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Abstract In this paper, we examine the weak convergence of a method to solve classical variational
inequality problems involving quasimonotone and Lipschitz continuous operators in a real Hilbert space.
The proposed method is inspired by Tseng’s extragradient method and uses a simple self-adaptive step
size rule that is independent of the Lipschitz constant. We established a weak convergence theorem for
a new method without involving any additional projections or knowledge of the Lipschitz constant of a
operator. Finally, we present some numerical experiments that show the efficiency and advantages of the

proposed method.
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1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and the induced norm || - ||. The
weak converge of the sequence {z,} to a point z are denoted by z, — z. For a given
closed and convex subset C C H, the variational inequality problem denoted by VI(C,G)
is to find z* € C such that

(G(x*),y—x*) >0, Vy €C, (VIP)
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where G : H — H be an operator. For a closed and convex C C H, the metric projection
Py : H — C is defined, for all x € H such that

Pe(x) = argmin{|lz — y|| : y € C}.

Furthermore, R, N is the set of real and natural numbers, respectively. It is useful to note
that the problem (VIP) is equivalent to solving the following problem:

Find z* € C such that " = Pe[z" — AG(x")],

where A can be any positive real number. The theory of variational inequalities has been
used as an important tool to study a wide range of topics, i.e., physics, engineering, eco-
nomics and optimization theory. Stampacchia [27] presented this problem in 1964, and it
is also well-established that the problem (VIP) is a crucial problem in non-linear analysis.
This is a significant mathematical problem that encompasses several important topics
in applied mathematics, including network equilibrium problems, necessary optimality
conditions, complementarity problems, and systems of nonlinear equations (for more de-
tails [0, 9=11, 17]). On the other hand, the projection methods are important iterative
methods to solve variational inequalities. Many iterative methods for solving variational
inequalities have been proposed and analyzed (see for more details [3, 4, 8, 12-15, 18—

, 2031, 41]) and others in [5, 7, 16, 22-26, 32, 33, 35-40]. The extragradient method
was introduced by Korpelevich [12] and Antipin [1]. The method is of the form

Xo € C,
Tn+1 = Pelzn — AG(yn)];

where 0 < A < % and L is Lipschitz constant of an operator G. In view of this method, we
use two projections on the underlying set C over each iteration. Of course, if the feasible set
C has a complicated structure, this can have an impact on the computational effectiveness
of the method used. Here, we restrict our interest to presenting some methods which can
address this drawback. The first is the following subgradient extragradient method due

to Censor et al. [3]. This method takes the form
o € C,
Yn = Pelzn — AG(24)], (1.2)

Tnt1 = P, [0 — AG(yn)].
where 0 < A < 1 and
Hp={z€H: (zn — AG(2p) = Yn, 2 — yn) < 0}.

In this article, we concentrate on the Tseng’s extragradient method [31] that uses only
one projection for each iteration:

o € C,
Yn = Pelzn — AG(2y)], (1.3)
Tni1 = Un + A[G(2n) — G(ym)].

where 0 < A < %

The main objective of this research is to study quasimonotone variational inequalities
in infinite dimensional Hilbert spaces. To show that the iterative sequence generated by
Tseng’s extragradient method for the solution of quasimonotone variational inequalities
converges weakly to a solution. The proposed method is based on the projection method
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described in [31]. each iteration, the method only requires solving one projection on
the feasible set. If some suitable conditions are imposed on the control parameters, the
iterative sequences generated by our methods converge weakly to some solution to the
problem. We also present examples to explain the computational performance of the new
method.

The paper is organized in the following manner. In Sect. 2, some preliminary results
were presented. Sect. 3 provides a new algorithm and its convergence study. Finally, Sect.
4 presents some numerical results to point out the practical efficiency of the proposed
method.

2. PRELIMINARIES
For all z,y € H, we have

Iz +yl1* = lle]® + 2(z, ) + Jyl*.
A metric projection Pe(z) of x € H is defined by

Pe(a) = argmin{|lz — yl| : y € C}.

Lemma 2.1. Assume C be a nonempty, closed and convex subset of a real Hilbert space
H and Pe : H — C be a metric projection from H onto C. Then

(i) Let x € C and y € H, we have
lz = Pe()II* + 1 Pe(y) = ylI* < lle — yl*;
(ii) z = Pe(x) if and only if
(x —z,y—2) <0, Vy eC;
(ili) ForyeC andx €M
l = Pe(z)[] < [z —yl|
Lemma 2.2. [2] For any x,y € H and £ € R. Then
(i)
10z + (1 = Oyl* = Ll=]* + 1 = O)llylI* = 61 = O)llx — y]I*;
(i)
lz +ylI* < llel® + 2{y, = + ).
Lemma 2.3. [21] Let C be a nonempty set of H and {x,} be a sequence in H such that
(1) for every x € C, lim, o0 ||Tn — || exists;
(73) each sequentially weak cluster point of {x,} within C.

Then, {x,} converges weakly to a point in C.

Lemma 2.4. [28] Let G : C — H be a pseudomonotone and continuous operator. Then,
x* is a solution of the problem (VIP) if and only if x* is a solution of the following
problem:

Find x € C such that (G(y),y —x) >0, Yy € C.
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3. MAIN RESULTS

In this section, we present an iterative algorithm for solving quasimonotone variational
inequalities that is based on Tseng’s extragradient method that does not require either
knowledge of the Lipschitz constant of the operator or additional projection.

Algorithm 1

Step 0: Choose g € C and 0 < A < %
Step 1: Compute
Yn = Pe(xn — NG (2)).
If ,, = yn, then STOP and y, is a solution. Otherwise, go to Step 2.
Step 2: Compute
Tni1 = Yn + A[G(zn) — G(yn)].
Set n =n + 1 and go back to Step 1.

In order to prove the weak convergence, it is considered that the following conditions have
been satisfied:

(G1) The solution set of problem (VIP) is denoted by € is nonempty;
(G2) An operator G : H — H is said to quasimonotone if

(G(x),y —x) > 0= (G(y),y —x) >0, Yo,y €C; (QM)
(G3) An operator G : H — H is Lipschitz continuous with constant L > 0 such that
1G(x) =Gl < Lz —yll, Yo,y €C; (LC)

(G4) An operator G : H — H is sequentially weakly continuous if {G(x,)} converges
weakly to G(z) for every sequence {z,} converges weakly to x.

Lemma 3.1. Suppose that G : H — H satisfies the conditions (G1)-(G4) and sequence
{zn} generated by Algorithm 1. Then, we have

lznis = 2|2 < flon — o ||" = (1 = XL2) 20 =y
Proof. Since z* € ), we have

1 — 2"

= [y + AlG(z0) — Glyn)] — z*||”
4 X(|G () — Gwa)|* + 27y — 27, G(xn) — Glun))
= [y + @0 — 20 — 2*||° + A2[|G(2n) — Gya) || + 2Myn — 2%, G(@n) — G(yn))

2 *
= lyn = @al]” + [lon — 2

= ||yn - SIJ*

2 + 2<yn —Tp, Ty — .’E*>
+X2[G(@n) = Gun)||* + 2Myn — %, G(wn) — Glun))
= ||x” - x*HQ + Hy” - xﬂH2 + 2<yn — TnyYn — $*> + 2<y’n — Tn,Tp — yn>

+X[G(a) = G|’ + 20y — 2" G(a) — Gln))- (3.1)
It is given that

Yn = PC[J:TL - )\g(xn)]
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and further it implies that

(@n = AG(Tn) = Yn,y —Yn) <0, Vy €C. (3.2)
Thus, we have
(T = Yn, " = Yn) < MG (T0), 2° — Yn)- (3.3)

Combining expressions (3.1) and (3.3), we have
[
< o = [* + llvn = 2al|” +2X(G(@n), 2" = yn) = 2{n — yn 0 — yn)
+X[G(n) = Gwa)l|” — 2M(G(wa) = Glyn). 2" — )
= llon = 2*|* = [l#n =y | + N2[|G(20) = Gwa)||” = 2M(G (), 3 — 27). (34)
It is given that z* is the solution of the problem (VIP) implies that
(G(z"),y—a") 20, Vy eC.

It implies that
(Gly),y —x*) >0, Vy eC.
Substituting y = y, € C, we have

From expressions (3.4) and (3.5), we obtain
[~ N —ll” + XLz — |
= ||lzn = 2||* = (1 = A2L%) |0 — va |- (3.6)

lensr = a*|* < [len —

Theorem 3.2. Assume that an operator G : H — H satisfies the conditions (G1)—(G4).
Then, the sequence {x,} generated by the Algorithm 1 converges weakly to x* € Q.

Proof. By using Lemma 3.1, we have
%12 %12 2

foms =P < lotw = a*[* = (1 = 22) i — @
Since 0 < A\ < %, thus we obtain

Znt1 = 2| < flan — 2| (3.8)
Thus, the expression (3.8) implies that

lim ||a, —2*|| =1, for some finite [ > 0. (3.9)

n—oo

From expression (3.7), we have

(1= XL2) 20 = gl < 2 = 2" = Jgss —o*| (310
Due to the existence of lim,_, ||z, — 2*|| = [, we deduce that
le |Tn — ynl = 0. (3.11)

Thus, we have

nhHH;O lyn — ™| = L. (3.12)
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It follows that
[znt1 = ynll = llyn + AlG(2n) = G(yn)] — ynll < ALllzn — ynl.
The above expression implies that
lim ||2n+1 — ynl = 0. (3.13)
n—oo
It follows that
i — x| < i - i - = 0. .
Jim [z gy = 2n|| <l lzn = yoll + lm fly, — 204l =0 (3.14)
This implies that the sequences {z,} and {y,} are bounded. Now, we show that the
sequence {z,} converges weakly to z* € . Indeed, since {z,} is bounded, we assume

that there exists a subsequence {z,,} of {z,} such that z,, — &. Next, we prove that
z € Q. Indeed, we have

Yn, = Fe [xnk = Any g(xnk)}
that is equivalent to

<xnk - )\"kg(xnk) —Ynyr Y — ynk> <0, VyeC. (3.15)
The inequality mentioned above implies that
(T = Ynir ¥ = Yni) < A (G (@) ¥ — Uni ), Yy €C. (3.16)
Thus, we obtain
1

/\7<xnk _ynkay_ynk>+<g(xnk)7ynk _xnk> < <g(xnk)vy_xnk>v VyeC. (3'17)
N

Since min {%7 /\1} < A < Ay and {z,, } is a bounded sequence. By the use of limy_, oo ||, —
Yn, || =0 and k — oo in (3.17), we obtain

likminf<g(xnk),y—xnk> >0, VyeC. (3.18)
—00
Moreover, we have

<g(ynk)7y - y’l’bk>
= <g(ynk) - g(xnk)7y - ‘Tnk> + (g(xnk),y - xnk> + <g(ynk)’xnk - ynk>' (319)

Since limy o0 ||Zn,, — Yn, || = 0 and G is L-Lipschitz continuity on A implies that
Am [[G(@n,) = Gyl =0, (3.20)
—00

which together with expressions (3.19) and (3.20), we obtain
hkm lnf<g(ynk)7 Y- y’ﬂk> Z Oa Vy ecC. (321)
— 00
To prove further, let us take a positive sequence {e;} that is convergent to zero and
decreasing. For each {e;} we denote by my, the smallest positive integer such that
(G(zn,),y — n,) +ex >0, Vi my, (3.22)

where the existence of my, follows from (3.21). Since sequence {¢} is decreasing, it is
easy to see that the sequence {my} is increasing.

Case I: If there exists a subsequence {z,, }subsequence of {z,,, }suchthatG(z,, )=
J J
0 (V7). Let j — oo, we obtain
(G(2),y —2) = lim (G(zn,, )y—7)=0. (3.23)
j—o0 3J
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Thus, € C and imply that & € Q.
Case II: If there exits Ny € N such that for all n,,, > Ny, g(:cnm&.) 2 0. Consider that

Due to the above definition, we obtain

(G(n, ) Ty ) =1, Yium, > No. (3.25)
Moreover, expressions (3.22) and (3.25), for all n,,, > Ny, we have

(G(@n,, ), y+eTn,, —an, )>0. (3.26)
Since G is quasimonotone, then

Gly+eTn, ) v+eTn, —zn, ) >0 (3.27)

For all n,,, > Ny, we have
GW)y—2n,, ) 2(GW) —Gy+eTn,, ), yt+eTn,, —Tn,, ) —el(GW), Tn,, )
(3.28)

Due to {x,, } weakly converges to & € C through G is sequentially weakly continuous on
the set C, we get {G(z,, )} weakly converges to G(Z). Suppose that G(&) # 0, we have

1G] < lim inf |G, ) (3.29)

Since {zy,,, } C {zn,} and limy_,o € = 0, we have
. €k 0
= lim < -
koo |G (@n,, Il — 1G]]
Next, consider k — oo in (3.28), we obtain
(G(y),y—12) =0, VyeC. (3.31)
Thus, we infer that & € (2. Therefore, we proved that:

0< lim [lx Lo, | =0. (3.30)
k—o0

(1) for every z* € Q, then lim,_, ||z, — 2*|| exists;
(2) every sequential weak cluster point of the sequence {z,} is in Q.

By Lemma 2.3, the sequence {x,,} converges weakly to z* € Q. [ ]

Next, we introduce a variant of Algorithm 1 in which the constant step size A is chosen
adaptively and thus produced a sequence A, that does not require the knowledge of the
Lipschitz-type constant L.

Lemma 3.3. The sequence {\,} generated by (3.32) is decreasing monotonically and
converges to X\ > 0.

Proof. Tt is given that G is Lipschitz-continuous with constant L > 0. Let G(x,,) # G(yn)
such that
plen —ynll o pllzn = ynll
1G(zn) = Gyn)ll — Lllzn — ynl
I
> . 3.33
> 8 (33
The above expression implies that lim,, ., A\, = A. ]
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Algorithm 2

Step 0: Choose z¢ € C, p € (0,1) and A\g > 0.
Step 1: Compute

If x,, = yn, then STOP and y, is a solution. Otherwise, go to Step 2.
Step 2: Compute

Set n =n + 1 and go back to Step 1.

Step 3: Compute

] Hzn_ n” .
min { A, el b i G(an) - Glya) #0,
Ant1 = (3.32)

An otherwise.

Lemma 3.4. Suppose that G : H — H satisfies conditions (G1)-(G4) and sequence x,
generated by Algorithm 1. Then, we have

)\2
[ a:*H2 < Hxn — J;*H2 — (1 — 2 )\2" )Haﬁn - ynH2
n+1

4. NUMERICAL ILLUSTRATIONS

The computational results of the proposed schemes are described in this section, in
contrast to some related work in the literature and also in the analysis of how variations
in control parameters affect the numerical effectiveness of the proposed algorithms. All
computations are done in MATLAB R2018b and run on HP i 5 Core(TM)i5-6200 8.00
GB (7.78 GB usable) RAM laptop.

Example 4.1. Consider that H = I5 is a real Hilbert space with sequences of real numbers
satisfying the following condition

Nz )| + lzall® 4+ - - - + lznll? 4 - - - < +oo. (4.1)
Assume that G : C — C is defined by
G(z) = (5—|lz[))z, Vz €C,

where C = {x € H : ||z|| < 3}. It is easy to see that G is weakly sequentially continuous
on H and © = {0}. For any z,y € C, we have

1) = G(w)|| = |5 llzlhz — (5 — llylDy]|
= ||5(z = v) = l=ll(z — ) = (=] = ly)y]|
<5l =yl + lzlllle =yl + |zl = lyll]ly]
<5llz —y[ + 3|z — yll + 3llz — |
=11z —y|. (4.2)

Hence G is L-Lipschitz continuous with L = 11. For any z,y € C let <g(x),y — x> >0
such that

(5-— ||a:||)<x,y — a:> > 0.
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Since ||z|| < 3 implies that
<a:, Yy — x> > 0.
Thus, we have
(GW)y—z)=(5-yl){yy — )
> (5= lylD{y:y — ) = 6= llylD{z.y — =)
> 2z —y[I* > 0. (4.3)
Thus, we shown that G is quasimonotone on C. A projection on the set C is computed
explicitly as follows:
v il <3,
Pe(z) =

%, otherwise.

The control conditions have been taken as follows: (1) (Algorithm 1): Ay = 2; (2)

i1
(Algorithm 2): \g = 2,1 = 0.44.

TABLE 1. Numerical results values for Example 4.1.

Number of Iterations Elapsed time in seconds
o Algorithm 1 Algorithm 2 Algorithm 1 Algorithm 2
(3,3, ,31000,0,0,---) 47 53 5.563843 7.145738
(1,2,---,1000,0,0,---) 58 59 6.563731 8.352731
(5,5, ,510000,0,0,--) 63 68 6.474532 9.563846
(100, 100, - - - ,10010000,0,0,---) 84 79 11.56463 12.56383

CONCLUSION

In this study, we considered a weak convergence result for the variational inequalities
problem involving quasimonotone and the Lipschitz continuous operator, but the Lipschitz
constant is unknown. We modify the extragradient method with a natural step size rule.
The weak convergence result is proved without any provision for additional projections.
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