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Abstract In this paper, we prove the existence and uniqueness solution of fractional delay differential
equation and separated condition of the from:

oDy u(t) = f(t,u(t),u(g(®), t€[0,T], 1<q<?2,

a1u(0) +bic Dy, w(T) = 1, azu(0) +bac Dy, w(T) =n2, 0<p <1,
u(t) = (t), t €[—h,0)
where CD8+ C Dg+ are the Caputo fraction derivative of order ¢, p and we consider a1, ag, b1, b2,n1,m2 €
R, the functions f € C([0,T]xRxR,R), g € C((0,T1],[—h,T]) with g(t) < tand h > 0, ¥(t) is continuous
and bounded via fixed point theorem of Schaefers and Boyd-Wong nonlinear contraction. Also we give
example as an application to illustrate the results obtained.
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1. INTRODUCTION

Fractional calculus is an old mathematical problem and has been always thought of as
a pure mathematical problem for nearly three centuries. Though having a long history, it
was not applied to physics and engineering for a long period of time. However, in the last
few decades, fractional calculus began to attract increasing attention of scientists from
an application point of view. Fractional differential equations have an important role in
numerous fields of study carried out by mathematicians, physicists and engineers. They
have used it basically to developed the mathematical modeling, many physical applica-
tions and engineering disciplines such as viscoelasticity, control, porous media, phenomena

*Corresponding author. Published by The Mathematical Association of Thailand.
Copyright © 2021 by TJM. All rights reserved.



Fractional-Order Delay Differential Equation ... 843

in eletromagnetics etc., (see [I1-3]). The major differences between fractional order differ-
ential operator and classical calculus is its nonlocal behavior, that is the feature future
state based on the fractional differential operator depends on its current and past states.
More details on the fundamental concepts of fractional calculus, fractional differential
equations and fractional integral equations can be found in books like A. A. Kilbas, H.
M Srivastava and J. J. Trujillo [1], K. S Miller and B. Ross [2], and J. Banas and K.
Goebel [4]. Fractional integro-differential equations involving the Caputo-Fabrizio deriv-
ative have been studied by many researchers from differential points of view (see [5—3] and
the references therein). However, in real world systems, delay is very often encountered
in many practical systems such as automatic control, biology and hydraulic networks,
economics, and long transmission lines.

Delayed differential equations are correspondingly used to describe such dynamical
systems. In recent years, delayed FDEs begin to arouse the attention of many researchers
[9-11]. To simulate these equations is an important technique in the research, accord-
ingly, finding effective numerical methods for the delayed FDEs is a necessary process.
Qualitative theory of differential equations have significant application, and the existence
of solutions and of positive solutions of fractional differential equations, which respect the
initial and boundary value, have also received considerable attention. In order to study
such type of problems different kind of techniques such as fixed point theorems [12-14],
fixed point index [14, 15], upper and lower solutions method [16], coincidence theory
[17] etc., are in vogue. For instance, in [18-20], the authors investigate the existence of
solutions of boundary value problems.

oDi u(t) = —f(t,u(t), cDi u(t), 0 <t <1,

amm—wwm>=ayu>=[;M@ﬂuﬁ@ms+m

where 1 < ¢ < 2, ¢DJ, is the Caputo fraction derivative order ¢, (E,|-||) be Banach
space, f:[0,1] x C([0,1],E) x E — E, k € C([0,1],E),k # 0, a,b € RT, a +b > 0 and
o <a-1L

In [21], the authors investigated the existence and uniqueness of solutions of the non-
local fractional integral condition.

rLDG a(t) = f(t, (1)), t €[0,T],

2(0) =0, «(T) =Y aiulhiz(n),

i=1
where 1 < ¢ < 2, RLDS+ is the Riemann-Liouville fractional derivative of order g, ngi
is Hadamard fractional integral of order p; > 0, n; € (0,T), f : [0,7] x R — R, and

a-
Q;n);

n
eR,i=1,2,---, 1 tant h that y ——— £ T
o i n are real constants suc a lzzl TG #
In [22], the authors study and investigate the —Hilfer fractional differential equation

with nonlocal multi point condition of the form:
DIPYu(t) = f(t,u(t), DYV u(t)), t € [a,b],

L7 u(a) =Y Bium), q<r=q+p—qp <1, n € [a,b],
=1
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where 0 <g<1,0<p<1l,meN, ZeR, i=12,...,m, —co<a<b< oo, Dg’f;w
is the ¢— Hilfer fractional derivative, f : [a,b] x R x R — R is a continuous function and
I;I "% is the 1)-Riemann-Liouville fractional integral of order 1 — r.

Inspired by the above papers in [18-22], the objective of this paper is to derive the
existence and uniqueness solution of fractional delay differential equation and separated

condition of the from:
oDi u(t) = f(t,u(t),u(g(t)), t€[0,T], 1 <q<2, (1.1)

a1u(0) + bieDf u(T) = m, agu(0) +bac Dy u(T) =n2, 0 <p <1,

u(t) = 1/)(75), te [7h70)
where ¢D§, and ¢ Dy, are the Caputo fraction derivative of order ¢,p and we consider
ai, as, b1, ba,m1,m2 € R, the functions f € C([0,T] xR xR,R), g € C((0,T],[—h,T]) with
g(t) <tand h >0, ¥(t) is continuous and bounded via fixed point theorem of Schaefers
and Boyd-Wong nonlinear contraction. This study gives us several ideas for solving
boundary valued problem for fractional differential equation by using some suitable fixed
point theorems.

The current paper is organized as follows: Section 1 contains the introduction; in
Section 2, some basic definitions of fractional differential equations are introduced. In
Section 3, the main results are devided into two parts; existance result via Schaefer’s fixed
point theorem is considered in Section 3.1; the study of existence and uniqueness result
via Boyd and Wong fixed point theorem is presented in Section 3.2. As an application,
we present example to illustrate the results obtained. Finally, a conclusion is presented
in Section 4.

2. PRELIMINARIES
We need the following lemmas that will be used to prove our main results.

Definition 2.1. [23] The Riemann-Liouville fractional integral of order ¢ > 0 with the
lower limit zero for a function f : (0,00) — R is defined by

redl (1) = ﬁ /O (t — )71 f(s)ds,

where I'(-) denotes the Gamma function defined by
I'(q) = / e *s1 1 ds.
0

Definition 2.2. [24] The Caputo fractional derivative of order ¢ > 0 of a function
f:(0,00) = R is defined by

(cP8-1)0 = 7= | (= O ),

n—q

where n is the smallest integer greater than or equal to q.

Lemma 2.3. [23] Let n — 1 < ¢ < n. If f € C"([a,b]), then
ReId (cDE ) (t) = x(t) + co + ert + cot® + -+ + curt"
where ¢; € Rji =1,2,...,n, n is the smallest integer greater than or equal to gq.

Proposition 2.4. [23] If ¢, p > 0 then
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(1) If f(t) = k #0, k is a constant, then ¢DJ,k = 0 and rrDj, k = %.
(2) reD{ t171 =0.
(3) For p > 1, we have gl t” = %t‘”p
(4) For p > —1+ ¢, we have g D], tF = %t" q,
(5) For p > 0, we have ¢ DJ, t” = %tﬂ a,
Lemma 2.5. [24](Arzela-Ascoli theorem) Let M C Cfa,b]. M is relatively compact

in Cla, b] if and only if M is
(1) uniformly bounded (meaning that it is a bounded set in Cla, b)),
(2) equicontinuous on [a, b], for any € > 0 there exists § > 0 such that |to — t1|< 0
implies |f(t2) — f(t1)|< € for any f € M.

Definition 2.6. [241] Let X and Y be normed spaces. The mapping A : X — Y is said to
be completely continuous, if A(C) is a relatively compact subset of Y for every bounded
subset C' of X.

Theorem 2.7. [25] (Schaefer’s fixed point theorem)
Let A: X — X be a completely continuous operator. If the set F(A) = {x € X : x =
A* Az for some A* € [0, 1]} is bounded, then A has fixed points.

Definition 2.8. [25] Let E be a Banach space and let A : E — E be a mapping. A
is said to be a nonlinear contraction if there exists a continuous nondecreasing function
U :RT — RT such that ¥(0) = 0 and ¥(e) < € for all € > 0 with the property:

|Az — Ay||< U(||lx — yl|), for all z,y € E.

Theorem 2.9. [25] (Boyd and Wong fixed point theorem)
Let E be a Banach space and let A : E — E be a nonlinear contraction. Then A has a
unique fixed point in E.

3. MAIN RESULTS

In this section, we are going to study the existence of solution for problem (4.1) by
using Schaefer’s fixed point theorem. Firstly, we establish the following lemma to ensure
a solution for u(t).

Lemma 3.1. Let 1 < g < 2, assume y(t) € C[0,T], then the following equation

C’D()+u( )_y(t)v te [OaT]a 1<q<27 (31)
a1u(0) + bieDfu(T) = i, azu(0) + boc DY u(T) =m2, 0 <p <1,
U(t) = w(t)a te [—h,O)

where CD8+,C Dg+ are the Caputo fraction derivative of order q,p and we consider
ai,az2,b1,b2,m1,m2 € R, h > 0,9(t) is continuous and bounded, has a solution

w(t)v te [_h,O),
boni — bz T'(2—q)t bom — bimp
T2, y(t _
u(t) = rLlory(t) + a1by — asby * by Tt noa a1by — azby

*bchng (RLIg+y(T))>> te [OaT]
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Proof. We may apply Lemma 2.3 to reduce equation (3.1) to an equivalent integral equa-
tion.

u(t) =RIL Ig+y(t) + ¢co + c1t.

By u(0) = co and ¢Dju(T) = ¢ DY (o8 y(T)) + e "G we can get

I'(2+q)
c1by T4
aico + bchg+ (RLIg+y(T)) + ﬁ =m
c1bo T
asco + bac DY (rr I y(T)) + ﬁ = 1.
So,
o = bem—bim
0 arby — agby
I'2-gq) bom — bimo
T oieg | — — | — D! 1%, y(T))].
“ blTliq |:771 “ (albg — agb; bic 0+ (RL O+y( ))i|
Hence,
¥(t), t € [=h,0],
bam — b T(2—q)t bomi — b1
I, y(t - 220 T 2
ult) = relgey(t) + a1by — by + b T1-4 m — ay arbs — daby

—bch§+(RLI§+y(T))>, te(0,7].

Let X := C[—h,T)] with the sup norm and define the operator A : C[—h,T] — C[—h,T]
as follows,

w(t)7 te [—h,O],
redge f(t u(t), u(g(t))) + bain i | L2 2 0t <771 - (bzm_bmz>

Au(t) = arby —agby by arby — azb

_blCDng (RLIngf(Tv U(T), U(g(T)))) ) te (07 T}
then the equation (4.1) has a solution if and only if the operator A has a fixed point. =

3.1. EXISTANCE RESULT VIA SCHAEFER’S FIXED POINT THEOREM

We begin with an existance result via Schaefer’s fixed point theorem.

Theorem 3.2. Suppose that
(H1) f € C(I x R x R,R), g € (I,[h,T]), g(t) <t, h > 0.
(H2) There exists k > 0 such that

ft,ur,uz) — f(t,’l)l,ﬂg)’ < k<|u1 — v1|+|ug — v2|> for all t € [0, T].
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(H3) There exist continuous functions 61,6s,0s : [0,7] — Rt with

01 = supbi(t) <1,
0,7]

0y = supba(t) <1,
[0,77]

9_3 = Ssup 03(15) < 1.
[0,7]

It ‘f(t,u,v)’ < 0y(t) + Oa(t)|ul+05(8)|v] for all t € [0,T], u, v € R, and (% +

%) (2 +1)3) < 1, then the problem (4.1) has at least one solution in C[—h, T).

Proof. The proof will be give in several steps.
Counsider the operator A : C[—h,T| — C[—h,T], defined by:

¥(b), t € [<h,0),
RuId, F(t a0, u(g(t)) + 2n b T ot (m —ay (bn_bn>

Au(t) = Cl1b2 — a2b1 blTl—q a1b2 — agbl

_bchg+ (RLIg+f(T’ u(T)vu(g(T)))>7 te [O’T]

Step 1: A is continuous.
Let {u,} be sequence such that w, — u in C[—h,T] where n — oo, then for each
t € [=h,0), we have

‘Aun(t) - Au(t)’ - ‘w(t) - w(t)‘ =0, for all up,u € C([~h,0),R).
For all ¢t € [0,T], we have

‘Aun(t)fAu(t)’ <l

ftu(t), ulg(t)) = f(E un(), un(g(t)))‘

L2 D8 D2 (u T [T uT) (1) = (0 (7). 0 (0T
< ket ([ul®) = un )] + ulg(®) — ua9(0))])
MCZ DT D (et ([u() — )] + (D)) — o))

r A VW
+ ) Uy, — U|-
I'(g+1) T(g—p+1)

< 2k:(1 +TI(2 — q)) (

So, ||Auy, — Aul|cro,rj— 0 as n — oo. Thus show that the operator A is continuous in
Cl-h,T).

Step 2: A(B,) C B,.

Let u belong to B,.. In order to prove that Au € B,, it suffices to show that |Au(t)|< r
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for t € [—h,T]. However, for t € [—h,0), we get |Au(t)|=|(t)|< r1. For ¢t € [0,T], we get

Au(®) < ruld ) u(®), u(go) [ 2| TR (),

a1b2 — agbl bl

bany — bima D q
o (Zp =i )| e Dp (me g (2 u(T), u(g(D)))
— — —~ bg?’]l — b1772 F(2 — q)Tq
< wl? (0, + (8, +0 ] ‘
= Rb 0+( 1+ 0+ S)HUH) + ajbe — asby * b1 (‘771'
bany — bina ’ p a (a A
tan (P )|+ b1 D (re g (61 + (82 +05) ul])
bany — bina ‘ ['(2—q)1? ‘ bamy — bina ‘ 1
< R
- ’albg—agbl + b1 (‘771|+ al(albz—aglh) ) + (P(q—‘rl)
[(2 — q)T2aPH1y T4 D(2 - q)T2 P+l
T, 4 ( BT ) 0+ )l
L(g-p+1) (g +1) [(g—p+1)
S T2,

where, 79 > O‘T‘Lﬁ with

o = ’52?71 —bine ‘

' a1b2 — a2b1 ’

(2 -—q)T1 bomy — bing ’ T ['(2—q)T?97PFLy -

= _— 9

h b (|m|+‘al(a1b2—a2b1) +(F(q+1) T T -pr D ).
T4 re- q)T2q—p+1 _ _

= 1 05 + 053).

’ (Favn * T prn )@

Choose r = max{ry,r2}. Thus, we have A(B,) C B;.
Step 3: A(B,) is uniformly bounded and equicontinuous.

From step 2, we get A(B,) = {Au tu € By
||Au||< 7, which means that A(B,) is uniformly bounded. Let 7, 7 € [0,T], 71 < T2

} C B,. Hence, for each u € B,., we get

and choose u € B, we have;

Au(ry) — Au(n)‘

Au(ry) — Au(ﬁ)(

I'(q)

- r = )7 (s, u(s). ulg()ds|

I'(q
+(m2 — Tl)lj(%lq)r[q (771 — ay[bam — bimg]
+b10Dy (e lfs f(T,0(T), u(g(T))))-

ﬁ /oT1 [(7'2 —8)17 — (1 — S)qil} (él + (02 + 53)|u|)ds

+ﬁ /:2 (r2 = )74 (B + (B> + Bs)\u] ) ds

+(r2 —71)

IN

‘ : /OT2 (19 — 8)T 1 f(s,u(s),u(g(s)))ds

IN

I'(2—q)T"
% (771 - al[b27]1 - b1772}
1

+b10Dg, (R I F(T,u(T), ulg(T))))-
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(él + (02 + 93)”“”)
I(g+1)

(2 —g)T?
b1

o103, (R I F(T,u(T), u(g(T))))-

(g —m1)7

I(g+1)

Au(ry) = Au(m)| < =l = (m—m)") + Jul

+(12 — 71) (771 — 611[52771 - 51772]

As 11 — 79, the right hand side of the above inequality tends to zero. It is clear that if
71, T2 € [—h,0) then ||Au(rz) — Au(m)||= 0. So, A(B,) is equicontinuous and uniformly
bounded. Hence as a consequence of Arzala -Ascoli theorem, we can conclude that A :
C[—h,T] = C[—h,T] is completely continuous.

Step 4: E(A) is bounded set,

where E(A) = {u € Cl-h,T] : u =X (Au), 0 < X* < 1} and choose u € E(A), u =
A*(Au) for some 0 < A* < 1. So for each t € [0,T], we get

bom —bima  T(2—q)t bam — bine
t) = Mo I% f(t,ul(t t — = -
u(t) R S (1 u(t), ulg(0) + 22— 2 4 S o ( al(albg - ale)

~bie Dy (eI f(T,u(T), u(g(T))))
it follows from step 2 and for each ¢ € [0, 7], we get
lu(®)|= |\ (Au) ()| < |[(Au)(t)|< 7.

It is clear that if ¢ € [—h,0) then |u(t)|= |A*(Au)(t)|< [(Au)(t)|= |¥(t)|< r. Hence the
set F(A) is bounded set. As a consequence of Schaefer’s fixed point theorem, A has a
fixed point which is a solution of problem (4.1). n

3.2. EXISTENCE AND UNIQUENESS RESULT VIA BoyD AND WONG FIXED POINT

THEOREM.
Theorem 3.3. Let f : [-h,T] x R x R — R be a continuous function satisfying the
assumption:
Bt)|u—v
6000, ulat) ~ 00000 =0 for € [-hT), w20,

where B(t) : [a,b] = R is continuous and B is the constant defined by B =gy I', 5(t) +
02— q)T9¢Dh, (reIis f(T,u(T),u(g(T)))) < 1. Then the problem (4.1) has a unique
solution on C[—h,T).

Proof. Consider a continuous non-decreasing function ¥ : RT([J{0} — R*[J{0} by

U(e) = BB(j_):, Ve > 0, such that ¥(0) = 0 and ¥(e) < € Ve > 0. For any u,v € C[—h, T
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and for each ¢ € [—h,T], yields.

Au(t) = Av(t)] < mull | Fls,uls), ulgls)) — £5,v(s), v(g(s))
D2 = )T e DY (il |f (s u(s),ulg(s)) = f(s,0(5),0(9(5))
<ty PN ) p2 - 700D, (ratf 5 )
< Mt s s
T2 = )T DY (re T S (T,(T), u(9(T))))
< W(llu—v)).

This implies that |Tu—Tv||< ¥(|ju—wv||). There for A is a non-linear contraction. Hence,
by theorem (Boyd and Wong). The operator A has a unique fixed point, which is the
unique solution of the problem (4.1). L]

Example 3.4. Consider the following fractional boundary value problems

z

c _ _sin’t [u(®)] 2 ¢
Dg,ult) = gty (il ) + site

uw(0) = 7, u(m) =g I3, u(Z).

7
1°D5, u(v)]

) +1, telo,nl, (32)

7
1H[C D5, u(t)]

By comparing problem (4.1) and (3.2), we obtain the following parameters: ¢ = 7/5, p =
7

=7, k= ¢ ps _ sin?t (_lu@)] cos?t [ 1°DZu®l \ | 1
1/3, n=m, k=m/2, f(t,u(t),” D5 u(t)) = 559707 <1+|u(t)|) + 5997t (1 czo;% u(t )""5-
+1eD3, ()|

v —v*

As, |f(t,u,v) = f(t,u*,0%)| < 1,0%‘“_“* —|—170% with M = N =1/1,000 and

7
5

ftu),” Diut) < 4 + mﬁ‘u(t)‘ + Tloo‘v(t)" Therefore the condition of Theorem

oo . . TMT (p+2)) 0P 79
3.2 is satisfied with (Tr(p+2)—,£ﬂ+1)(1—N) oot D T TaiD

~ 0.0049 < 1. Hence, the

problem (3.2) has at least one solution on [0, 7], if we choose 3(t) = 0.002. Then, we find
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B = 0.0202, clealy clealy,

F(t.u(®).S D u®) - f0.060). DEat)| < ——( -
0 0 - 1,000 1+|U_U‘
7 7
‘CD§+u(t) - CDgw(t)‘
+ 7 z )
1+ ’CD5’+u(t) - CD§+v(t)’
U—'U‘ L'U/—’U‘
< 1 ( ‘ n 999 )
1,000 1—|—|u—v‘ 1—1—99%@—0‘
’U*U ’U*’U
< +

il )
1,000 1—|—|u—v‘ 999+\u—v‘
1 |u — v
< (o).
500 \0.0202 + [u — v
Hence, by Theorem 3.3, problem (3.2) has a unique solution on (0, 7).

4. CONCLUSIONS

We have derived the existence and uniqueness solution of fractional delay differential
equation and separated condition of the from:

cDg+U(t) = f(t’u(t)7u(g(t)))7 te [O’T]’ 1<g<2,

a1u(0) + bchngu(T) = 1, au(0) + bchg+u(T) =19, 0<p<1,
U(t) = 1p(t)7 te [—h,O)
where ¢Dj, and ¢ Dy, are the Caputo fraction derivative of order ¢,p and we consider
ai,as,b1,ba,m1,m2 € R, the functions f € C([0,T] xR xR,R), g € C((0,T],[—h,T]) with
g(t) <tand h >0, ¥(t) is continuous and bounded via fixed point theorem of Schaefers

and Boyd-Wong nonlinear contraction. Moreover, one example is given to illustrate the
results obtained. Our results are new and develop the previous results in [18-22].
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