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Abstract : In this paper, we introduce new 3-step iteration schemes with errors
for approximating the common fixed-point of 3 generalized asymptotically quasi-
nonexpansive mappings and prove some strong convergence results for the iterative
sequences with errors in real Banach spaces. The results obtained in this paper ex-
tend and improve some results announced by Lan [H.Y. Lan,Common fixed-point
iterative processes with errors for generalized asymptotically quasi-nonexpansive
mappings, Comput. Math. Appl. 52(2006), 1403-1412.]
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1 Introduction

It is well known that the concept of asymptotically nonexpansive mappings
was introduced by Goebel and Kirk [2] who proved that every asymptotically
nonexpansive self-mapping of nonempty closed bounded and convex subset of a
uniformly convex Banach space has fixed point. Since 1972, the weak and strong
convergence problems of iterative sequences with errors for asymptotically non-
expansive types mapping in the Hibert space and Banach spaces setting have
been studied by many authors (see, for example, [4-12]). Zhou et al. [12] intro-
duced a new class of generalized asymptotically nonexpansive mapping and gave
a necessary and sufficient condition for the modified Ishikawa and Mann iterative
sequences to converge to fixed points for the class of mappings. Atsushiba [1] stud-
ied the necessary and sufficient condition for the convergence of iterative sequences
to a common fixed point of the finite family of asymtotically nonexpansive map-
pings in Banach space. Suzuki [9], Zeng and Yao [11] discussed a necessary and
sufficient condition for common fixed points of two nonexpansive mappings and a
finite family of nonexpansive mappings, and proved some convergence theorems
for approximating a common fixed point, respectively. Recently, Lan [4] intro-
duced a new class of generalized asymptotically quasi-nonexpansive mappings and
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gave necessary and sufficient condition for the 2-step modified Ishikawa iterative
sequences to converge to fixed points for the class of mappings.

Inspired and motivated by the work of [4-12], a new class of 3-step iteration
schemes are introduced and studied in this paper.

2 Preliminaries
Let X be a normed space, C be a nonempty closed convex subset of X, and

T;:C — C, (i=1,2,3) be a given mapping. Then for a given w and x; € C, we
define the sequence {z,} in C by the 3-step iteration scheme

zn = (1 —cp)w+ T3 x, + vp,
Yn = (1—=bp)w+ 0,152, + un, (2.1)
Tpnt1 = (A —ap)w+a,TVyn +w,, n>1,

is called the general modified 3-step Ishikawa iterative sequence with errors, where
{un},{vn}, {wn} are sequences in C and {a,}, {bn},{cn}, are sequences in [0, 1]
satisfying some conditions.

If we replace the same point w in all the iteration steps by x,,, then the sequnce
{z,} defined by (2.1) becomes

zn = (1 —cp)xn + cnT5Tn + vp,
Yn = (1 - bn)xn + bnTQnZn + U, (22)
Tn+1 - (1 - an)xn + anT{Lyn + Wn,y n 2 1)

is called the generalized modified 3-step Ishikawa iterative sequence with errors,
where {u,}, {vn}, {wn} are sequences in C and {a,}, {b.},{cn}, are sequences in
[0, 1] satisfying some conditions.

If T; =T for (i=1,2,3), then the sequence defined by (2.2) becomes

zn = (1 —cp)an + ey T e, + vy,
Tn+l = (]— - an)xn + anTnyn +wy, n>1,

is called the usual modified 3-step Ishikawa iterative sequence with errors, where
{un},{vn}, {w,} are sequences in C and {a,}, {bn},{cn}, are sequences in [0, 1]
satisfying some conditions.

In the sequel, we need the following definitions and lemmas for our main results
in this paper.

Definition 2.1 (See[d]). Let X be a real Banach space, C be a nonempty subset
of X and F(T) denotes the set of fixred points of T. A mapping T : C — C , is
said to be
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(1) asymptotically nonexpansive if there exists a sequence {r,} of positive real
numbers with r,, — 0 as n — oo such that

[Tz =Tyl < (1+r)lz -yl (2.4)

(2) asymptotically quasi-nonexpansive if (2.4) holds for allz € C andy € F(T);

(3) generalized quasi-nonexpansive with respect to {s, }, if there exists a sequence
{sn} C [0,1) with s, — 0 as n — oo such that

[Tz —pl| < [lo = pll + snllz =T x|, (2.5)

forallz e C andp e F(T), n>1,

(4) generalized asymptotically quasi-nonexpansive with respect to sequence {ry}
and {s,} C [0,1) with r,, — 0 and s, — 0 as n — oo such that

1Tz —pl < (L +ro)lle—pll + sullz = T"2], (2.6)

forallz € C andp e F(T), n>1,

Remark 2.2. It is easy to that,

(1) if s, =0 foralln > 1, then the generalized asymptotically quasi-nonexpansive
mapping reduces to the usual asymptotically quasi-nonexpansive mapping;

(2) if rn = s = 0 for all n > 1,then the generalized asymptotically quasi-
nonezrpansive mapping reduces to the usual quasi-nonexpansive mapping;

(3) if rn, =0 for alln > 1,then the generalized asymptotically quasi-nonexpansive
mapping reduces to the generalized quasi-nonerpansive mapping.

Lan in [4] has shown that the generalized asymptotically quasi-nonexpansive
mapping is not a generalized quasi-nonexpansive mapping.

Lemma 2.3 (See [10]). Let {an}, {bn}, and {6,} be sequences of nonnegative real
numbers satisfying the inequality

Qp41 S (1 + 6n)an + bn

If Y0 16, < oo and > 07 | by, < 0o, then lim, .o a,, exists. In particular, if {a,}
has a subsequence converging to zero, then lim, . a, = 0.

Lemma 2.4 (See [4]). Let C' be nonempty closed subset of a Banach space X and
T :C — C be a generalized asymptotically quasi-nonexpansive mapping with the
fized-point set F(T) # 0. Then F(T) is closed subset in C.
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3 Main Results

In this section, we prove strong convergence theorems of the 3-step iterations
(2.1) and (2.2) with errors for the generalized asymptotically quasi-nonexpansive
mappings in a real Banach space.

Theorem 3.1. Let X be a real arbitrary Banach space, C' be a nonempty closed
convex subset of X. Let T; : C — C, (i = 1,2,3) be generalized asymptotically
quasi-nonexpansive mappings with respect to {ri,} and {s;n} such that the set
Tn + 28,

1 < 0o wherer, = max{ﬁn,?”zm T3n}7
— s,

F(TY)NF(T2)NF(T3) # 0 in C and i

——
Spn, = max{Sin, Son, San}. Assume that {v,},{un} are sequences in C' , where
(i) v, =wk(1—cp), {wk} is bounded;
Up = w2 (1 —by), {w2} is bounded;
and wy, =wy, +wy, n=1; 300wl < oo, [Jwill = o(1 — ay).
(i1) 3opey (= an) <00, 3021 (1= bn) <00, 3207 (1 = cp) <00
Then, the iterative sequence {x,} defined in (2.1) converges strongly to a
common fixed-point p of Ty, T, and T3 if and only if

liminf d(z,, F(T)) N F(Ty) N F(T3)) =0

n—0o0

where d(z, F(T1) N F(Tz) N F(T3)) denotes the distance between x and the
set F(Tl) N F(TQ) n F(Tg)

Proof The necessity is obvious and it is omitted. Now we prove the sufficiency.
For any p € F(T1) N F(T2) N F(T3), by (2.1) and (2.6) we have

—~

|zn —T3znl < |lzn —pll + 752, — p|
< lzn = pll + (1 + 730) |20 — pIl + s3nllzn — T3 @4
< 2+ ran)llzn — pll + s3nllzn — T3z,
< CH+ra)llzn —pll + sellzn — T3z, ||

which implies that
2+r
lzn = Ts'eall < 77 =z — pll (3.1)
n

Similarly, we have

< Myn —pll + 177yn — pll
< Myn —pll + A+ r)llyn — pll + s1allyn — T1"Yal|
< @+7)lyn — ol + sallyn — TT'ynll-

lyn — T ynl|

which implies that

241,
1—s,

lyn — TT'ynll < llyn — pl| (3.2)
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and also

2+
lzn —T3'znl| < =

< -l (33)

From z, —p= (1 — ¢p)w + ¢, T§xy, + vy, — p, it follows from (2.6) and (3.1) that

[zn —pll < (1 =c)llw—=p|+callT5zn — pll + [[vn]
< (I—cp)llw—pl+ Cn((l +7r3n) |z — pll + sanllzn — T:?an) + [lvnll
< (I=ep)llw=pll + en((1+rn)llzn = pll + snllen = Tz ) + (1= cn)|lwy]]
2471,
< (M +rn)lan —pll + sny— len —pll) + (1 =) (Jlw = pll + [lwy )
1+7r,+s
< Il (L= ) (o =l + o) (34

From y, —p = (1 — bp)w + b, 152y, + up, — p, by (2.6) and (3.3) we have

lym — ol < (1 =bp)llw—pl + bu || To' 20 — pl| + |t
< (L=bp)llw = pll + ba (14 720) 120 — Pl + s20ll20 — T3 2nl]) + [Jin]]
< (1 — bn)Hw —p” + bn((l + Tn)Hzn —p|| + anzn _ T;an) + (1 _ bn)HwiH
2+
< () lzn = pll s T llzn = pl) + (1= ba) (1w = pll + [l ])
14+7r,+ s,
< s M el =) (lw = pl + ) (3.5)

On the other hand, by the Condition (¢), we have

lwnll < Jwhll + [Jwl|l, forall n>1 with ||w!| =o(1 —a,) for all n > 1
and > 7, |Jwl,|| < oo and so there exists a sequence {e,,} with ¢, — 0
such that ||w!] =en(1 — ay), ie.,

[wa]l < lwpll +en(l — an). (3.6)
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Therefore, it follows from (2.1) and (3.1)—(3.6) that

[Znr =2l = (A = an)w + anTi'yn +w, —pl|
< (T—an)llw = pll+ anlT7yn — pll + Jws |l
< (1- an)Hw —p|| + an((l + Tln)Hyn —p|| + 81|y — Tlnyn”) + HwnH
< (1 - an)Hw —p|| + an((l + Tn)”yn - p|| + Sn”yn - Tlnynll) + ||wnH
241,
< (1 —=ap)||w—pl + an((l +ra)llyn — ol + Snl s [/ *p”)
+ [lwp | +en(l = an)
1+7r,+ s,
< (= an)lw = pl+ an T g pl |
+en(l—ayp)
147, 4+ Sn\2
< (1= a)lw—pl +an (<),
— 5,
1+7r,+ s,
a4 )
+ [lwp |l +en(l = an)
1+7r,+s
< (I—an)llw—pll+ an(#ﬁ””«’n =l
147, + s, 1+7,+ s,
+ an (=) (1 = bp) lw = pl| + an(—"—)(1 = b,) [[w} |
1—s, 1—s,
+ [lwp | +en(l = an)
147, + 8555
< - = _
< an (T,
1+7,+ s,
{0 = an) + an () (1= b)) o - g
1+7r,+ s,
+ an (N 1) 2
— 5,
+ ||w;1|| +en(l = ay).
1+7,+ sy, L47rn +8n
< an(177>3||$n —pll + an(f)Q(l —cn)([lw = p| + [[w,])
147y, + sy,
+ {(1 - an) + anli)(l - bn)}Hw _pH
— sy,
1+7r, + s,
a0 b ]+ ]+ a1 - ).
< (kn)?llzn = pll + (kn)*(1 = ca) ([lw = pll + [[w,]])

+ {(1 = an) + k(1 = by) }Hw — p||
+ k(1= bn)[wi || + [[w), || + en(1 — an).

= (1 +)llzn —pll + dn. (3.7)
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where 0, = k3 — 1, and
dn = (kn)*(1 = ca) (Jlw = pll + wy]])
+ {(1 - an) + kn(l - bn)}”w _pH
+ k(1= o) [wp || + W]l +en(1 = an)

and k, = ﬂ Since k, —1= u, the assumption
1—s, 1—s,
(o) TTL Jr 2STL . . . .
anl e < oo implies that lim,,_, . k, = 1. Therefore, it follows from the
— s,

Condition (¢) and (i) and by Lemma 2.3 that
Zén < 00, Zd” < 0 (3.8)
n=1 n=1

and the limit lim,_, ||z, — p|| exists. This implies that sequence {||z, — p||} is
bounded.
Denote by

M = sup |z, —pl.
n>1

Thus we can rewrite (3.7) as follow
|znt1 —pll < llon —pll+ Mép +dn, n=1. (3.9)
Now for any positive integer m,n > 1, we have

||xn+m _P” S ||(En+m71 _p” +M5n+m71 +dn+m71

< ||mn+m72 - p” + M(5n+m71 + 6n+m72) + (dn+mfl + dn+m72)
<
n+m—1 n+m—1
< an—pl+M > 5+ Y, di (3.10)
i=n i=n

By (3.7), we get

d(@pi1, F(T1) NF(T2) N F(T3)) < (1+ 6,)d(zn, F(T1) N F(T2) N F(T3)) +dy,
and it follows from the condition liminf,,_, d(a:n, F(Ty) N F(Ty) N F(Tg)) =0
and by Lemma 2.3 that

lim d(zn, F(T1) N F(Ty) N F(T3)) = 0. (3.11)

n—oo

Next we show that {x, } is a Cauchy sequence in X. In fact, from (3.8) and (3.11)),
it follows that for any given € > 0, there exists a positive integer ng such that for
all n > ng,

& > 3 > 9
d(wn, F(T1) N F(T2) N F(T3)) < 75, > b < S1F > dn < s (312

n=ngo n=ng
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By the first inequality of (3.12]), we know that there exists a py € F(T1) N F(T2)N
F(T3) such that

e
ln, = p0ll < % (3.13)

Combining (3.10), (3.12) and (3.13), for any positive integer m > 1

[Zng+m = Tnoll < Zng+m — poll + |Tny — poll
no+m—1 no+m—1
< (lzno —poll+M 3" 8+ > di) + I, — pol
1=n0 1=no
no+m—1 no+m—1
= 2||5L'n0 *po|| + M Z 0; + Z d;
1=no 1=no
< g,

which shows that {z,} is a Cauchy sequence in X. Thus the completeness of X
implies that {z,,} must be convergent. Assume that {x,} converges to p. Then
p € C, because C' is a closed subset of X. By Lemma 2.4 we know that the set
F(Th)NF(T>)NF(T5) is closed. From the continuity of d(z, F(T1)NF(T2)NF(T3))
with

d(x,, F(Th) N F(T2) N F(T3)) - 0 and z, — p as n — o0,

we get
d(p, F(T1) N F(Ty) N F(T3)) =0

and so p € F(T1) N F(T3) N F(T3). This completes our proof.

Corollary 3.2. When ¢, = 1,v, =0 and T5 = I (identity) in Theorem[3.1], then
we obtain the result of Lan [4, Theorem 3.1].

Theorem 3.3. Let X be real arbitrary Banach space, C' be a nonempty closed
convex subset of X and fori =1,2,3,T; : C — C be generalized asymptotically
quasi-nonexpansive mappings with respect to {ry,} and {s;n} such that F(Ty) N
F(To)NF(T5) # 0 in C. Assume that

(i) {vn},{un} in C are bounded, w, = w) +wi,n > 1 and Y > ||lw,| <
o0, [wy|l = o(an).

(1) D07 an < .
Then, the iterative sequence {x,} defined in (2.2)) converges strongly to a
common fized-point p of T1,Ts, and T3 if and only if

liminf d(z,, F(T1) N F(T2) N F(T3)) = 0.

n—oo

Proof  The necessity is obvious and is omitted. Now, we prove the sufficiency.
Let

Tn = Max{T1n,T2n,"3n}, Sp = MaAX{S1n, S2n, S3n}-
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Then, from r;, — 0 and s;, — 0 for i = 1,2,3 , we know that r,, — 0 and s,, — 0

as 1 — OQ.

For any p € F(Ty) N F(Tz) N F(T3) by (2.2) and (2.6])

|20 — T5'zn |

which implies that

Similarly, we have

and

From z, — p

llzn — pll

where k,,

IAIN TN

IN

(3.14)

(3.15)

(3.16)

< lzn —pll + 1752 — pll
< lzn = pll + (1 +730) [20 — pIl + s30 |20 — T3z, |
= 2+ 7m3n)lzn —pll + s3ullzn — T5'ws||
< 24, _pH + snllTn — T?:an”
241
lzn = T3'zall < 7 “lan — pl
— sy,
2+
lyn = Tyall < 7= llvm — 2
— 5,
247
lon = T3]l < 7 = lzn — 2l
— sy,

(1 —cp)an + ey T xy — p + vy, by (2.6) and (3.14), we have

(1= cn)llzn = pll + el T3'wn = pll + [vnll

(1 =cp)llzn —pll +cn [(1 +730) |20 — Pl + 830 |70 — T?:anm + [Jvn |

(1
(1

— Cn)
2
—cn)l|zn _pH +cn [(1 +rp)||Tn — pll + s (

1+7r,+ s,
1= et a2 [l = pll + floal
.
1+7r,+ s,
[+ e = D)l = pl 4l
.
1+7r,+s
(T e = pl + ol
— S
k

Hf_"%Hl,sincernHOandanOasnﬂoo
sn

1—

+r
wn —pll] + llvall
Sn

cn)llzn — pl| + Cn[(l +ro)l|len — ol + sz, — T?tlxn”} + [|vall

(3.17)
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Similarly, by (2.6), (3.16) and (3.17), we have

lyn =2l < (U= bo)lln = pll + bl T3 20 = Il + [lun

< (1= ba)llzn = pll + b [(L+ ran)lzn = Il + 520120 — T3 2] + llun

< (L=b)ll@n =Pl +ba (L4 1) 20 = Pl + sullzn = T3zl | + flual

< (1= )l =+ B (L )l = 2l 50 (G 2 = ol + ]

= (1= ba)llzn = pll+ ba [ (k) (Kullwn = Il + onll) | + llua

= [0 0u(k2 = D]z — pll+ bk ol + llun

< kD)llen = pll+ knlloall + llunl) (3.18)
wherekn:m

1—s,
On the other hand, by Condition (7) we have

lwnll < llwpll + llwy || with [[wy ]| = o(an) for all n > 1

and >~ ||wl,|| < oo, and so there exists a sequence {¢,,} withe,, > 0 and ¢, — 0
such that

[wnl < flwnll + enan. (3.19)

Therefore, it follows from (2.6) and (3.14)—(3.19) that

lZnt1 —pll = (1= an)wn + anT"yn + wn — pl|
(1 —an)llzn = pll + anl|Ti"yn — pll + [Jwn|

IN

< (1= an)llzn — pll + an] (L +71)[yn — pll + $10llgm — Tl”ynll]
+ [lwp |l + [yl ,

< (I =an)llzn = pll + an | (L4 70)llyn = pll + snllyn - T{Lynll}
+ ||wi || + enan

< (1 —an)|zn —pll + an (1 +ro)llyn — ol + snifi::ﬂyn *PH}
+ [lwn |l + enan

— (1=an)|en —p| +an le_"% [

+ ”w;” + Entn
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< (I =an)llzn —pll + anks [(k‘i)llwn = pll + knllonll + [[uall
+ [lwpll + enan
1+ an(k;, — 1)} 20 = pll + ankillonll + anknlun |
+ [lwn, || + enan
(E)llzn = pll 4 ankd lonll + anknllun || + [|w), || + enan
(1 + 6n)||@n — pl| + dn.

IN A

where 6, = k2 —1 and
dn = ank?z”vnu + anknl|unl + Hw;mH + Enlp.

We can see that > - 6, < oo, and > -, d, < co. By Lemmal2.3, we can
conclude that lim, _, ||z, — p|| exists. This implies that sequence {|x, — p|/}
is bounded. The rest of proof follows as those of theorem [3.1/ and therefore is
omitted. This completes the proof.

Corollary 3.4. When ¢, = 1,v, =0 and T5 = I (identity) in Theorem/3.3, then
we obtain the result of Lan [4, Theorem 3.2).

In Theorem 3.3, if 77 = Ty = T3 = T, we obtain the following result:

Theorem 3.5. Let X be a real arbitrary Banach space, C' be a nonempty closed
convez subset of X and T : C — C be a generalized asymptotically quasi-nonexpansive
mapping with respect to {r,} and {sp} such that F(T) # 0 in C. Assume that

(i) {vn},{un} C C are bounded, w, = w), + wii, n > 1, and Y > |wh| <
00, [wpll = o(an).

(i) D07 an < .
Then, the iterative sequence {x,} defined in (2.3) converges strongly to a
common fized-point p of T if and only if

lim inf d(z,,, F(T)) =0

n—oo

where {an},{bn},{cn} C[0,1).
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