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Abstract In this work, we establish a fixed point theorem for C*-algebra-valued contractions in fuzzy
metric spaces in the sense of George and Veeramani [1]. We also have an application in integral equations.

Our results improve and generalize the corresponding results in the literature.
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1. INTRODUCTION AND PRELIMINARIES

The concept of fuzzy set was introduced by Zadeh [12] and fuzzy metric spaces initiated
by Kramosil and Michalet [6]. After that, the concept of fuzzy metric spaces was modified
by George and Veeramani [1] as follows:

Definition 1.1. [1] Let X be an arbitrary nonempty set, A a continuous ¢t — norm, and
M a fuzzy set on X x X x (0,00). The 3-tuple (X, M, ) is called a fuzzy metric space
if satisfying the following conditions, for each z,y,z € X and ¢,s > 0,

(i) M(z,y,t) >0,
(ii) M(x,y,t) =1 if and only if z =y for all ¢t > 0,
(iil) M(z,y,t) = M(y,=,t),
(iv) M(z,y,t) A M(y,z,s) < M(z,z,t+s) for all t,s > 0,
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(v) M(x,y,-):(0,00) — [0, 1] is continuous.
In this case, we also say that (X, M, A) is a fuzzy metric space under A. In the
sequel, we will only consider fuzzy metric space satisfying :

(vi) tligloM(x,y,t) =1forall z,y € X.

Remark 1.2. Let (X, d) be a metric space. We define a x b = ab for all a,b € [0,1] and
kt™
Md(x7 Y, t)

Tkt + md(z,y)
positive real numbers then (X, My, %) is a fuzzy metric space. Thus, every metric space

for every (x,y,t) € X x X x [0,00), where k,m and n are

induces a fuzzy metric space. The fuzzy metric given by My(z,y,t) for

~ ttd(y)
every (z,y,t) € X x X x [0,00) is called standard fuzzy metrics.

The concept of continuity is given by the following:

Definition 1.3. [8] Let (X, M, A) be a fuzzy metric space. A sequence {x, }nen in X is
said to be convergent to x € X if

lim M (2, z,t) =1

for all t > 0.
A sequence {z,} in X is said to be a G-Cauchy sequence if

lim M (zp, Tptp,t) =1

noo

for all £ > 0 and p € N.
A fuzzy metric space is called G-complete if every G-Cauchy sequence converges in X

Lemma 1.4. [5] Let (X, M, ) be a fuzzy metric space and {x,}, {yn} are sequence in
X such that ©, — x, yo — y then M(xp,yn,t) = M(x,y,t) for every continuity point t

OfM(:C’ya )

Now, we recall some basic definitions of C*-algebra. For more details, we refer to
[5, 7, 9]. An algebra A is said to be a complex algebra with a conjugate linear involution
mapping * : A — A defined by a — a*, that is, for all a,b € A and z € C we have
(za +b)* = Za* + b*, (a*)* = a and (ab)* = b*a*, is said to be a *-algebra. If a € A,
then a* is said to be the adjoint of a. Moreover, if A does have a unit, we write it as
1 or 14, then A is said to be an wunital x-algebra. An unital x-algebra A with this norm,
it is completely satisfying ||a*|| = ||a|| for all a € A is said to be a Banach x-algebra. A
Banach *-algebra A is said to be a C*-algebra if it satisfies ||a*a| = ||a|? for all a € A.
Let A" be a set of all positive elements and an element a € A" is said to be a positive
element if a = a* and r(a) C R*, where r(a) is the spectrum of a. If a € A™ is positive,
we write it as 0y < a. Using positive elements, one can define a partial ordering on A as
follows: a < b if and only if b —a > 05. For each positive element a of a C*-algebra A
has a unique positive square root.

Recently, Zhenhua Ma et al. [7] introduced a new concept of C*-algebra-valued metric
spaces.

Definition 1.5. [7] Let X be a nonempty set. Suppose that the mappingda : X xX — A
satisfies:
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(1) da(z,y) > 0a,

(2) da(z,y) =04 if and only if z =y,

(3) da(z,y) =da(y,z),

(4) dA(xay) < dA(Z',Z) + dA(Zay) for all T,Y,2 € X.

Then, d is called a C*-algebra-valued metric on X and (X, A,d,) is called a C*-algebra-
valued metric space.

Definition 1.6. [7] Let (X,A,d4) be a C*-algebra-valued metric space.
(1) A sequence {z,} in X is said to be convergent to a point x € X with respect
Aif lim da(zp,z) =0.
n—oo
(2) A sequence {z,} in X is called a Cauchy sequence with respect A if for each
€ > 0, there exits ng € N such that ||da(zn, Tm)|| < € for each n,m > ny.

(3) A C*-algebra-valued metric space in which every Cauchy sequence is conver-
gent with respect A is said to be complete.

Example 1.7. [7] Let X = R and A = M5(R) define

d(z,y) = diag(lx — y|,alz —y|)
for any z,y € X and o > 0 is a constant. It is easy to verify d is a C*-algebra-valued

metric space and (X, Ms2(R),d) is a complete C*-algebra-valued metric space by the
completeness of R.

The author [7] also defined a C*-algebra-valued contraction and proved a fixed point
theorem which generalizes the Banach contraction principle.

Definition 1.8. [7] Let (X,A,d4) be a C*-algebra-valued metric space. A mapping
T:X — X is called a C*-algebra-valued contraction mapping on X, if there exists b € A
with ||b|| < 1 such that

da(Tx, Ty) < b*da(z,y)b, Va,ye X.
In this paper, we introduce a C*-algebra-valued contraction mapping in fuzzy metric

spaces and prove existence theorem of fixed point for such maps. Our results substantially
generalize several comparable results in the literature (see [7, 9]).

2. MAIN RESULTS
In this section, we first define a new notion of C*-algebra-valued fuzzy metric spaces.

Definition 2.1. Let X be an arbitrary nonempty set, A is a continuous ¢t — norm, and
a fuzzy set M4 : X x X x (0,00) = [04,14]. The 4-tuple (X, A, M4, ) is called a C*-
algebra valued fuzzy metric space if satisfying the following conditions, for each z,y,z € X
and t,s > 0,

(1) MA(xayat> >0A7
(ii) Ma(z,y,t) =14 if and only if z = y for all ¢ > 0,
(111) MA('Tvyat) = MA(y7m7t)a
(iv) Ma(z,y,t) A Ma(y,z,8) < Ma(z,z,t+s) for all t,s > 0,
(v) Ma(z,y,-): (0,00) = [04,14] is continuous.

In this case, we also say that (X, A, M4, A) is a C*-algebra valued fuzzy metric
space under A. In the sequel, we will only consider C*-algebra valued fuzzy
metric space satisfying :
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(vi) lim Ma(z,y,t) =14 for all z,y € X.
t— o0

It is obvious that if X is a Banach space, then (X, A, M4, A) is a complete C*-algebra
valued fuzzy metric space if for ¢t > 0, we set
t
My(z,y,t) = | ———— | I.
RN =)
Next, we present a C*-algebra valued contraction mapping in fuzzy metric spaces.

Definition 2.2. Let X be an arbitrary nonempty set. The 3-tuple (X, A, M4, /) be a
fuzzy metric space. A mapping 7' : X — X is said to be a C*-algebra valued contraction
mapping if there exists an b € A with ||b]| < 1 such that
1 1
— 1<V ———1]) 2.1
MA(T%T?/J) N <MA(may7t) > ( )
for all z,y € X and ¢t > 0.

Now, we ready to prove existence theorem for C*-algebra valued contraction mapping
in fuzzy metric spaces.

Theorem 2.3. Let (X, A, M, ) be a complete fuzzy metric space. A mapping T : X —
X is a C*-algebra valued contraction mapping. Then, T has a unique fixed point in X .

Proof. 1t is obvious that if b = 04, then there is nothing to prove. Suppose that b # 04,
let ©op € X be a arbitrary. We define a sequence {xy,}n>0 by Zny1 = Txp, = T"zo and
denote the element M4 (xo,x1,t) in A.

By C*-algebra if ai,as € AT and a; < as, then z*a;z < z*asz for all z € A. Thus,

1 1
1 = -1
Ma(zy, Tpat,t) Ma(Txp—1,Txp,t)
1
< b |l— " —11]0b
N <MA(xn—1axmt) )
1
< b* 2 ( _ 1) b2
o ( ) MA(xn—Za-rn—ht)
1
< )| ————=-—-1|0"
< ) (MA(-TO7331at) >
1
— (b)"Mb", whereM=-— - _1.
®") My (zo,21,t)

Suppose that, for n + 1 > m, by the triangle inequality of fuzzy metric spaces. We
have
1 1 1

—— -1 < -1+ —1+...
MA(:Cmvxn+1;t) MA(xm,van+1at) MA(xm+17xm+27t)

1 1
—
MA(-rn—lyxnat) MA(xnvxn+17t)
(O*)™MB™ + (b")"HIMB™ T L 4 (b)"Mb”

i=m

IN
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Sy MEME Y

i=m

= Y (M) (M=b)

i=m

= Xn: ‘M%bi

2

< i‘M%bﬂ I

< 3

< [ 3 s

< M- H;H% I — 04, where m — occ.

1—|jo]

So {zp}n>0 is a Cauchy sequence in X with resect to A. From (X, M, A) is complete,
there exists © € X such that lim Ma(x,,x,t) = 1, that is, im Ma(Txp_1,2,t) = 1.

Since

1
0O < —— 1
A= MA(Tz,2,t)
1 1
< ~1 ~1
T Mu(Tx,Txp,t) JrM‘A(Tﬂcn,x,t)

1 1
- 1 [ —
b (MA(ZL',I’n,t) >b+ <MA($n+1,I',t) )

< 04, wheren — cc.

IN

Therefore, Tx = x, that is, x is a fixed point of T
Now, we will show that z is a unique fixed point. Suppose that z # = be an another
fixed point of T', then Tz # Tx. From contraction inequality (2.1) we have,
1 1

1 = — =
My(z,x,t) Mu(Tz,Tx,t)

1
feeo—— 1
b (MA(z,agt) )b
1
< (—— 1)
N (MA(Zaxvt) )b ’
1
< | 2,
N (MA(ZJJ) 1) ol

Since [|b|| < 1, it is a contradiction. Hence, T has a unique fixed point. The proof is
therefore completed. [ ]

IN

Remark 2.4. By Theorem 2.3, if we changing AT = RT on the C*-algebra valued fuzzy
metric space, then it becomes the fuzzy metric spaces from Theorem 2.3.
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3. APPLICATION

In this section, we devote our main result to the existence of a solution of integral
equations. Let X = L°°(FE) and consider H = L°°(E) be a Hilbert space, where E
be a set of Lebesgue measurable. For f,g € X, we define M4(f,g,t) = T+ |, where

t+[f—gl

7n(x) = h-x for z € H. Suppose that a function F' : E? xR — R, there exists g : £ — R
is a continuous function, sup [}, | g(u, 2) | dz <1 and a € (0,1) for u,v € E and y,z € R
uek

we have

t t
t+ F(u,0,y)  t+F(u,v,2)

<«

t t
g(u,v) P .
+y t+z

Then, z* € X is a unique solution of the integral equation
x(u) = / F(u,v,z(v))dv), ué€E. (3.1)
E

Proof. Let (X, L(H),M,A) be a complete C*- algebra valued fuzzy metric space with
respect to L(H). Suppose that T : X — X be a self mapping, we obtain

Tx(u) = /EF(u,v,x(v))dv), u€ k.
Now,

[Ma(Tz, Ty, )|

= 10 ("o )

= oo (L (e~ e ramm)
< |, (L ramemn — rrraaam) @)
< [ (ffosteo) (750 — g )| o) s

t t
gasup/ lg(u,v)| dv - sup / |h(u)|? du -
B B
t t

)Mmhmmu

’ (oo}

u€E l[al=1 t+z(v) t+yv)

<«

t+z() t+yv)
<ol 1M a(z,y,t)] -

‘ (oo}

Since ||b]] < 1, then z* € X is a unique solution of the integral equation. The proof is
therefore completed. ]
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