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Abstract The propose of this work is to modify an Extragradient method (in [2]) for finding a common
solution of fixed point, variational inequality, and equilibrium problems without the monotone assumption
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1. INTRODUCTION

Suppose that H is a real Hilbert space, C' C H is a nonempty closed convex set, and
2 is an open convex subset in H containing C. In 1992, Blum, Muu and Oettli [14, 15]
presented the equilibrium problem (shortly, EP(C, F)) that is to find « € C such that

F(z,y) >0,Vy € C, (1.1)

where F' : Q x Q — R is a bifunction satisfying F(x,z) = 0 for every « € C. The Minty
equilibrium problem (shortly, M EP(C, F)) is to find v € C such that

F(y,u) >0,Vy e C. (1.2)

We denote the solution set of EP(C, F) and MEP(C, F) by Sgp and Sy gp, respectively.
Furthermore, there is a simple formulation of EP(C, F') which can apply in applied math-
ematics: variational inequality problem, fixed point problem, saddle point problem, and
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others (for example [14, 15, 18, 19]). The classical variational inequality problem (shortly,
VI(C, A)) is to find & € C such that
(Az,v—2) >0,YVv € C, (1.3)

where a mapping A : C' — H. Later, the solution method of equilibrium problems have
been usually extended from those for variational inequality problem (for more detail see
in [3, 29-32]) because if F(z,y) = (Ax,y — x) where a mapping A : C — H for every
z,y € C then z € EP(C,F) if and only if (Az,y — 2) > 0 for every y € C, ie., z is a
solution of the variational inequality problem. There are a lot of iterative processes for

finding a solution of the variational inequality problem [4, 17, 20-29]. Among them, the
Extragradient method which was introduced by Korpelevich [17], that is,
rog=z € C,

Zn = Po(x, — NAz,)
Tnt1 = Po(z, — NAZ,),

for all n > 0, where X € (0, 1), and A is a monotone and k—Lipschitz continuous mapping
of C into R™. He proved that if VI(C, A) # 0, then the sequences which generated by this
method converge to the same point z € VI(C, A). After, authors extended this method
to equilibrium problem [33, 34] that is an important method. However, it always requires
the condition Sgp C Syrgp. This condition is guaranteed under the pseudomonotonicity
assumption of bifunction F' on C, that is, if z,y € C, F(z,y) > 0, then F(y,z) < 0.
Thus, if Sgp is not contained in Sy;pp, then the existing extragradient method cannot
be applied for EP(C, F) directly. In 2015, Ye and He [8] suggested a new method which
is called a double projection method under the only assumption that the solution set of
dual variational inequality is nonempty. They also proved that their method can solve
the solution set of variational inequality problem without the monotonicity of A, and
gave some numerical experiments. Recently, motivated by the idea of a double projection
method [8], Dinh and Kim [!] proposed projection algorithms for solving equilibrium
problems where the bifunction is not required to be satified any monotone property.
Under assumptions on the continuity, convexity of the bifunction and the nonemptyness
of the solution set of Minty equilibrium problem. They also proved a weak convergence
theorem which is generated by their proposed algorithms.

Another interseting problem is the problem for finding a common element of the set of
fixed point of a nonexpansive mapping and the solution set of the variational inequality
problem for an inverse strongly-monotone mapping which was presented by Takahashi
and Toyoda [16]. A mapping S of C into itself is called nonexpansive if

|Sz — Sy|| < ||z —y|| Vx,y € C. (1.4)

The fixed point problem is to find a point x € C such that x = Tz where a mapping T :
C — C. We denote by F(S) the set of fixed point of S. By the way, their process obtained
a weak convergence theorem for two sequences. In 2006, Nadezhkina and Takahashi [7]
presented the iterative algorithm for finding the common solution of F(S) N VI(C, A),
that is,
o=z € C,
yn = Po(x, — NAxy,)
Tpt1 = Ty + (1 — ) SPe(x, — AMyyn), Vn > 0.

Furthermore, they proved that the sequence {x,} and {y,}, generated by their method,
converge weakly to z € F(S)NVI(C, A). Thereby, Jaiboon, Kumam, and Humphries [2]
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introduced a new iterative algorithm for finding the common solution of fixed point, equi-
librium, and variational inequality problems and proved the following weak convergence
theorem.
Assumptions A bifunction F' : C x C — R satisfies the following conditions:
(Cl) F(z,z)=0 for every x € C}
(C2) F is monotone, i.e, F(z,y) + F(y,x) <0 for every z,y € C;
(C3) for each x,y,z € C, limy_,o F(tz + (1 — t)z,y) < F(z,y);
(C4) for each x € C, y — F(x,y) is convex and lower semicontinuous.

Theorem 1.1. Let F : C x C — R be a bifunction satisfying (C1)-(C4) and let A be
a monotone k—Lipschit continous mapping of C into H and let S be a monexpansive
mapping of C into itself such that F(S)NVI(C, A)NEP(C,F) # (. Suppose 1 =u € C
and {xn}, {yn}, and {u,} are given by

Up € C§F(U7L7y) + %(y — Un, Up — $n> >0
Yn = PC(fEn - >\Aun>
g1 = QnZp + (1 — ap)SPo(x, — Myp), ¥n > 0,

for alln € N, where {a,} C (a,b) C (0,1) and {\,} is a sequence in (0, 1) and {r,} C
(0,00) satisfying the following conditions:

(i) lminf, ,oory, >0, Y07 [[rng1 — | < 00, and

(i1) lim,_ooXn = 0, then {x,}, {yn}, and {u,} converge weakly to the same point
p € F(S)NVI(C,A)NEP(C, F), where p = lim,, o Pr(s)nvi(c,A)nEP(C,F)Tn-

Motivated by [1], [2] and [3], we introduce a modification of Extragradient method for
solving fixed point, variational inequality, and equilibrium problems without the mono-
tonicity of the bifunction F. Our method is a combination between the projection algo-
rithm [1] for solving nonmonotone equilibrium problems in Hilbert space and the Extra-
gradient method [2] for solving the common solution of fixed point, variational inequality,
and equilibrium problems. Moreover, we prove a weak convergence theorem which is
generated by this method.

The paper is organized as follows. Section 2 contains some preliminaries on the metric
projection and equilibrium problems. Section 3 introduces a modification of extragra-
dient method for solving the common solution of F(S) N VI(C,A) N EP(C,F). When
reducing some mappings in the method, it can find solutions of various problems without
the monotonicity.

2. PRELIMINARIES

In this section, we contain definitions and useful lemmas for using in the next
section. A unique nearest point in C, denoted by Px(z), is for every x € H such that

|z = Po(2)]| < |lz—yl, Yy € C.
P¢ is called the metric projection of H onto C.

Lemma 2.1. [12] For any x € H and z € C,
(A) |[Po(z) = 2] < ||z = 2|* = [ Pe(x) — x|
(B) (Po(x) —z,z— Po(x)) > 0.
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Lemma 2.2. [7] Let {a,} be a sequence of real numbers such that 0 < a < a, < b <1
for everyn =0,1,2,..., and {v,}, {wn} sequences in H such that
limsup ||v,]] < e, limsup||wy,| <e¢, and lim [|a,v, + (1 — an)w,| = ¢,
n—o00 n—o00 n—o00
for some ¢ > 0. Then lim,,_, o ||vn — wy]|| = 0.

Lemma 2.3. [7] Let {z,} be a sequence in H. Suppose that for each u € C,
[#n41 — ull < flan —ul
for everyn =0,1,2,.... Then, the sequence {Pcxy,} converges strongly to some z € C.

Lemma 2.4. [13] Let H be a Hilbert space, C' a closed convez subset of H, and T : C — C
a nonexpansive mapping with F(T) # 0. If {x,} is a sequence in C weakly converging to
x € C and if {(I —T)x,} converges strong to y, then (I —T)x = y.
Opial Condition [2] For every {z,} with z,, — z, the inequality

liminf ||z, — z|| < liminf ||z, — y||,

n—oo n—oo
holds for any y € H with y # «.

Definition 2.5. A bifunction ¢ : C' x C — R is said to be jointly weakly continuous
on C x C if for all z,y € C and {z,},{yn} are two sequences in C' converging weakly
to z and y respectively, then ¢(z,,y,) converges to ¢(x,y). In the sequel, we need the
following assumptions:

(A1) F(x,-) is convex on  for every x € C}

(A2) F is joint weakly continuous on £ x €.

For each z,x € C, by 02F(z,x) we denote the subdifferential of the convex function
F(z,-) at z, i.e.,

O F(z,x) :={weH: F(z,y) > F(z,2) + (w,y — z),Vy € C}.
In paticular,
OoF(z,2)={w e H: F(z,y) > (w,y — 2),Vy € C}.

Lemma 2.6. [1] Suppose the bifunction F' satisfies the assumptions (A1), (A2). If {z,} C
C is bounded, p > 0, and {u,} is a sequence such that

: p
up, = argmin{F(z,,y) + §Hy —a,|? iy € CY,

then {un} s bounded.

3. MAIN RESULTS

This section, we propose two algorithms for finding the common solution. Firstly, Al-
gorithm 1 for solving fixed point, variational inequality, and equilibrium problems without
the monotonicity of the bifunction F' is presented.

Algorithm 1 Pick zy € C and choose 7 € (0,1),p > 0, {a,} C (0,1),
{A\} C(0,1/k) and Cy = C.
Step 1. Compute

Yn = PC(un - AnAun)a (31)
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where u,, = argmin{F(zy,y) + 5|y — x,||?,y € C}.
If y,, = x,,, then stop. Otherwise, do Step 2.
Step 2. (Armijo linesearch rule) Find m,, as the smallest positive integer number m
satisfying
2 = (1 - nm)xn +n"up
w™ € Qo F'(Z™, 2™ (3.2)

(W™, &y — un) = §llun — .

Step 3. Set n, =™, z, = 2™ w, = w™™n. Take

H,={x€eH: (wp,x — z,) <0},Cpy1 =C,NH,. (3.3)
Step 4. Compute
Tntl = QnTp + (1 - an>SPC"+1 (xn - )\nAyn)7 (34)

and go to Step 1 with n is replaced by n + 1.

Lemma 3.1. If Syypp # 0. Then the sequence {z,} generated by Algorithm 1 is well
defined in the sense that there exists m > 0 satisfying the inequality in (3.2) for every
w™™ € Qo F(2™™, z™™), C,, is nonempty closed convez, and

(W = 20) 2 T — (3.5)

for each iteration n.
Proof. The proof is similar to Lemma 3.1 in [1] n

Theorem 3.2. Let F : C x C — R be a function satisfying (A1),(A2) and A : C —
H be a monotone k-Lipschitz continuous mapping and S : C — C be a nonexpansive
mapping. If F(S)NVI(A,C)NEP(C,F) # 0,Sypp # 0 and lim, oo A, = 0 then
{zn}, {yn} and {u,} which generated by Algorithm 1 converges weakly to the same point
u = limy, 00 Pr($)nVI(A,C)NEP(F)Tn-
Proof. Let b, = P, (v — Ay Ayy) for every n =0,1,2,.... Let u € F(S)NVI(C,A)N
EP(F). From Lemma 2.1 (A), we have
[bn —ul® < llon = AnAyn —ull® = 20 — A Ayn — bnl|®
= |z — u||2 — @ — bn||2 + 270 (AYn, u — by)
= |lan - “||2 —lzn — bn||2 + 20 ((Ayn — Au,u — yy)
+(Au, u = Yn) + (AYn, Yn — bn))
< zn = ull® = llzn = ball* + 200 (Ayn, Yo — bn)
= |lzn— u||2 —lzn — yn||2 = 2(Tn = YnsYn — bn) — [lyn — an2
+2X, (AYn, Yn — bp)

= |lan - u||2 —lzn — yn||2 — yn — bn”2 +2(Tn — A AYn — Yn, b — Yn)-
Thank to Lemma 2.1 (B), we receive
(X — A A%y — Y, by — Yn)
+ (A Az, — Ay Ayn, by — Yn)
(MAzy, — N Ayn, by — Yn)
Akl = Yn |l [[bn — ynl|-

<xn - )\nAyn — Yn, bn - yn>

INIA
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This implies that

1bn —ul® <l —ull® = llzn = yall® = lyn — ball?
+F2Ankll 2 = ynll (b — ynll
< lan = ull® = 1z = yall? = llyn — ball?
+)‘ik2”$n - yn||2 + lyn — bn”2
lzn — ull® + (Ank* = D)llzn — ynll

|Zn —u||2.

We also have

@, + (1 — ) Shy, — ul|?
o (zn —u) + (1 — ay) (Sby, — u)H2

41—l

< anllen —ul + (1= a,)|Sby — ulf®

< O‘n||17n_uH2‘|'(1_O‘n)an_u”2

< apllzn —uf? + (1= an)(|lzn — ul® + 2K = D20 — yall*)
= |lon —ull® + (1 = an) AZK = 1)llzn =yl

< lzn _UH2~

Since the sequence {||z, —ul|} is a bounded and nonincreasing sequence, lim,, o ||, —ul|
exists, that is there exists

c= nh_)rr;o |zn — ull. (3.6)
Moreover, lim;,_, oo ||Zn+1 — Zn|| = 0. Thus the sequence {z,}, {b,} are bounded. Accord-

ing to Lemma 2.6, it obtians that {u,},{zn}, {w,} are also bounded. Furthermore, we
have

nlggo [0 = yull = 0. (3.7)
Note that

| Po(tn — ApAuy) — Po(x, — A\ Ayn) ||
[(un — AnAun) — (zn — AnAyy) ||

[un — znll + AnllAus — Ayl

[tn — 2| + EAnlltn — yall.

Hyn - an

IN A CIA

Since A\, — 0 as n — 00, we get
[yn = bnll < llun — 2l (3.8)

Therefore lim,, o ||y — bn|| = 0 and lim,,—, o ||z — by|| = 0.

Now, we are going to prove that {z,} converges weakly to some point u. Assume
that @ and u are two weak accumulation points of {x,}. There exist {x,,} C {z,} and
{@n,} € {xn} such that z,,, = @ and 2,, = u. By (3.6), it yields limy, o ||z, — ul|* =~
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and lim,, o ||z, — ul|> = K. We can see that

v = lim |z, —a|® = lim ||lz,, —al]
n—oo j—o0

— hm |27, — u||2 +2(2n, —u,u —u) + |Ju — ﬂ||2)

n (

= lim (fon, = ul® + [lu—af?)
im ([l —ull* + [lu—a]*)
0. (

= hm 2y — @l|® + 2|lu — al|?)

= 7+2Hu—ﬂ|\2. (3.9)

Obviously, ||u — @|| = 0. This means that {z,} converges weakly to u.
After that we will show that v € EP(C, F). We know that {w,} is bounded. There
exists L > 0 such that ||w,| < L for all k. Combining with Lemma 3.1 (3.5), we have

‘<wnyxn - Zn>| 77nP 2
ntl—Tn| =d nacn >d naH = 2 || Tn—Un 3.10
i1 —nll = d(@n, Cu) > d(w,, H) i 2L — 2. (3.10)
Thus
nh_}n;o NallTn — un|* = 0. (3.11)
We will consider two cases.

In the case of limsup,,_, ., 7» > 0. There exists ' > 0 and a subsequence {n,,} C {n,}
such that 7,,, > n'. From (3.11), we have

= 0. (3.12)

lim |2, — un,
11— 00

Since z, — w and (3.12), we get that u,, — u as i — oo. By the definition of w,,, we
obtain 0 € 0o F (T, , tn,) + p(tn, — Zn,) + No(uy,). There exists v, € OoF (2, , un,) such
that

(Un;, Y — Un, ) + p{Un;, — Tn,, Yy — Un,) > 0,Vy € C. (3.13)
We combine (3.13) with

F(zp,,y) — F(Tn,,un,) > (vn,, y — un,),Vy € C.
This implies that

F(zn,,y) — F(Tn,, tn,) + p(tn, — Tn,, y — un,) > 0,Vy € C. (3.14)

In addition, (un, — Zn,, ¥ — Un,) < ||Un, — Tn,

ly — wn, ||, we receive
ly — un,|| > 0. (3.15)
Taking ¢ — oo, we have F(u,y) — F(u,u) > 0. So F(u,y) > 0 for all y € C which means
that w € EP(C, F).
In the case of lim,,_,o 7y, = 0. By the boundedness of {u,}, there exists {un, } C {un}
such that u,, — u* as i — oo. We replace y by x,, in (3.14). So
F(xﬂ1’un1) + pHum — Tn,; ||2 <0. (316)

Whereas, by the Armijo linesearch rule, for m,, — 1,
there is w™ ™ =L € Gy F(z™™mni =1 znimn; 1) quch that

F(anvy) - F(xniauni) + PHUm — Tn;

N, My, —1

(w @y = un) < Elun, = [ (3.17)
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By the convexity of F(z""™n~1 .) we see that

F(Zni’m"i_l,uni) > F(z"“mni_l’znivm"i_l) + (w"i’m"i_l,un. _ Zni,mni—1>

i

= (1 - nnhmniilani’mniilaum - x7l1,>

> (=g o, — .
By (3.16) and (3.17), we obtain

1
B ) 2 (L) Bl = [P 2 (L) P )
Since 2"l = (1 — i =)z, 4 e Ty, om0, 2, — u, and u,, — u*,
it can imply that 2"~ —~ 4 as i — co. Without loss of generallity, we may suppose
that lim; e ||tn, — 2n,||? = 0 because {||u,, — xn,||*} is bounded. Therefore

2> _F(u,u”).

DN | =

F(u,z*) > ~? lim |tn, — Tn,
2 i—oc0

That is F(u,u*) = 0 and lim; o0 ||tun, — @p,||* = 0. From the Case 1, u is a solution of
EP(C,F). Now, we want to show that u € VI(C, A) but the same argument as in the
proof of Theorem 3.1 in [7]. We can prove that v € VI(C, A).

We will show that u € F(S). Since ||Sb, — u|| < ||bn — u|| < ||z, — u| and (3.6), we
have limsup,,_, . [|Sby, — u|| < ¢. Consider

1im [l (e, — ) + (1= ) (Sb, — )| = lim s — ul = c.
From Lemma 2.2, it can imply that lim,_, ||Sb, — z,|| = 0. Moreover, we have
[S2n —xpll < ||Szn — Sby|| + [|Sbn — x|
< lwn = ball + 156, — 2nl-
Thus lim,, e ||Szn — 2,|| = 0. By using the demiclosedness of I — S, we obtain that
Tp, = u and lim, o [|S2y, — 2] = 0. So u € F(S). Let {z,,} be another subsequence

of {z,} such that z,, — v € EP(C,F)NVI(C,A)N F(S). We are going to show that
u = u'. Assume that u # u'. The Opial condition yields

lim ||z, —u| = liminf|z,, —u| <liminf|z,, —«||
= lim ||z, — /| = liminf [|z,, — /|
< liminf||z,, —ul| = lim [z, —u.

This is a contradiction. Therefore u = u’. That is
x, —~u € EP(C,F)NVI(C,A)NF(S).
Next, we will prove that u = lim,, . Prp(c,r)nvi(c,A)nF(s)Tn- Suppose that
2n = Pepc,p)nvi(c,anr(s)Tn. For every u € EP(C, F)NVI(C, A) N F(S), we have
[2ns1 —ull = flan(zn —u) + (1 = an)(SPe(zn — Anyn) — u)
< len —ull-

By using Lemma 2.3, it obtains that {z,} converges strongly to some v* € EP(C,F) N
VI(C,A) N F(S). Since (u — zp, 2, — Tpn) > 0. So (u — u*,py — p) > 0. We can conclude
that v = u* = lim,, o Pep(c,F)nvI(C,A)nF(S)Tn- L]
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By setting S = Iy, we obtain the following algorithm for solving the equilibrium and
variational inequality problems without the monotonicity of the bifunction F'.
Algorithm 2 Pick z¢ € C and choose n € (0,1),p > 0,{a,} C (0,1),

{A\n} C(0,1/k) and Cy = C.
Step 1. Compute

where u,, = argmin{F(zy,y) + 5|y — z,|?,y € C}.
If y,, = x,,, then stop. Otherwise, do Step 2.
Step 2. (Armijo linesearch rule) Find m,, as the smallest positive integer number m
satisfying
LM — (1 _ nm)mn 4 nmun
w™ € Qg F'(2™M, 2™ (3.19)
(W™, Ty — up) > %HUn - anQ

Step 3. Set n, = ™", z, = 2™ w, = w™. Take

H,={xeH: (wp,z — z,) <0},Cpy1 =CpN Hp. (3.20)
Step 4. Compute
Tni1 = Po, (0 — A Ayn), (3.21)

and go to Step 1 with n is replaced by n + 1.
By Theorem 3.2, we obtain the following corollary.

Corollary 3.3. Let F': C x C — R be a function satisfying (A1),(A2) and A : C — H
be a monotone k-Lipschitz continuous mapping. Suppose that VI(A,C) N EP(C,F) #
0, Syvep # 0 and limy, 00 Ay = 0. Then {zn}, {yn} and {u,} which generated by Algo-
rithm 2 converges weakly to u = limy, oo Pyra,cynEP(F)Tn-

Remark 3.4. When setting A = 0, Algorithm 2 can imply the projection algorithms for
solving nonmonotone equilibrium problem in Hilbert space (see in [1])

4. CONCLUSIONS

A modification of Extragradient method for finding a common solution of variational
inequality, equilibrium and fixed point problems has been proposed, in which the bi-
function F' is a nonmonotone mapping on C, A is a monotone k—Lipschitz continuous
mapping, and S is a nonexpansive mapping. When setting the solution of dual equilib-
rium is nonempty, we can obtain a weak convergence theorem which generated by our
method. Furthermore, we have another algorithm for solving the common solution of
variational inequality and equilibrium problems without the monotonicity of F.
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