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Abstract : Recently B.Y. Chen [4] studied warped products which are CR-
submanifolds in Kaehler manifolds. B. Sahin [8] extended the above result for
warped product semi-slant submanifolds Ng X N7 of a Kaehler manifold. In the
present paper we have investigated the existence of doubly as well as CR-warped
product submanifolds of Kenmotsu manifolds.
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1. Preliminaries
A (2m + 1)-dimensional Riemannian manifolds (M, g) is said to be a

Kenmotsu manifold if it admits an endomorphism ¢ of its tangent bundle
TM, a vector field ¢ and a 1-form 7 satisfying:

P*X =X +n(X)E, n(€) =1, ¢(§) =0, no¢p =0,
9(¢X,¢Y) = g(X,Y) —n(X)n(Y), n(X) = g(X,¢), (L.1)

(Vx9)Y = g(6X,Y)E —n(Y)dX, Vx& =X —n(X)¢

for any vector fields X, Y on M, where V denotes the Riemannian con-
nection with respect to g.

Now, let M be a submanifold immersed in M. We also denote by g
the induced metric on M. Let TM be the Lie algebra of vector fields in
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M and T+M the set of all vector fields normal to M. Denote by V the
Levi-Civita connection on M. Then Gauss-Weingarten formulas are given
by

VxY =VxY +h(X,Y) (1.2)

VxN = —-AxX + VN (1.3)

for any X Y € TM and any N € T+M, where V' is the connection in
the normal bundle, h is the second fundamental form of M and Ay is the
Weingarten endomorphism associated with N. The second fundamental
form h and the shape operator A are related by

g(ANX,Y):g(h(X,Y),N) (1'4)

A submanifolds M tangent to & is called contact CR-submanifold if it
admits an invariant distribution D whose orthogonal complementary distri-
bution D is anti-invariant i.e., TM = D@ D+ @ (¢) with ¢(D,) C D, and
¢(DIJ;) C TpJ-M , for every p € M. It is clear that contact CR-submanifold
is a special case of semi-slant submanifolds.

For any X € TM, we write
X =PX+FX (1.5)

where PX is the tangential component of X and FX is the normal com-
ponent of ¢ X respectively. Similarly, for any vector field NV, normal to M,
we put

¢N = tN + fN (1.6)

where tIN and fN are tangential and normal components of ¢V, respec-
tively.

2. Doubly Warped Products

Doubly warped products can be considered as a generalization of
warped product (M, g) is a product manifold of the form M =; B x; F
with the metric g = f2gp +b?gr, where b: B — (0,00) and f : F — (0, c0)
are smooth maps and gp, g are the metrics on the Riemannian manifolds
B and F respectively [9]. If either b = 1 or f = 1, but not both, then we
obtain a (single) warped product. If both b =1 and f = 1, then we have a
product manifold. If neither b nor f is constant, then we have a non trivial
doubly warped product.
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If X € T(B) and Z € T(F), then the Levi-Civita connection is
VxZ=Z(lnf)X+ X(Inb)Z (2.1)

Let M = p, Ny x j Np be doubly warped product CR-submanifolds
of Kenmotsu manifold M. Such submanifolds are always tangent to the
structure vector field &.

Theorem 2.1. There is no proper doubly warped product contact CR-
submanifolds of Kenmotsu manifold M.

Proof. Let M = ¢ N| x f Np be c_ioubly warped product contact
CR-submanifolds of Kenmotsu manifold M. There are two possible case
arise here.

Case (i) : When ¢ tangent to Np, then let Z € TN

Vz&=2Z(n f1)€ +¢(In f2)Z (2.2)
Also, by equations (1.1) and (1.2)
Vz&=2Z-n(2)¢=2
or
Vz§+hZ,§) =2

this means that
VZ&. = Z7
(2.3)
h(Z, &) = 0.

Using equations (2.2) and (2.3), we get
Z =Z(n f1)§+&(In f2)Z.
By the orthogonality of two distribution, we get

Z(lnfl) = 07
(2.4)
E(n fo) = 1.

First part of equation (2.4) shows that fo is constant for all Z € TN, . In
this case doubly warped product does not exists.
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Case (i1) : When £ tangent to N and let X € TNy

Vx&=¢(In f1)X + X(In f2)¢ (2.5)
From structure equation and Gauss formula, we get

X —n(X)¢=Vx&=Vx&+h(X,§)

ie.,
Vxé=X,
(2.6)
h(X,€) = 0.
Equations (2.5) and (2.6) gives
X = (€l fi)X + (X In )¢ (2.7).
By orthogonality of two distributions, equation (2.7) gives
f(ln fl) =1,
(2.8)
X(ln f2) = 0.

Second part of equation (2.8) follows that fa is constant for all X € T'(Nr).
In this case also, doubly warped product does not exists. Hence the proof
is complete.

As in both the cases doubly warped product submanifold M = £, N x ¢ N,
& tangent to Np and £ tangent to N| doubly warped products does not
exist. Now, we study warped product submanifolds.

3. Warped Product Submanifolds

B.Y. Chen studied warped product CR-submanifolds in Kaehler mani-
folds and introduce the notion of CR-warped product [4]. Later I. Hasegawa
and I. Mihai studied contact CR-warped product submanifolds in Sasakian
manifolds [5]. In this section we study contact warped product CR-submanifolds
of Kenmotsu manifolds.

Definition 3.1. Let (B, g1) and (F, g2) be two Riemannian manifolds with
Riemannian metric g1 and go respectively and f a positive differentiable
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function on B. The warped product of B and F' is the Riemannian manifold
B xy F = (BxF,g), where

9=a1+ fg. (3.1)
More explicitly, if U is tangent to M = B x; F at (p,q), then
U|* = [[dm Ul* + £2(p) | dmU|?

where m;(i = 1, 2) are the canonical projections of B x F onto B and F
respectively.

We recall that on a warped product one has

VUV = VvU = (U In f)V (3.2)
for any vector fields U tangent to B and V tangent to F' [3].

Let M = N xy Np be a contact warped product CR-submanifolds
of Kenmotsu manifold M. Such submanifolds are always tangent to the
structure vector field £. We distinguish 2 cases

(i) & tangent to Np.
(ii) ¢ tangent to N .

First we consider the case (i), when £ tangent to Np.

Theorem 3.1. Let M be a (2m + 1)-dimensional Kenmotsu manifold.
Then there do not exist warped product submanifolds M = N Xy Nt such
that Nt is an invariant submanifold tangent to & and N | is anti-invariant

submanifold of M.

Proof. Assume M = N, Xy Nr is a contact warped product CR-
submanifold of a Kenmotsu manifold M, such that Ny is an invariant
submanifold tangent to £ and N is an anti-invariant submanifold of M.

By equation (3.2), we get
VyZ=VzX = (Zln f)X (3.3)

for any vector fields Z and X tangent to N, and Np respectively.
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In particular,

Vz§=(ZInf)¢ (3-4)

Also, by structure equation (1.1) and Gauss formula, we have

Z=Vz€=VzE+MZ,¢)

ng = Z7
(3.5)
WZ,) = 0.

Equations (3.4) and (3.5) follows that ZInf =0, V Z € T(N)) ie., f
is constant for all Z € T(N,). This means that N, is trivial, i.e., M is
invariant submanifold. This complete the proof of the theorem.

Now, we consider the case (i7), when & tangent to N .
Assume that M be (2m+1)—dimensional Kenmotsu manifold and consider
the warped product submanifold M = N| X Ny such that V| is an anti-
invariant submanifold of dimension p tangent to £ and Ny is an invariant

submanifold of M. Then for any X € T(Nr)

9(Vx& X) =g(Vxé X) = g(X —n(X)¢, X)

ie.,
&In fI1X]* = || x]*
or,
(Einf=1
ie.,
g(VInf,§) =1
ie.,
Vinf =¢, (3.9)

where Vin f denotes the gradient of In f and defined as ¢(ViIn f,U) =
Uln f, for all U € T(M). Equation (3.9) can also be written as

p
Zalnf"zg, i=1,2---p. (3.10)

0x;
i=1 v
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Equation (3.10) is the first order partial differential equation and has a
unique solution, i.e., warped product exist in this case.

Now, we will give an example of warped product contact CR-submanifold
of type N| x; N7 in Kenmotsu manifold, with { tangent to N :

Example. Consider the complex space C® with the usual Kaehler struc-
ture and real global coordinates (z*, y!,--- 2% y®). Let M = Rx fCS be the
warped product between the real line R and C®, where the warping func-
tion is f = ef, t being the global coordinate on R Then M 1s Kenmotsu
manifold [1]. Conblder the distribution D = span{ -2 FaTs Byl’ . x4, 8y4} and

D+ = spcm{g, 550" 8$8’} which are integrable and denote by Np and

4 . -
N, the integral submanifolds, respectively. Let gy, = > ((dz*)? + (dy*)?)
i=1

and gy, = dt* + e Z (dz%)? be Riemannian metrics on Ny and N,

respectively. Then, M N 1 X yNr is a contact CR—submamfold isomet-
rically immersed in M. Here, the warping function is f = €.
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