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1. INTRODUCTION

Let Hy, Hy be two real Hilbert space and C, @) be two nonempty closed convex subsets
of Hy, Ho, respectively. Let A : H; — Hs be a bounded linear operator. Let f : CxC — R
and F : Q x Q — R be two bifunctions with f(z,z) =0 for all z € C and F(y,y) = 0 for
all y € Q. The split equilibrium problem (SEP) [34] is stated as follows:

(1.1)

Find z* € C such that f(z*,y) >0, Vy € C,
and u* = Az* € @ solves F(u*,u) >0, Yu € Q.

Obviously, if FF = 0 and Q = Hs, then SEP (1.1) becomes the following equilibrium
problem (EP) [7].

Find z* € C such that f(z*,y) > 0, Vy € C. (1.2)

The solution set of EP (1.2) for the bifunction f on C' is denoted by EP(f, C). A mentioned
archetypal model in Section 2 of [31] is the split inverse problem (SIP), where there are a
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bounded linear operator A from a space H; to another space Hy and two inverse problems
IP1 and IP2 installed in H; and Haj, respectively. The SIP is stated as follows:

{Find x* € C that solves IP1 such that (1.3)

the point y* = Axz* € H, that solves IP2.

Many models of inverse problems in this framework can be solved by setting different
inverse problems for IP1 and IP2. Two most notable examples are the split convex
feasibility problem (SCFP) and the split optimization problem (SOP) in which ITP1 and
IP2 are two convex feasibility problems (CFP) or two constrained optimization problems
(COP), see [3, 25].

It is also well known that EP (1.2) is a generalization of many mathematical mod-
els [7] involving variational inequality problem (VIP), constrained optimization problem
(COP), convex feasibility problem (CFP) and fixed point problems (FPP). The EP is
very important in the field of applied mathematics. Moreover, in recent years, the prob-
lem of finding a common solution to equilibrium problems (CSEP) has been widely and
intensively studied by many authors, see in [3] and the reference therein.

We see that the problem of finding a common solution of EP1 and EP2 is on a same
feasible set K and on a same space R™. As a generalization, when the feasible sets of
EP1 and EP2 are different in a same space, or in more general, EP1 and EP2 are in
two different spaces which originates from the model of SIP (1.3), i.e., a split equilibrium
problem should enable us to split equilibrium solutions between two different subsets of
spaces in which the image of a solution point of one problem, under a given bounded
linear operator, is a solution point of another problem.

Moreover, the multi-objective split optimization problem (MSOP) has been considered
by some authors in recent years, for examples, in [3, 25] and the references therein. This
problem is stated as follows:

Find z* € C C H; that solves min{g;(z) : z € C}, ¢ ., N such that
* = Axz* C Q C Hj solves min{h;(u) :u € @}, j=1,...,. M,

(1.4)

where g;, h; are convex objective functions on C' and @, respectively. If the functions
g; and h; are differentiable for all ¢, j then MSOP (1.4) can be solved by many differ-
ent methods or reformulated equivalently to the multiple set SVIP ([31], Section 6.1) for
derivative operators Vg; and Vh;. However, if g; and h; are only convex and not differen-
tiable for some ¢, j then, by setting f;(z,y) = ¢:(y) — ¢:(x) and Fj(u,v) = h;(v) — h;(u),
MSOP (1.4) is equivalent to the SEP considered in this paper.

The interest is to cover many situations and some practical models are promosing in the

future, for examples, decomposition methods for PDEs [9], game theory and equilibrium
models [8] and intensity-dodulated radiation therapy [33]. Recently, SEP (1.1) and its
special cases have been recieved a lot of attention by many authors and some methods for
solving them can be found, for instance, in [1-3, 12— , 21,28, 30, 32, 34]. Almost

proposed methods for SEPS based on the proximal method [11] which consists of solving
a regularized equilibrium problem, i.e., at current iteration given z; the next iterate xy1
solves the following problem

1
find « € C such that f(z,y) + —(y —z,2 — %) > 0, Vy € C, (1.5)
Tk
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Or Tpyy1 = T,!; (x) where T,fk is the resolvent of the bifunction f and ry > 0, see [22].
In 2012, He [34] used the proximal method and proposed the following algorithm

up+ +7]jN
e fee U
N 3
F(wy,2) + 2 {z —wp,w, —71,) >0, Vz € Q,

Tk

Tht1 = Pc(Tk + uA*(wk — A’Tk)),

T —

for finding an element Q = {p € N, EP(f;,C) : Ap € EP(F,Q)}. Under the assumption
of the monotonicity of f; : C x C — R, F : @ x @ — R and suitable conditions on the
parameters 7, y1, the author proved that {uf}, {z)} converge weakly to some point in

Very recently, for finding a common solution of a system of equilibrium problems for
pseudomonotone and Lipschitz-type continuous bifunctions {f;}, the authors in [5] have
proposed the following parallel hybrid extragradient algorithm

vh = argmin{Mfi(zn,y) + S -yl -y € C},
2, = argmin{\fi(y;, y) + 3llex —ylI* 1y € CY,
Zy = argmax{||z, — i i =1,...,N},

Cr ={veC: |z — vl <lox — v},
Qr={veC:{xg—zr,v—xK) <0},

Tr+1 = Po, nQLTos k> 0.

It has been proved that {zj},{y.},{zL} converge strongly to the projection of the
starting point xo onto the solution set F := ﬂf\il EP(f;,C) under certain conditions on
the parameter \. The advantages of the extragradient method are that it is used for
the class of pseudomonotone bifunctions and two optimization programs are solved at
each iteration which seems to be numerically easier than non-linear inequality (1.5) in the
proximal method, see for instance [24, 26, 27] and the references therein.

In 2016, Hieua [6] introduced parallel extradient-proximal methods for solving split
equilibrium problems. The algorithms combine the extragradient method, the proximal
method and the shrinking projection method. The strong convergence theorems for it-
erative sequences generated by the algorithm established under widely used assumptions
for equilibrium bifunctions. They also were presented an application to split variational
inequality problems. The algorithm is generated as follows:

Algorithm 1.1. Choose zo € C, Cy = C the control parameters \,ri, i satisfy the
following conditions

0< A< mi 1 ! >d>0, 0<pu< 2
ming —,—», Ty > , —.
21 2¢5 [ VT

Step 1. Solve 2N strongly convexr optimization programs in parallel

yi. = argmin{\fi(ze,y) + sy —@xl|? 1y € C}, i =1,..,N,
2z = argmin{\ fi(yi,y) + 3ly — xl> :y € C}, i = 1,.., N.

Step 2. Find among z; the furthest element from xy, i.e.,

Zr = argmax{||z; —wgl| i =1,...,N}.
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Step 3. Solve M reqularized equilibrium programs in parallel

w], =T (Az), j=1,.., M.
Step 4. Find among w{c the furthest element from Az, i.e.,

Wy, = argmax{”w,i — Azl :j=1,...,M}.

Step 5. Compute

tr = Pc(fk + ,U,A*(ﬂ)k — Azk)).
Step 6. Set Cy1 ={v € C : ||ty —v|| < |2k — v|| < ||Jzk — v||}. Compute

Th4+1 = PCk+1 (1‘0)

Set k =k + 1 and go back Step 1.

Motivated and inspired by the recent works [16, 18, 19, 25, 31] and the results above,
we consider SIP (1.3) in Hilbert spaces H1 and H2 in which IP1 and IP2 are common split
equilibrium problems. We propose two different parallel extragradient-proximal methods
for split equilibrium problems for a finite family of bifunctions {f;}¥, : C x C — R in
H, and a system of bifunctions {F,}]J\i1 :Q X Q — Rin Hy. We use the extragradient
method for pseudomonotone equilibrium problems in H; and the proximal method with

CQ algorithm for monotone equilibrium problems in Hy to obtain the strong convergence
algorithm.

2. PRELIMINARIES AND LEMMAS

This section contains some definition and basic results that will be used in our sub-
sequent analysis. We next recall some properties of the projection [10] for more details.
For any point u € H there exists a unique point Pcu € C such that

| w— Pou |[|<||u—y] forall y € C.

Pc is called the metric projection of H onto C. We know that Pg is a nonexpansive
mapping of H onto C. It is also known that Po satisfies

(x — vy, Pcx — Poy) >|| Pox — Poy || for all 2,y € H. (2.1)
In particular, we get from (2.1) that

(x —y,x — Poy) >|| . — Poy ||* forallz € C,y € H.
Furthermore, Pox is characterized by the properties

Pocx € C and {(x — Pox,Pcx —y) >0 forall y € C.

For solving SEP (1.1), we set the following conditions for the bifunctions f : CxC — R
and F': @Q x @ — R. Firstly, for establishing a weakly convergence algorithm, we assume
that f satisfies the following condition.

Condition 2.1. Al. f is pseudomonotone on C' and f(x,z) =0 for all z € C.

A2. f is Lipschitz-type continuous on C' with the constants ¢y, ca.

A3. f(-,y) is weakly sequencially upper semicontinuous on C' with every fixed y € C, i.e.,
limsup f(zg,y) < f(x,y) for each sequence {x;} C C converging weakly to .

k—o0

A4. f(z,-) is convex and subdifferentiable on C for every fixed = € C.
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Next, for obtaining a strongly convergence algorithm, we replace the assumption (A3)
in Condition 2.1 by the weaker one (A3a) below, i.e., the bifunction f satisfies the following
condition.

Condition 2.2. The assumptions (A1), (A2), (A4) in Condition 2.1 hold, and
(A3a), f(-,y) is sequencially upper semicontinuous on C' with every fixed y € C, i.e.,

limsup f(zy,y) < f(z,y),
k— o0
for each sequence {z} C C converging strongly to x.
Throughout this paper, the bifunction F' satisfies the following condition.

Condition 2.3. Bl. F is monotone on C' and F(z,z) =0 for all z € C.
B2. For all z,y,z € C,

limsup F(tz + (1 — t)x,y) < F(z,y).
k—0+

B3. For all z € C, F(x,-) is convex and lower semicontinuous.
The following results concern with the monotone bifunction F'.

Lemma 2.4 ([22], Lemma 2.12). Let C' be a nonempty, closed and convex subset of a
Hilbert space H, F be a bifunction from C x C to R satisfying Condition 2.3 and let
r >0, x € H. Then, there exists z € C' such that

1
F(Zay)+;<y72azfx>207 VyEC

Lemma 2.5 ([22], Lemma 2.12). Let C' be a nonempty, closed and convex subset of a
Hilbert space H, F' be a bifunction from C x C to R satisfying Condition 2.5. For allT > 0
and r € H, define the mapping

TTFx:{ZGC:F(z,y)Jr%(yfz,zfx)20, Yy € C}.

Then the followings hold:
C1. TF is single-valued;
C2. TF is a firmly nonexpansive, i.e., for all x,y € H,
1T e =T y|* < (TFa =Ty, z —y);
C3. Fiz(TF) =EP(F,C), where Fix(TY) is the fized point set of TX ;
C4. EP(F,C) is closed and converz.

Lemma 2.6 ([34], Lemma 2.5). For r,s > 0 and z,y € H. Under the assumptions of
Lemma 2.5, then

|s—
IT () = T (W)1* < llo — yll +

r
—TE ) -yl

The metric projection Po : H — C is defined by Pocx = argmingec{l|ly — z||}. It is
well-known that Pc has the following characteristic properties, see [17] for more details.

Lemma 2.7. [29] Let Po : H — C be the metric projection from H onto C. Then
(i) For allz € C,y € H,

l — Poyl? + | Poy — yII* < [lz — yl|*.
(i) z = Pox if and only if (x — 2,z —y) >0, Vy € C.
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Any Hilbert space satisfies Opial’s condition [35], i.e., if {xx} C H converges weakly
to x then

liminf ||z — z|| < liminf ||z —y||, Yy € H, y # .
k—o0 k—oo

Lemma 2.8 ([23], Lemma 3.1). Suppose that z* € EP(f,C) and {zt}, {yx}, {2} are
the sequences generated by Algorithm 1. Then

(,L) )\(f(l'k,y) - f(xk’yk)) Z <yk — Tk, Yk — y>a Vy eC.
(it) ||zx — z*||* < llag — 2*]1? = (1 = 2Xen)[lye — nl]* — (1 — 2Xe2) [lyr — 2|

Lemma 2.9. [20] Let C be a nonempty, closed and convex subset of a real Hilbert space H
and Pox : H — C be the metric projection from H onto C'. Then the following inequality
holds:

ly — Poz|® + ||z — Pex|?® < ||z — y||?, Vz € H, Wy € C.
Lemma 2.10. [/] Let H be a real Hilbert space and let {u;}?™, C H. For a; € (0,1), i =

1,2,...,m such that Zai =1, the following identity holds:
i=1

m m
1Y il =Y ailuil — Y oyl — %
=1 1=1

1<i<j<m

3. MAIN RESULTS

In this section, we present two different hybrid algorithms for common split equilibrium
problems and prove their strongly convergence theorems. Assume that all bifunctions
fi + C x C — R satisfy the Lipschitz-type continuous condition with same constants
c1, ¢, where ¢; = max{ci :i=1,..., N} and c; = max{ch :i =1,..., N} such that ¢}, c}
are two constants of Lipschitz-type continuous f;. We denote the solution set of SEP for
{fi}zNzl and {Fa}ﬁl by

Q= {g" € Y, EP(f;,C) : Ag" € N, EP(F;, Q).
It is easy to show that if f; satisfies Condition 2.1 or Condition 2.2 then the solution set
EP(f;,C) is closed and convex, see for instance [26]. Moreover, from Lemma 2.5 (C4),
under Condition 2.3 the set of solutions EP(F}, Q) is also closed and convex. Since the
operator A is linear and bounded, €2 is closed and convex. In this paper, we assume that
) is nonempty. We start with the following algorithm.

Algorithm 3.1. Choose xg € C,Q, Cy = C and Qg = C' the control parameters \, i, n

satisfy the following conditions

1 1 2
0<A<ming —,— 5, >d>0,0<n< ——.
mm{?cl 202} o EVTE

Step 1. Solve 2N strongly convex optimization programs in parallel
i, = argmin{\fi(gi,h) + 3|h — gil|* :h € C}, i=1,..,N,
ul = argmin{\fi(hi,h) + L|h = hi||> :h e C}, i=1,..,N.

Step 2. Find among ui, the furthest element from gy, i.e.,

ay = argmazx{||ui, —gi| :i=1,..., N}.
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Step 3. Solve M reqularized equilibrium programs in parallel
w], =T (Aug), j=1,..,M.
Step 4. Find among wi the furthest element from Auy, i.e.,
@y, = argmaz{|w], — Auy|| : j =1,..., M}.
Step 5. Compute
sk = Po(ug + nA* (wy, — Auy)).
Step 6. Set Cp, = {v e Hy : ||sg —v| < |lug —v|| < |lgx —v||} and Qr = {v € Qi_1 :
(91 — gk, g — u) > 0. Compute
gr+1 = Peynq,(90)-
Set k =k + 1 and go back Step 1.
Theorem 3.2. Let C, @ be two nonempty closed conver subsets of two real Hilbert
spaces Hy and Ha, respectively. Let {fi}Y., : C x C — R be a finite family of bifunctions
satisfying Condition 2.2 and {Fj}jj‘il 1 Q X Q — R be a finite family of bifunctions
satisfying Condition 2.5. Let A : Hi — Hy be a bounded linear operator with the adjoint
A*. In addition the solution set §) is nonempty. Then, the sequences {gi}, {ht}, {ul},i =
1,..., N generated by Algorithm 3.1 converge strongly to Aw € ﬁjj\ilEP(Fj7 Q).

Proof. We split the proof into five steps.
Claim 1. Show that {x} is well-defined.

Ci ={ve Hi sy =l < [lar —oll}, CF = {v e Hy: |lar —v| < llgr — v},
then
Cr=CENnCE
Note that C}, C? are either the halfspaces or the whole space H for all k > 0.
Hence, they are closed and convex. Obviously, C} is closed and convex.
Next, we show that Q C Cf for all k£ > 0. From Lemma 2.8 (ii) and the hypothsis of A,
we have

lui = g*[| < llgx — g*|| Vg* € Q.
Thus,
lax — gl < llgr — g"1I- (3.1)

Thus, from the definition of s; and the nonexpansive of the projection,

sk —g*1> = |Pc(ar+nA*(wr — Aug)) — Pog*|)?
< lag — g* + nA* (0 — Auy)|?
= Nlax = g* 1> + n* | A" (wr, — Aw)|* + 2n(ay, — g*, A*(wy, — Aay,))
< lag — g*|1* + n?||A*|]P||wr — Al + 20(A(ar — g*), wy, — Aty,)
< law — g 1> + 1A% || or — At ||* — 2nl|wy, — Aty |1?
< law — g 11> = n(2 = nl A*|1?) lox — Atug|?
<l —g* ) (3.2)

w

From (3.1) and (3.2),

sk —g"Il < llun — g*[| < llgr — ™I, Vg™ € Q.
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Thus, by the definition of C}, and the induction, 2 C C} for all k¥ > 0. For k = 1, we have
g1 =g € Cand Q1 = C, hence Q2 C C1NQ;. Suppose that g is given and Q C CrNQy, for
some k > 1. There exists a unique element ggy1+1 € Cr, N Qy such that gx11 € Poyng, (91),
there holds (gr+1 — u, g1 — gr+1) > 0 for each u € Cy N Qr we get Q C Qr41. Therefore,
we get Q C Cri1 N Qpy1. This gives {gi} is well defined and Q C C, N Qk

Claim 2. Show that khﬁngo llgr — g1]| exists, since € is nonempty closed convex subset

of C, there exists a unique element v € 2 such that u = Pn(g1). From gg+1 = Pg, (91),
we have

llgx — g1l < llu— g1l], (3.3)
for every u € Q_1. Since u € Q C Cf N Qk, we obtain

gk — g1l < llgrs1 — aall; (3-4)

for each k € N. It follows from (3.3) and (3.4) that thesequence {g;} is bounded and
nondecreasing. There, klirn llgr — g1|| exists.
—00
Claim 3. Show that gy — w € C as k — oco. For [ > k by the definition of @, we see

that g; = Pg,(91) € Q. From Lemma 2.9, we have
lgr = gkll* < g — ulI” = llgr — g1

From Claim 2, we obtain that {g;} is a Cauchy sequence. Hence, there exists w € C such
that g — w as k — oco. In particular, we have

lim ||gg+1 — gkl = 0. (3.5)
k—o0

Claim 4. Show that hi — w as k — oo for all i = 1, ..., N. From the definition of Cy
and giy+1 € Ck, we have

st — gra1ll < lux — graall < llge — graall-

Thus, from the triangle inequality, one has

A

sk — gkl < sk — gr1ll + llgr+1 — 9kl < 2|lgx — gr+1ll,
lie — grll < |lae — graall + llgr+1 — gkl < 2llgx — graall,
lur — skl < e — gell + lgx — skl < 4llgr — grr1ll-

Three last inequalities togeter with the relation (3.5) imply that

lim ||sk — gi|l = lim ||ag — sg]| = lim || — gl = 0. (3.6)
k—o0 k—o0 k—o0

Hence, from the definition of @, we also obtain

ui, — gl =0, ¥i=1,..,N. (3.7)

lim
k—o0
Since {gi} is a Cauchy sequence, gr — w and

lim sp = lim 4 = lim v, =w, Vi=1,..,N,
k—o0 k—o0 k—o0

and so

lim Auy = Aw. (3.8)

k—o0
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From the relation (3.2) and the triangle inequality, we obtain
02 =l A1) oe — Aw|® < lae = g*l1* = llsk = g"|1?
(lax = g%l = llse — g"ID(lar = g™l + llsk = g71)
lar = sell(lax = g™l + sk — g*[1)-
Thus, from 7(2 — n||A*||?) > 0, the boundedness of {s;}, {ix} and (3.6) we obtain

k—o0

IN

From the defination of wy, we get
lim |lw] — Aay|| =0, Vj =1,.., M, (3.9)
k—oc0
which follows from (3.8) that
lim w] = Aw, ¥j =1,.., M. (3.10)
k—o0
From Lemma 2.8 (ii) and the triangle inequality, we have
(1 =2 e)|lhy, = gll* < llge = g"1° = lluj, — |17
(lge = ™[I = lluk — g"ID(lgr — g™ + llur — g71)
llge — uill(lgr — 9711 + lluk — g™ 1)
Thus, from the hypothesis of A, the boundedness of {gx}, {u%} and (3.7) we obtain
1Ay — gkl = 0.

IN

lim
k—o0
Therefore, hi — w as k — oo for all i = 1,..., N.
Claim 5. w € Q and w = u : Pq(go). The proof of Claim 3. By using Claim 2, we
also obtain w € N, EP(fi, C)). Moreover, from Lemma 2.6 for some r > 0 we have

1T, (Aw) — Aw|| < |17 (Aw) = T,7 (Aag) + | 1,57 (Auy) — Aug]| + || Aag — Awl|

T —T ) _ _ ) _ _
< JAw = Amy]| + =T (An) — A+ 1T7 (Amg) — Aug|
+ ||Auk — Aw||

T — T i i
= 2l|Aw — Aug| + ’“r [wi — At + |Jwl — Aag|| — 0,

which is followed from the relations (3.8), (3.9), (3.10) and r,, > d > 0. Thus, T (Aw) =0

or Aw is a fixed point of TY”. From Lemma 2.5, we obtain Aw € NIL,EP(F},Q). Thus,

w € Q. Finally, from (3.3), |lgx — g1 < ||u — ¢1]] where v = Pq(x1). Taking k — oo in
this inequality, one has ||w — g1]| < ||lu — g1||. From the definition of u, w = u. Theorem
3.2 is proved. ]

Algorithm 3.3. Choose g9 € C,Q, Cy = C and Qg = C' the control parameters A, ., n
satisfy the following conditions

0< A\ <mi LI >d>0,0<n< 2
min —_—, — T —_—.
261, 262 Pk = ’ 1 HAH2

Step 1. Solve 2N strongly convex optimization programs in parallel
h}f = argmin{)\fi(gk, h) + %”h — gk||2 . h S 0}7 7= 1, ...,N,
ul = argmin{Afi(hi,h) + 3|h— ge||> :h € C}, i=1,..,N.
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Step 2. Find among ul, the furthest element from gy, i.e.,

N N
Uy = g —|—Za§€u§€ , where Zaz =1, vYkeN.
i=1 i=0

Step 3. Solve M reqularized equilibrium programs in parallel

wl =T (Aug),j =1,..., M.

Step 4. Find among wi the furthest element from Auy, i.e.,

M M
W, ZﬁgAﬂk-l-Zﬁ,iwi , where Zﬁ}c =1, VkeN.

i=1 i=0
Step 5. Compute
s = Po(uy +nA*(wy, — Aug)).
Step 6. Set Cy = {v € Hy : ||s, — v| < |Jag —v|| < |lgk — ||} and Qx = {v € Qx_1 :
(91 — gk, g — u) > 0. Compute
gr+1 = Poyngy (90)-

Set k =k +1 and go back Step 1.
Theorem 3.4. Let C, Q be two nonempty closed convexr subsets of two real Hilbert
spaces Hy and Ha, respectively. Let {fi}N.| : C x C — R be a finite family of bifunctions
satisfying Condition 2.2 and {Fj}jj‘il 1 Q X Q — R be a finite family of bifunctions
satisfying Condition 2.5. Let A : Hi — Hs be a bounded linear operator with the adjoint
A*. In addition the solution set ) is nonempty. Assume that the following conditions
hold:
(i) liminf afaf > 0

k—oc0

(i3) lim inf BBL > 0.
Then, the sequences {gx}, {hi}, {ui},i = 1,...,N generated by Algorithm 3.3 converge
strongly to Aw € ﬂj]\ilEP(Fj, Q).

Proof. We split the proof into five steps.
Claim 1. Show that {gx} is well-defined.

Cr={veH :|sx—v| <lax—vl}, CF ={veH :|u—v|<|ge—vl},
then
Cr = C’,l N Ci.

Note that C}, C? are either the halfspaces or the whole space H for all k& > 0. Hence,
they are closed and convex. Obviously, C} is closed and convex. Next, we show that
Q C Cy, for all k > 0. From Lemma 2.8 (ii) and the hypothsis of A, we have

ut, — g*[| < llgr — g*|for all g* € €.
Thus,
luw — g™ < llgr — g*]I- (3.11)
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Thus, from the definition of s; and the nonexpansive of the projection,

sk —g*1> = |Pc(ar+nA*(wr — Aug)) — Pog®|?
< g — g* + nA* (o — Atig)||?
= lak — g*II” + || A* (wr — Aag)||* + 2n(ax — g*, A" (wx — Aiiy))
< law = g* 1> + | AP o — Aagl|* + 2n{A(ar — g*), ox — Atig)
< law = g* 1> + 1A% |wr, — At ||* — 2nl|wy, — Aty |)?
< g — g*|1> = n(2 = nl| A*[*) || or — At |1?
< lak - g% (3.12)

From (3.11) and (3.12),
sk = g™l < llar — g* || < llgr — g7, Vg~ € Q2.

Thus, by the definition of C} and the induction, 2 C Cy for all £ > 0. For k = 1, we have
g1 =g € Cand Q1 = C, hence Q2 C C1NQ;. Suppose that gy is given and Q2 C CrNQy, for
some k > 1. There exists a unique element gi+1 € Ci N Qy, such that g1 € Po,no, (91)
there holds (gr4+1 — u, g1 — gr+1) = 0 for each u € Cr, N Q, we get Q@ C Qr41. Therefore,
we get Q C Cry1 N Qry1. This gives {gi} is well defined and Q C C;, N Qy,

Claim 2. Show that kli)n;o llgr — g1]| exists, since € is nonempty closed convex subset

of C there exists a unique element u € € such that u = Po(¢1). From gry1 = Pg, (91),
we have

lgr — g1l < [lu— g1, (3.13)
for every u € Q_1. Since u € Q C Cf N Qk, we obtain

gk = 911l < llgk+1 — g1l (3.14)

for each k € N. It follows from (3.13) and (3.14) that thesequence {gi} is bounded and
nondecreasing. There, klim llgr — g1|| exists.
—00

Claim 3. Show that g, — w € C as k — oo. For [ > k by the definition of @y, we see
that g; = Pg,(91) € Qk. From Lemma 2.9, we have
lge = gkl < llge = 91 11* = llgx — 0]
From Claim 2, we obtain that {g;} is a Cauchy sequence. Hence, there exists w € C such
that g — w as k — oco. In particular, we have
lim Jgiss — gl = 0. (3.15)
k—o0

Claim 4. Show that h}c — w as k — oo for all ¢ = 1, ..., N. From the definition of C}
and ggy1 € Ck, we have
sk — grr1ll < lldk — graall < llgr — graall-

Thus, from the triangle inequality, one has

sk — gkl < sk — grgill + lgk+1 — gkl < 2llgr — g,

lar —grll < Nk — grerill + llgr+1 — grll < 2llgk — gt

lar —sell < |law — grll + llgx — skl < 4llgx — grt1ll-
Three last inequalities togeter with the relation (3.15) imply that

<
<

lim ||sx — gi|l = lim ||ag — sg|| = lim || — gl = 0. (3.16)
k—o0 k—o0 k—r o0
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Hence, from Lemma 2.10 for g* € 2 we have

N
lax —g* 1> = llofge + Y ajuj, — g*|1?
=1
N N
< Qg — g IIP + > apllug — g% 17 =D afagluf — grl?
i=1 i=1
N N
< llge =g 1P+ eillgr — g IIP = afaillui, — gell?
=1 =1
N
= lgx — g"II” = Y afoilluj, — gell”.
=1
It follows that
N
> aRajllug — gell® < llgw — g7 1> = lla — g™ 1.
=1

By the condition likm inf afaj >0, Vi =1,...,N and (3.16), we obtain
—00
lim ||ul, —gi] =0, Vi=1,..,N.
k—o00
Since {gi} is a Cauchy sequence, g — w and

lim s = lim 4 = lim uw, =w, Vi=1,..,N,
k—o00 k—o00 k—o0

and so
lim Aup = Aw.
k—o0

Hence, from Lemma 2.10 for g* € Q2 we have

N
18R AT, + Y Biw], — g°|I?

(3.17)

(3.18)

o —g*[* =
i=1
< BullAa, — gt |1+ Billwl — g* 1P = BBl wl, — At
i=1 i=1
N N _
< BllAu — g IIP + ) BillAus — g% |1* = > BBillwl — Aug)?
i=1 i=1
N .
= [|Aa, — g*|I> = > BB w], — Au>.
i=1
It follows that
N

Y BB Nw], — Augl® < [|Adk — g — |Jwx — g7
=1

By the condition likm inf ﬁgﬂi >0, Vj=1,..,N and (3.18), we obtain
— 00

lim ||lw] — At|| =0, ¥§=1,.., N.
k—o0

(3.19)
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We get which follows from (3.18) that
lim w] = Aw, ¥j =1,.., M. (3.20)
k—o0
From Lemma 2.8 (ii) and the triangle inequality, we have
S e P [
= (llgr ="l = lur, = g"DUgr = g™l + [luk — g711)
< llge = uill(lge = g% + llur — g7
Thus, from the hypothesis of \, the boundedness of {gx}, {u}} and (3.17) we obtain

A

lim [|hj, — gxll = 0.
k— o0
Therefore, hi, — w as k — oo for all i = 1,..., N.

Claim 5. w € Q and w = u : Pq(go). The proof of Claim 3. By using Claim 2, we
also obtain w € NI, EP(f;,C'). Moreover, from Lemma 2.6 for some 7 > 0 we have
T (Aw) = Aw|| < ||T;75 (Aw) = T,37 (Aug) + || T (Aay,) — Atg| + || Ady, — Aw|

< JJAw — Augll +

Ty —T )

ST (A — Awg| + 1T (Ay) — A
+  ||Aug — Aw||

Tk

. |
Ml = A + g — Au|l =0,

2| Aw — Aty +

which is followed from the relations (3.18), (3.19), (3.20) and rj, > d > 0. Thus, T} (Aw) =
0 or Aw is a fixed point of T . From Lemma 2.5, we obtain Aw € ﬂ;”ilEP(Fj, Q). Thus,
w € . Finally, from (3.13), ||gr — g1|| < ||lu — ¢1]| where u = Pq(g1). Taking ¥ — oo in
this inequality, one has |[w — ¢1]| < ||u — g1]|. From the definition of u, w = u. Theorem
3.4 is proved. ]
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