is
minimum, where d is the distance function. In view of the fact that d(x,Tz) is at least
d(A, B), a best proximity point theorem guarantees the global minimization of d(z, T'z) by
the requirement that an approximate solution x satisfies the condition d(x, Tx) = d(A, B).
Such optimal approximate solutions are called best proximity points of the mapping 7'
Interestingly, best proximity theorems also serve as a natural generalization of fixed point
theorems, for a best proximity point serves as an optimal approximate solution to the
equation Tx = .

A classical best approximation theorem was introduced by Fan [1], that is, if A is a
non-empty compact convex subset of a Hausdorff locally convex topological vector space
B and T : A — B is a continuous mapping, then there exists an element = € A such that
d(z,Tzx) = d(Tz,A). Afterward, several authors, including Prolla [3], Reich [4], Sehgal
and Singh [5, 6], have derived extensions of Fan’s Theorem in many directions. Other
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works of of the existence of a best proximity point for contractions can be seen in [7, 8, 15].
On the other hand, in 2008, Suzuki [16] defined generalized versions of Edelstein’s mapping
which called Suzuki contraction mapping and proved fixed point results for this mapping in
compact metric spaces. Later, in 2012, Wardoski [11] introduced a new contraction called
F —contraction and acquired a fixed point result which generalize Banach contraction
principle in many ways. Afterward, many authors use this mapping for studied the
existences of fixed points and best proximity point and applied to several problems concern
F-contraction mapping for example see [2, 10, 12, 14, 17].

The aim of this paper is to combine the Suzuki contraction and F-contraction mapping
for define F'—Suzuki proximal contractions and establish a new best proximity point for
such the mapping in complete matric spaces. Also we give some illustrative example of
our main results.

2. PRELIMINARIES

2.1. Best proximity point

Let A and B be nonempty subsets of a metric space (X,d), we recall the following
notations and notions that will be used in what follows.

d(A, B) :=inf{d(x,y) : « € A and y € B},
Ag :={x € A:d(z,y) = d(A, B) for some y € B},
By :={y € B:d(z,y) = d(4, B) for some z € A}.
If AN B # (), then Ay and By are nonempty. Further, it is interesting to notice that

Ap and By are contained in the boundaries of A and B respectively, provided A and B
are closed subsets of a normed linear space such that d(4, B) > 0 (see [13]).

Definition 2.1. A point & € A is said to be a best proximity point of the mapping
T : A — B if it satisfies the following condition

d(z,Tz) = d(A, B).
It can be observed that a best proximity reduces to a fixed point if the underlying
mapping is a self-mapping.
2.2. F-CONTRACTION MAPPING
In 2012, Wardowski [11], introduced the following concept:

Definition 2.2. We denote by F the family of all functions F' : R™ — R with the
following properties:

(F1) F is strictly increasing, that is s <t = F(s) < F(t) for all s,t € RT,

(F2) for every sequence {s,}2>; in RT we have li_>m sp=014ff lim F(s,)=—o0,
n oo n—oo

(F3) there exists a number k € (0,1) such that lim skF(s) = 0.
s—0

Example 2.3. ([11])The following functions F; : Rt — R, i = 1,2, 3,4, belong to F :
(i) Fi(t) =Int, with ¢ > 0,
(i) Fy(t) =Int+t, with ¢ > 0,
(iii) Fs(t) = In(t* +t), with ¢ > 0,
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(iv) Fy(t) = — 2, with ¢ > 0.

t7

Definition 2.4 ([11]). Let (X,d) be a metric space. A mapping f : X — X is called
an F-contraction on X if there exists F' € F and 7 > 0 such that, for all z,y € X with
d(fz, fy) > 0, we have

T+ F(d(fx, fy)) < F(d(z,y)). (2.1)
Remark 2.5. Let F' : RT — R be given by the formula F(a) = Ina. It is clear that
F satisfies (F1)-(F3) for any k € (0,1). Each mapping T : X — X satisfying (2.1) is an
F-contraction such that

d(Tz, Ty) < e "d(z,y), forall x,y € X, Tax #Ty.

It is clear that for z,y € X such that Tx = Ty the inequality d(Tz, Ty) < e~ "d(x,y) also
holds, i.e. T' is Banach contraction.
Remark 2.6. Let F' : Rt — R be given by the formula F(a) = In(a? + «). It is clear
that F' satisfies (F1)-(F3) for any k € (0,1). Each mapping T': X — X satisfying (2.1) is
an F-contraction such that

d(Tx, Ty)(d(Tw, Ty) + 1)
d(z,y)(d(z,y) +1)  —
Remark 2.7. Let F € F. Then

(a) From (F1) and (2.1) every F-contraction, we get T is a contractive mapping,
ie.

A

e 7, forall z,ye X, Tx #Ty. (2.2)

d(Tx, Ty) < d(x,y) for all x,y € X, Tx # Ty.
(b) Every F-contraction is a continuous mapping.

Now, by using the concept of Suzuki contraction and F—contraction, we extend to
F—Suzuki proximal contractions as follow:

Definition 2.8. Let A and B be nonempty of metric space (X, d). A mappingT : A — B
is said to be an F'—Suzuki proximal contraction, if there exist 7 > 0 such that for all
z,y € A with Tx # Ty,

%d* (x,Tz) < d(z,y) = 7+ F(d(Tz,Ty)) < F(d(x,y)) (2.3)
where F' € F and d*(z,Tz) = d(z,Tx) — d(A, B).

3. MAIN RESULT

Theorem 3.1. Let A and B be nonempty closed subsets of a complete metric space X
such that A # (). Let T : A — B be a mapping satisfies the following conditions :

(1) T is an F—Suzuki prozimal contraction

(2) T(Ao) € Bo.
Then, T has a best prozimity point in A. Moreover, for each xq in Ag there is a sequence
{xn}52, such that for each n € N, d(z,,Tx,) = d(A,B) and the sequence {x,}>2
converges to the best proximity point of T. Furthermore, if a pair (A, B) satisfies weak
P—property, the best proximity point of T is unique.
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Proof. Let xg a fixed element in Ag. By the fact that T(Ag) C By then there exists an
element x; € Ag such that d(z1,Tz) = d(A, B). Again, by T(Ap) C By then there
exists an element xo € Ag such that d(xo, Tx1) = d(A, B). By similar fashion we can find
sequence {x,}5°, in Aj such that for each n € N,

d(xp, Tx,—1) = d(A, B). (3.1)
So, for each n € N, we can write
1 1
§d (l‘n_l, Txn_l) = i[d(zn_h Txn—l) - d(147 B)]
1
< §[d(mn—17 xn) + d(xn; Tmn—l) - d(A, B)]
(3.2)
1
= §d<xn717 xn)
§ d(xn—la xn)
Then, by (2.3) and (3.2)
T+ F(d(Trp—1,Txy)) < F(d(xp—1,2n)) (3.3)
and hence
Fld(Tzp—1,Txy)) < F(d(zp-1,24))—7T
S F(d(.’[n,Q, (Enfl)) — 27
. (3.4)
< F(d(zg,z1)) — nt.
Then, we obtain that lim,_, . F(d(zn,Tx,)) = —o0, by (F2), we get
lim d(x,,Tx,) = 0. (3.5)

n—oo

If there exits ng € N such that x,, = z,,41, we observe that

d(Xng, TTny) = d(Xngt1,Txn,) =d(A,B),

that is z,,, is a best proximity point of 7. Thus, we suppose that d(z,,,z,+1) > 0 for all
n € NU{0}, putting a,, := d(zy, n41) by (3.5) and (F3), there exist k € (0,1) such that

lim of F(a,) = 0. (3.6)

n— o0
So, for any n € N, we have

aF F(ay) — X F(ag) < (aﬁF(ao) —aknt) — ok Fap) = —aknr <0. (3.7
Letting, n — oo, and using (3.6)and (3.7) we obtain

lim na® =0. (3.8)

n—oo
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Hence, there exists n, € N such that nafl < 1 for all n > ni. Therefore for any n > nq,

ap < (3.9)

= pl/k”
So, we have the series fo:l oy, is convergent. Let m,n € N with m > n > nq, by the
triangular inequality, we get

d(xn;ajm) San""an"‘r"'""amfl Szaz

Therefore, {x,}52 is a Cauchy sequence in A. Since A is closed subset of a complete
metric space X, then there exists z, € A such that z,, — =, as n — oo.

Now, we will show that

1 1
§d*(xn,Txn) < d(xp,zs) or id*(Txn,Tan) < d(Txyp, ) (3.10)

for all n € N. On the contrary, suppose that there exists m € N such that

1 1
§d*(xm,Txm)2d(mm,x*) and §d*(Ta:m,T2xm)2d(Ta:m,x*). (3.11)

Hence, we have

2d(xpm,xe) < d*(xpm, Tam)
= d(zm,Tzy) —d(A, B)

(3.12)
< d(@pm, i) + d(xs, Tm) — d(A, B)
= d(xm, ) + d* (s, Txp)
its follow that
A Xmy xs) < A (@s, Txrn) < d(h, TTm)- (3.13)
Using (3.11) and (3.13), we have
1
AT, xy) < §d*(Txm,T2xm). (3.14)

Since )
id*(xm, Txm) < d(@pm, Txm) — d(A, B) < d(@m, TTm).

By T is an the F—Suzuki proximal contraction, there exists 7 > 0 such that
T+ F(d(T2p, T*2)) < F(d(@m, Tty)).

Since, 7 > 0 implies that
F(d(Txp, T?xy)) < F(d(zp, Txy)).
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By (F1), we get
d(Txpm, T?2) < d(Tp, Txp,). (3.15)
Using (3.11), (3.14) and (3.15),
d(Txpm, T?ry) < d(@m, Trm)

< d(@m, vi) + d(k, Tom)

) ) (3.16)
< id*(Txm, T?x,) + §d*(T96m, T?x,,)

= d*(Tam, T?v,)

which is a contradiction. Hence, we obtain (3.10) hold, and for every n € N with 7 > 0,
either

T+ F(d(Tzn, Tz,)) < F(d(zn, %)) (3.17)
7+ F(d(T?2,,,Tx,)) < F(d(Txp, x.)) = F(d(Zni1, ). (3.18)

Suppose that (3.17) is true, by (F2), we have

lim F(d(Tx,,Tx,)) = —o0,

n— oo

again by (F2) which implies that lim,, . d(Tx,,T2.) = 0 and hence Tx,, — Tz, as
n — oo. Therefore,

d(xy, Txy) = li_>m d(xpy1,Tx,) = d(A, B).
If (3.18) is true, by (F'2), we have
lim F(d(T?z,,Tz.)) = —o0,

n—oo

again by (F2) which implies that lim, . d(T?x,,Tz,) = 0 and hence T?xz, — Tz, as
n — oo. Therefore,

d(z,,Tx,) = lim d(zni2, T?2,) = lim d(z,42, TTny1) = d(A, B).
n—oo n— oo
From, all case we get that x, is a best proximity point of T in A. That is
d(x., Tx,) = d(A, B). (3.19)

Suppose that z, is another best proximity point of 7" and a pair (A, B) satisfies the weak
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P—property, so that
d(xx, Txy) = d(A, B). (3.20)

From (3.19), (3.20) and a pair (A, B) satisfies the weak P—property, we get

A2y, xy) = d(Txy, Txy). (3.21)
Since,

1

id*(x*,Tz*) < d(Ty, Ty). (3.22)

By (3.21), (3.22) and T is an F—Suzuki proximal contraction with 7 > 0, we have

Fld(zy,zy)) = F(d(Tz.,Txy))

A

T+ F(d(Tzy, Txy)) (3.23)
< F(d(zs,2.))

which is a contradiction and hence the he best proximity point of 1" is unique. [ ]

Remark 3.2. Interesting, in Theorem 3.1 we can prove existence of a best proximity
point by using only properties of a mapping 7. However, for the uniqueness of a best
proximity point of a mapping T, we add the weak P-property in the assumption.

Since, F'—Suzuki proximal contraction = F'— contraction for non-self, then we obtain
following result:

Corollary 3.3. Let A and B be nonempty closed subsets of a complete metric space X
such that A # (). Let T : A — B be a mapping satisfies the following condition :

(1) T is an F'—contraction
(2) T(Ap) C By.

Then, T has a best prozimity point in A. Moreover, for each zy in Ay there is a sequence
{zn} such that for each n € N, d(x,, Tx,) = d(A, B) and the sequence {x,,} converges to
the best prozimity point of T. Furthermore, if a pair (A, B) satisfies weak P—property,
the best proximity point of T is unique.

Corollary 3.4. [12] Let A and B be nonempty closed subsets of a complete metric space
X such that Ag is nonempty. Let T : A — B be an F—contraction non-self mapping such
that T(Ap) C By. Assume that a pair (A, B) satisfies P—property.

Then, there exists a unique x. € A such that d(x.,Tz.) = d(A, B).

4. AN EXAMPLE

Now, below we give an example to illustrate Theorem 3.1.
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Example 4.1. Recall the complete metric space in[l1], X = {S,, : n € N} with the
metric d(x,y) = |z — y| for all z,y € X, where the sequence {5, }> ;, defined by

S = 1

Sg = 1+2

53 = 1+2+3

S, = 14+2+3+...+n.

Let A ={S9, : n € N} and B = {So,_1 : n € N}. It is easy to see that d(A, B) = 2,
Ap = A and By = B. Define a mappings T : A — B, by T'(Sa,,) = Sa,,—1 for alln > 1. We
will show that T is an F'—Suzuki proximal contraction with F' € F defined in Example
2.3(i), that is F'(«) = Ina and 7 = 2. Observe that,

%d*(sgn,T(sgn)) < d(Sam, Som) < [(n < m) v (m < n)].

With out of generality, we may assume that n < m, and since

Soni = 1+4+2+43+...+2n—1,

Som-1 = 14+24+3+...+2n—-1)+2n+...+(2m—1),
Spn = 142+3+...+(@2n—1)+2n,
Som = 14+243+...4+2n+2n+1)+...+2m.

It follow that,
d(T(S2n), T(S2m)) = [S2n—1 — S2m—1]

n+2n+1)+...+(2m—1),

d(S2na S2m) = |82n - SQm‘

= (2n+1)+...+(2m—1)+2m,

and
d(T(S21), T(Som)) — d(S2n, S2m) = |S2n—1 — Som—1] = [Son — Som
= 2n—2m.
So that,
A(T(S20), T(S2m)) a(r($50) T(Sam))—d(Sm,82m)  —  20H - H @M=D) o s 11183052
d(SQn,SQm) (27’L+1) +...4+2m

< e2(n—m)
< e 2.

There fore 7 + F(d(T(S2,),T(S2m))) < F(d(S2n,S2m)) with 7 = 2. Hence T is an
F—Suzuki proximal contraction and there exist S € A such that

d(Sa,TSs) = d(Ss, S1) = 2 = d(A, B).
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