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Abstract In this paper, the authors used a new auxiliary integral identity involving twice differentiable

function based on a three step quadratic kernel ω(s) and obtained several new integral inequalities of

Simpson’s 3
8

type for functions whose second derivative absolute value power q are φ-convex and φ-

quasiconvex function via Hlder’s and power mean inequality. Then we also obtain some Simpson’s second

type integral inequalities as special cases of our main results and also provided some applications to

special means.
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1. Introduction and preliminaries

A set C ⊂ R is said to be convex, if

(1− s)z1 + sz2 ∈ C, ∀z1, z2 ∈ C, s ∈ [0, 1].

Similarly a function F : C → R is said to be convex, if

F((1− s)z1 + sz2) ≤ (1− s)F(z1) + sF(z2), ∀z1, z2 ∈ C, s ∈ [0, 1].

In recent times, the integral inequalities models have been very useful in approximation
theory and is applied to describe the rate of increase of competing mathematical analysis.
Applications of these models are also found in fractional calculus and ordinary differential
equations. The concept of convexity may be considered as very simple, but it has several
applications in our daily lives through its various branches of pure and applied sciences.
The theory of integral inequalities has also been influenced greatly by the convexity con-
cept. In the literature, several renowned integral inequalities can be easily derived by
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applying the class of convex functions. Very many problems have been studied by using
the integral inequalities approach. Recently, variants of integral inequalities have been
studied by applying different techniques. One of the most studied and recorded integral
inequality among several others is the Simpsons integral inequality type. Simpsons inte-
gral inequality has been applied successively in several models of fractional and ordinary
differential equations, see [1, 5, 6, 9, 11]. There are also several applications of it in other
branches of mathematics. Interested readers can find some interesting information and
applications regarding Simpson’s inequality in survey article written by Dragomir et al.
[5]. This inequality reads as:
Let F : I = [z1, z2] ⊆ R → R be a four time continuously differentiable on I◦, where I◦

is the interior of I and ∥F(4)∥∞ < ∞. Then following inequality is known as Simpson’s
inequality∣∣∣∣∣∣13

[
F(z1) + F(z2)

2
+ 2F

(
z1 + z2

2

)]
− 1

z2 − z1

z2∫
z1

F(x)dx

∣∣∣∣∣∣
≤ 1

2880
∥F(4)∥∞(z2 − z1)

4.

Recently many researchers have obtained a variety of new refinements of Simpson’s in-
equality using novel and innovative techniques [2–4, 7, 8, 10, 12].

“

Definition 1.1. [6]. A function F : C → R is called convex with respect to φ, if

F((1− s)z1 + sz2) ≤ F(z1) + sφ(F(z1),F(z2)),

for all z1, z2 ∈ C and s ∈ [0, 1]. Furthermore, F is called φ-quasiconvex, if

F((1− s)z1 + sz2) ≤ max{F(z1),F(z1) + φ(F(z1),F(z2))}, ∀z1, z2 ∈ C, s ∈ [0, 1].

If we take φ(z1, z2) = z2 − z1 in above definition, then the definition of φ-convex
and φ-quasiconvex are deduced to the definition of convex and quasi convex functions,
respectively. It is easy to see that every φ-convex function is φ-quasi convex.

Remark 1.2. [3].

(1) Let F(z) = z2, then F is convex and φ-convex with φ(z1, z2) = 2z1 + z2.
(2) Let F : [z1, z1] → R 0 < z1 < z2, with F(z) = 1

z2 . We observe that F is convex
on [z1, z2] and therefore is φ-quasiconvex with φ(z1, z2) = z1 − z2.

(3) Let F : [z1, z1] → R 0 < z1 < z2, with F(z) = 2
z3 . The function F is convex on

[z1, z2] and therefore is φ-quasiconvex with φ(z1, z2) = z1 − z2.
(4) Let F : [z1, z1] → R 0 < z1 < z2, with F(z) = 2. The function F is φ-quasiconvex
with φ(z1, z2) = z1 − z2.

(5) Let F(z) = z3, then F is not convex but is φ-convex with φ(z1, z2) = 3z22(z1 −
z2) + 3z2(z1 − z2)

2 + (z1 − z2)
3.

” The aim of this article is to obtain some new refinements of Simpson’s inequality for
twice differentiable convex functions via φ-convex and φ-quasiconvex functions. In order
to show the importance of our obtained results, we also present some nice and interesting
applications to Simpson’s 3

8 -rule and also provided some applications to special mean and
shown in figures to demonstrate the explanation of the readers. We hope that the ideas
and techniques of this paper will inspire interested readers working in the field of integral
inequalities and its applications.
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2. Results and Discussions

In this section, we will discuss our main results.

2.1. New Auxiliary Result

In order to establish our main results, we need the following auxiliary result.

Lemma 2.1. Suppose that F : I◦ ⊂ R → R is a twice differentiable function on I◦ and
z1, z2 ∈ I◦ with z1 < z2. If F

′′ ∈ L[z1, z2], then

1

8

[
(z2 − z1)

(
F′

(
z1 + 2z2

3

)
− F′

(
2z1 + z2

3

))
+F(z1) + 3F

(
2z1 + z2

3

)
+ 3F

(
z1 + 2z2

3

)
+ F(z2)

]
(2.1)

− 1

z2 − z1

∫ z2

z1

F(u)du

= (z2 − z1)
2

∫ 1

0

ω(s)F
′′
((1− s)z1 + sz2)ds,

where ω(s) is defined by

ω(s) =


s
2

(
1
4 − s

)
, s ∈

[
0, 1

3

)
s
2 (1− s) , s ∈

[
1
3 ,

2
3

)
(1− s)

(
s
2 − 3

8

)
, s ∈

[
2
3 , 1

]
.

Proof. It is easy to see that

(z2 − z1)
2

∫ 1

0

ω(s)F
′′
((1− s)z1 + sz2)ds (2.2)

= (z2 − z1)
2

∫ 1
3

0

s

2

(
1

4
− s

)
F

′′
((1− s)z1 + sz2)ds

+ (z2 − z1)
2

∫ 2
3

1
3

s

2
(1− s)F

′′
((1− s)z1 + sz2)ds

+ (z2 − z1)
2

∫ 1

2
3

(1− s)

(
s

2
− 3

8

)
F

′′
((1− s)z1 + sz2)ds.

Applying integration by parts to the first integral in right side of the above equality, we
have ∫ 1

3

0

s

2

(
1

4
− s

)
F

′′
((1− s)z1 + sz2)ds (2.3)

=
s
2

(
1
4 − s

)
F

′
((1− s)z1 + sz2)

(z2 − z1)

∣∣∣∣ 1
3

0

− 1

(z2 − z1)

∫ 1
3

0

(
1

8
− s

)
F

′
((1− s)z1 + sz2)ds

= − 1

72(z2 − z1)
F′

(
2z1 + z2

3

)
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−
(
1
8 − s

)
F((1− s)z1 + sz2)

(z2 − z1)2

∣∣∣∣ 1
3

0

− 1

(z2 − z1)2

∫ 1
3

0

F((1− s)z1 + sz2)ds

= − 1

72(z2 − z1)
F′

(
2z1 + z2

3

)
+

5

24(z2 − z1)2
F

(
2z1 + z2

3

)
+

1

8(z2 − z1)2
F (z1)

− 1

(z2 − z1)2

∫ 1
3

0

F((1− s)z1 + sz2)ds.

Changing the variable u = (1− s)z1 + sz2, we have∫ 1
3

0

s

2

(
1

4
− s

)
F

′′
((1− s)z1 + sz2)ds (2.4)

= − 1

72(z2 − z1)
F′

(
2z1 + z2

3

)
+

1

(z2 − z1)2
F

(
2z1 + z2

3

)
+

1

8(z2 − z1)2
F (z1)

− 1

(z2 − z1)3

∫ 2z1+z2
3

z1

F(u)du.

If we similarly calculate the other integrals in the right side of (2.2), we obtain∫ 2
3

1
3

s

2
(1− s)F

′′
((1− s)z1 + sz2)dsds (2.5)

=
1

9(z2 − z1)
F′

(
z1 + 2z2

3

)
− 1

9(z2 − z1)2
F′

(
2z1 + z2

3

)
+

1

6(z2 − z1)2
F

(
z1 + 2z2

3

)
+

1

6(z2 − z1)2
F

(
z1 + 2z2

3

)
− 1

(z2 − z1)3

∫ z1+2z2
3

2z1+z2
3

F(u)du,

and ∫ 1

2
3

(1− s)

(
s

2
− 3

8

)
F

′′
((1− s)z1 + sz2)ds (2.6)

=
1

72(z2 − z1)
F′

(
z1 + 2z2

3

)
+

1

8(z2 − z1)2
F (z2) +

5

24(z2 − z1)2
F

(
z1 + 2z2

3

)
− 1

(z2 − z1)3

∫ z2

z1+2z2
3

F(u)du.

Combining (2.4)-(2.6), and multiplying the resultant by (z2 − z1)
2, we obtain (2.1). This

completes the proof.

2.2. Simpson’s Like Integral Inequalities

We now derive results associated with Lemma 2.1.

Theorem 2.2. Let F : I ⊂ (0,∞) → (0,∞) be a twice differentiable mapping on I◦, and

z1, z2 ∈ I◦ with z1 < z2 such that F
′′ ∈ L[z1, z2] and |F′′ | is φ-convex function on the
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interval [z1, z2], then∣∣∣∣∣18
[
(z2 − z1)

(
F′

(
z1 + 2z2

3

)
− F′

(
2z1 + z2

3

))
(2.7)

+F(z1) + 3F

(
2z1 + z2

3

)
+ 3F

(
z1 + 2z2

3

)
+ F(z2)

]
− 1

z2 − z1

∫ z2

z1

F(u)du

∣∣∣∣∣
≤ (z2 − z1)

2

(
227

5184

)[
|F′′(z1)|+

1

2
φ(|F′′(z1)|, |F′′(z2)|)

]
.

Proof. By making the use of Lemma 2.1 and the φ-convexity of |F|′′, we find∣∣∣∣∣18
[
(z2 − z1)

(
F′

(
z1 + 2z2

3

)
− F′

(
2z1 + z2

3

))

+F(z1) + 3F

(
2z1 + z2

3

)
+ 3F

(
z1 + 2z2

3

)
+ F(z2)

]
− 1

z2 − z1

∫ z2

z1

F(u)du

∣∣∣∣∣
=

∣∣∣∣(z2 − z1)
2

∫ 1

0

ω(s)F
′′
((1− s)z1 + sz2)ds

∣∣∣∣
≤ (z2 − z1)

2

[ ∫ 1
3

0

∣∣∣∣ s2
(
1

4
− s

) ∣∣∣∣ (|F′′(z1)|+ sφ(|F′′(z1)|, |F′′(z2)|)) ds

+

∫ 2
3

1
3

∣∣∣∣ s2 (1− s)

∣∣∣∣ (|F′′(z1)|+ sφ(|F′′(z1)|, |F′′(z2)|)) ds

+

∫ 1

2
3

∣∣∣∣ (1− s)

(
s

2
− 3

8

) ∣∣∣∣ (|F′′(z1)|+ sφ(|F′′(z1)|, |F′′(z2)|)) ds
]

= (z2 − z1)
2(M1 +M2 +M3).

where

M1 =

∫ 1
3

0

∣∣∣∣ s2
(
1

4
− s

) ∣∣∣∣ (|F′′(z1)|+ sφ(|F′′(z1)|, |F′′(z2)|)) ds

=

∫ 1
3

0

∣∣∣∣ s2
(
1

4
− s

) ∣∣∣∣|F′′(z1)|ds+
∫ 1

3

0

∣∣∣∣ s2
(
1

4
− s

) ∣∣∣∣sφ(|F′′(z1)|, |F′′(z2)|)ds

= |F′′(z1)|
∫ 1

3

0

∣∣∣∣ s2
(
1

4
− s

) ∣∣∣∣ds+ φ(|F′′(z1)|, |F′′(z2)|)
∫ 1

3

0

∣∣∣∣ s2
(
1

4
− s

) ∣∣∣∣sds
=

(
19

10368

)
|F′′(z1)|+

(
1

3072

)
φ(|F′′(z1)|, |F′′(z2)|).

M2 =

∫ 2
3

1
3

∣∣∣∣ s2 (1− s)

∣∣∣∣ (|F′′(z1)|+ sφ(|F′′(z1)|, |F′′(z2)|)) ds

=

∫ 2
3

1
3

∣∣∣∣ s2 (1− s)

∣∣∣∣|F′′(z1)|ds+
∫ 2

3

1
3

∣∣∣∣ s2 (1− s)

∣∣∣∣sφ(|F′′(z1)|, |F′′(z2)|)ds
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= |F′′(z1)|
∫ 2

3

1
3

∣∣∣∣ s2 (1− s)

∣∣∣∣ds+ φ(|F′′(z1)|, |F′′(z2)|)
∫ 2

3

1
3

∣∣∣∣ s2 (1− s)

∣∣∣∣sds
=

(
13

324

)
|F′′(z1)|+

(
13

648

)
φ(|F′′(z1)|, |F′′(z2)|),

and

M3 =

∫ 1

2
3

∣∣∣∣ (1− s)

(
s

2
− 3

8

) ∣∣∣∣ (|F′′(z1)|+ sφ(|F′′(z1)|, |F′′(z2)|)) ds

=

∫ 1

2
3

∣∣∣∣ (1− s)

(
s

2
− 3

8

) ∣∣∣∣|F′′(z1)|ds+
∫ 1

2
3

∣∣∣∣ (1− s)

(
s

2
− 3

8

) ∣∣∣∣sφ(|F′′(z1)|, |F′′(z2)|)ds

= |F′′(z1)|
∫ 1

2
3

∣∣∣∣ (1− s)

(
s

2
− 3

8

) ∣∣∣∣ds+ φ(|F′′(z1)|, |F′′(z2)|)
∫ 1

2
3

∣∣∣∣ (1− s)

(
s

2
− 3

8

) ∣∣∣∣sds
=

(
19

10368

)
|F′′(z1)|+

(
125

82944

)
φ(|F′′(z1)|, |F′′(z2)|).

Finally, if we have calculated the required integrals and hence obtained the required result.∣∣∣∣∣18
[
(z2 − z1)

(
F′

(
z1 + 2z2

3

)
− F′

(
2z1 + z2

3

))

+F(z1) + 3F

(
2z1 + z2

3

)
+ 3F

(
z1 + 2z2

3

)
+ F(z2)

]
− 1

z2 − z1

∫ z2

z1

F(u)du

∣∣∣∣∣
≤ (z2 − z1)

2

(
125|F′′(z1)|+ 27φ(|F′′(z1)|, |F′′(z2)|)

82944

)
+ (z2 − z1)

2

(
26|F′′(z1)|+ 13|F′′(z2)|

648

)
+ (z2 − z1)

2

(
152|F′′(z1)|+ 125φ(|F′′(z1)|, |F′′(z2)|)

82944

)
.

This completes the proof.

Corollary 2.3. Inequality (2.7) with φ(|F′′(z1)|, |F′′(z2)|) = |F′′(z2)| − |F′′(z1)| becomes∣∣∣∣∣18
[
(z2 − z1)

(
F′

(
z1 + 2z2

3

)
− F′

(
2z1 + z2

3

))

+F(z1) + 3F

(
2z1 + z2

3

)
+ 3F

(
z1 + 2z2

3

)
+ F(z2)

]
− 1

z2 − z1

∫ z2

z1

F(u)du

∣∣∣∣∣
≤ (z2 − z1)

2

(
227

10368

)
[|F′′(z1)|+ |F′′(z2)|].

Before moving further, let us recall the concept of hypergeometric functions.

2F1(x, y; c; z) =
1

B(y, c− y)

∫ 1

0

sy−1(1− s)c−y−1(1− zs)−xds,

for |z| < 1, c > y > 0.
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Theorem 2.4. Let F : I ⊂ (0,∞) → (0,∞) be a twice differentiable mapping on I◦, and

z1, z2 ∈ I◦ with z1 < z2 such that F
′′ ∈ L[z1, z2] and |F′′ |q is φ-convex function on the

interval [z1, z2] for some fixed q > 1 and 1
r + 1

q = 1, then∣∣∣∣∣18
[
(z2 − z1)

(
F′

(
z1 + 2z2

3

)
− F′

(
2z1 + z2

3

))
(2.8)

+F(z1) + 3F

(
2z1 + z2

3

)
+ 3F

(
z1 + 2z2

3

)
+ F(z2)

]
− 1

z2 − z1

∫ z2

z1

F(u)du

∣∣∣∣∣
≤ (z2 − z1)

2

[
(N1)

1
r

(
6|F′′(z1)|q + φ(|F′′(z1)|q, |F′′(z2)|q)

18

) 1
q

+N
1
r
2

(
2|F′′(z1)|q + φ(|F′′(z1)|q, |F′′(z2)|q)

6

) 1
q

+N
1
r
3

(
6|F′′(z1)|q + 5φ(|F′′(z1)|q, |F′′(z2)|q)

18

) 1
q
]
.

Proof. Using Lemma 2.1 and Hölder’s inequality, we have∣∣∣∣∣18
[
(z2 − z1)

(
F′

(
z1 + 2z2

3

)
− F′

(
2z1 + z2

3

))
(2.9)

+F(z1) + 3F

(
2z1 + z2

3

)
+ 3F

(
z1 + 2z2

3

)
+ F(z2)

]
− 1

z2 − z1

∫ z2

z1

F(u)du

∣∣∣∣∣
≤ (z2 − z1)

2

[(∫ 1
3

0

∣∣∣∣ s2
(
1

4
− s

) ∣∣∣∣rds) 1
r
(∫ 1

3

0

|F′′((1− s)z1 + sz2)|qds
) 1

q

+

(∫ 2
3

1
3

∣∣∣∣ s2 (1− s)

∣∣∣∣rds) 1
r
(∫ 2

3

1
3

|F′′((1− s)z1 + sz2)|qds
) 1

q

+

(∫ 1

2
3

∣∣∣∣ (1− s)

(
s

2
− 3

8

) ∣∣∣∣rds) 1
r
(∫ 1

2
3

|F′′((1− s)z1 + sz2)|qds
) 1

q
]
.

Using the φ-convexity of |F′′|q, we find that∫ 1
3

0

|F′′((1− s)z1 + sz2)|qds ≤
6|F′′(z1)|q + φ(|F′′(z1)|q, |F′′(z2)|q)

18
.

Also, we have∫ 2
3

1
3

|F′′((1− s)z1 + sz2)|qds ≤
2|F′′(z1)|q + φ(|F′′(z1)|q, |F′′(z2)|q)

6
,

and ∫ 1

2
3

|F′′((1− s)z1 + sz2)|qds ≤
6|F′′(z1)|q + 5φ(|F′′(z1)|q, |F′′(z2)|q)

18
.
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One can also obtain

N1 =

∫ 1
3

0

∣∣∣∣ s2
(
1

4
− s

) ∣∣∣∣rds
=

∫ 1
4

0

[
s

2

(
1

4
− s

)]r
ds+

∫ 1
3

1
4

[
s

2

(
s− 1

4

)]r
ds

=
1

8r

[∫ 1
4

0

[
s (1− 4s)

]r
ds+

∫ 1
3

1
4

[
s (4s− 1)

]r
ds

]

=
1

8r

[∫ 1
4

0

[
s (1− 4s)

]r
ds+

∫ 1
3

0

[
s (4s− 1)

]r
ds−

∫ 1
4

0

[
s (4s− 1)

]r
ds

]

=
1

8r

[
B(r + 1, r + 1)

4r+1
+

(−1)r

3r+1(r + 1)
·2 F1

(
−r, r + 1; r + 2;

4

3

)
− (−1)rB(r + 1, r + 1)

4r+1
·2 F1(−r, r + 1; r + 2; 1)

]
,

N2 =

∫ 2
3

1
3

∣∣∣∣ s2 (1− s)

∣∣∣∣rds
=

1

2r

[∫ 2
3

0

sr (1− s)r ds−
∫ 1

3

0

sr (1− s)r ds

]

=
1

3r+1(r + 1)

[
2 ·2 F1

(
−r, r + 1; r + 2;

2

3

)
− 1

2r
·2 F1

(
−r, r + 1; r + 2;

1

3

)]
,

and

N3 =

∫ 1

2
3

∣∣∣∣ (1− s)

(
s

2
− 3

8

) ∣∣∣∣rds
=

∫ 3
4

2
3

[
(1− s)

(
3

8
− s

2

)]r
ds+

∫ 1

3
4

[
(1− s)

(
s

2
− 3

8

)]r
ds

=

(
3

8

)r
[∫ 3

4

2
3

(1− s)r
(
1− 4

3
s

)r

ds+ (−1)r
∫ 1

3
4

(1− s)r
(
1− 4

3
s

)r

ds

]

=

(
3

8

)r [
1

36r · 12
B(r + 1, 1) ·2 F1(−r, r + 1; r + 2;−1

3
) +

1

4r+13r
B(r + 1, r + 1)

]
.

This completes the proof.

Corollary 2.5. Inequality (2.8) with φ(|F′′(z1)|, |F′′(z2)|) = |F′′(z2)| − |F′′(z1)| becomes∣∣∣∣∣18
[
(z2 − z1)

(
F′

(
z1 + 2z2

3

)
− F′

(
2z1 + z2

3

))

+F(z1) + 3F

(
2z1 + z2

3

)
+ 3F

(
z1 + 2z2

3

)
+ F(z2)

]
− 1

z2 − z1

∫ z2

z1

F(u)du

∣∣∣∣∣
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≤ (z2 − z1)
2

[
(N1)

1
r

(
5|F′′(z1)|q + |F′′(z2)|q

18

) 1
q

+N
1
r
2

(
|F′′(z1)|q + |F′′(z2)|q

6

) 1
q

+N
1
r
3

(
|F′′(z1)|q + 5F′′(z2)|q

18

) 1
q
]
.

Theorem 2.6. Let F : I ⊂ (0,∞) → (0,∞) be a twice differentiable mapping on I◦, and

z1, z2 ∈ I◦ with z1 < z2 such that F
′′ ∈ L[z1, z2] and |F′′ |q is φ-convex function on the

interval [z1, z2] for some fixed q ≥ 1, then the following inequalities hold:∣∣∣∣∣18
[
(z2 − z1)

(
F′

(
z1 + 2z2

3

)
− F′

(
2z1 + z2

3

))
(2.10)

+F(z1) + 3F

(
2z1 + z2

3

)
+ 3F

(
z1 + 2z2

3

)
+ F(z2)

]
− 1

z2 − z1

∫ z2

z1

F(u)du

∣∣∣∣∣
≤ (z2 − z1)

2

[(
19

10368

)1− 1
q
(
152|F′′(z1)|q + 27φ(|F′′(z1)|q, |F′′(z2)|q)

82944

) 1
q

+

(
13

324

)1− 1
q
(
26|F′′(z1)|q + 13φ(|F′′(z1)|q, |F′′(z2)|q)

648

) 1
q

+

(
19

10368

)1− 1
q
(
152|F′′(z1)|q + 125φ(|F′′(z1)|q, |F′′(z2)|q)

82944

) 1
q
]
.

Proof. Using Lemma 2.1, power mean inequality, we have∣∣∣∣∣18
[
(z2 − z1)

(
F′

(
z1 + 2z2

3

)
− F′

(
2z1 + z2

3

))

+F(z1) + 3F

(
2z1 + z2

3

)
+ 3F

(
z1 + 2z2

3

)
+ F(z2)

]
− 1

z2 − z1

∫ z2

z1

F(u)du

∣∣∣∣∣
≤ (z2 − z1)

2

[ ∫ 1
3

0

∣∣∣∣ s2
(
1

4
− s

) ∣∣∣∣|F′′((1− s)z1 + sz2)|ds

+

∫ 2
3

1
3

∣∣∣∣ s2 (1− s)

∣∣∣∣|F′′((1− s)z1 + sz2)|ds

+

∫ 1

2
3

∣∣∣∣ (1− s)

(
s

2
− 3

8

) ∣∣∣∣|F′′((1− s)z1 + sz2)|ds
]

≤ (z2 − z1)
2

[(∫ 1
3

0

∣∣∣∣ s2
(
1

4
− s

) ∣∣∣∣ds)1− 1
q
(∫ 1

3

0

∣∣∣∣ s2
(
1

4
− s

) ∣∣∣∣|F′′((1− s)z1 + sz2)|qds
) 1

q

+

(∫ 2
3

1
3

∣∣∣∣ s2 (1− s)

∣∣∣∣ds)1− 1
q
(∫ 2

3

1
3

∣∣∣∣ s2 (1− s)

∣∣∣∣|F′′((1− s)z1 + sz2)|qds
) 1

q

+

(∫ 1

2
3

∣∣∣∣ (1− s)

(
s

2
− 3

8

) ∣∣∣∣ds)1− 1
q
(∫ 1

2
3

∣∣∣∣ (1− s)

(
s

2
− 3

8

) ∣∣∣∣|F′′((1− s)z1 + sz2)|qds
) 1

q
]
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≤ (z2 − z1)
2

(
19

10368

)1− 1
q

×
(
|F′′(z1)|q

∫ 1
3

0

∣∣∣∣ s2
(
1

4
− s

) ∣∣∣∣ds
+ φ(|F′′(z1)|q, |F′′(z2)|q)

∫ 1
3

0

s

∣∣∣∣ s2
(
1

4
− s

) ∣∣∣∣ds) 1
q

+ (z2 − z1)
2

(
13

324

)1− 1
q
(
|F′′(z1)|q

∫ 2
3

1
3

∣∣∣∣ s2 (1− s)

∣∣∣∣ds
+ φ(|F′′(z1)|q, |F′′(z2)|q)

∫ 2
3

1
3

s

∣∣∣∣ s2 (1− s)

∣∣∣∣ds) 1
q

+ (z2 − z1)
2

(
19

10368

)1− 1
q
(
|F′′(z1)|q

∫ 1

2
3

∣∣∣∣ (1− s)

(
s

2
− 3

8

) ∣∣∣∣ds
+ φ(|F′′(z1)|q, |F′′(z2)|q)

∫ 1

2
3

s

∣∣∣∣ (1− s)

(
s

2
− 3

8

) ∣∣∣∣ds) 1
q

.

One can easily find the above integrals. This completes the proof.

Corollary 2.7. Inequality (2.10) with φ(|F′′(z1)|, |F′′(z2)|) = |F′′(z2)| − |F′′(z1)| becomes∣∣∣∣∣18
[
(z2 − z1)

(
F′

(
z1 + 2z2

3

)
− F′

(
2z1 + z2

3

))
(2.11)

+F(z1) + 3F

(
2z1 + z2

3

)
+ 3F

(
z1 + 2z2

3

)
+ F(z2)

]
− 1

z2 − z1

∫ z2

z1

F(u)du

∣∣∣∣∣
≤ (z2 − z1)

2

[(
19

10368

)1− 1
q
(
125|F′′(z1)|q + 27|F′′(z2)|q

82944

) 1
q

+

(
13

324

)1− 1
q
(
13|F′′(z1)|q + 13|F′′(z2)|q

648

) 1
q

+

(
19

10368

)1− 1
q
(
27|F′′(z1)|q + 125|F′′(z2)|q

82944

) 1
q
]
.

Theorem 2.8. Let F : I ⊂ (0,∞) → (0,∞) be a twice differentiable mapping on I◦, and

z1, z2 ∈ I◦ with z1 < z2 such that F
′′ ∈ L[z1, z2] and |F′′ | is φ-quasiconvex function on

the interval [z1, z2], then∣∣∣∣∣18
[
(z2 − z1)

(
F′

(
z1 + 2z2

3

)
− F′

(
2z1 + z2

3

))
(2.12)

+F(z1) + 3F

(
2z1 + z2

3

)
+ 3F

(
z1 + 2z2

3

)
+ F(z2)

]
− 1

z2 − z1

∫ z2

z1

F(u)du

∣∣∣∣∣
≤ (z2 − z1)

2

(
227

5184

)
max

{
|F′′(z1)|, |F′′(z1)|+ φ(|F′′(z1)|, |F′′(z2)|)

}
.
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Proof. By making the use of φ-quasiconvexity of |F|′′ and Lemma 2.1, we have∣∣∣∣∣18
[
(z2 − z1)

(
F′

(
z1 + 2z2

3

)
− F′

(
2z1 + z2

3

))

+F(z1) + 3F

(
2z1 + z2

3

)
+ 3F

(
z1 + 2z2

3

)
+ F(z2)

]
− 1

z2 − z1

∫ z2

z1

F(u)du

∣∣∣∣∣
≤ (z2 − z1)

2

∫ 1

0

|ω(s)||F
′′
((1− s)z1 + sz2)|ds

≤ (z2 − z1)
2

[ ∫ 1
3

0

∣∣∣∣ s2
(
1

4
− s

) ∣∣∣∣max
{
|F′′(z1)|, |F′′(z1)|+ φ(|F′′(z1)|, |F′′(z2)|)

}
ds

+

∫ 2
3

1
3

∣∣∣∣ s2 (1− s)

∣∣∣∣max
{
|F′′(z1)|, |F′′(z1)|+ φ(|F′′(z1)|, |F′′(z2)|)

}
ds

+

∫ 1

2
3

∣∣∣∣ (1− s)

(
s

2
− 3

8

) ∣∣∣∣max
{
|F′′(z1)|, |F′′(z1)|+ φ(|F′′(z1)|, |F′′(z2)|)

}
ds

]
= (z2 − z1)

2(M̄1 + M̄2 + M̄3).

where

M̄1 =

∫ 1
3

0

∣∣∣∣ s2
(
1

4
− s

) ∣∣∣∣max
{
|F′′(z1)|, |F′′(z1)|+ φ(|F′′(z1)|, |F′′(z2)|)

}
ds

= max
{
|F′′(z1)|, |F′′(z1)|+ φ(|F′′(z1)|, |F′′(z2)|)

}∫ 1
3

0

∣∣∣∣ s2
(
1

4
− s

) ∣∣∣∣ds
=

(
19

10368

)
max

{
|F′′(z1)|, |F′′(z1)|+ φ(|F′′(z1)|, |F′′(z2)|)

}
.

M̄2 =

∫ 2
3

1
3

∣∣∣∣ s2 (1− s)

∣∣∣∣max
{
|F′′(z1)|, |F′′(z1)|+ φ(|F′′(z1)|, |F′′(z2)|)

}
ds

= max
{
|F′′(z1)|, |F′′(z1)|+ φ(|F′′(z1)|, |F′′(z2)|)

}∫ 2
3

1
3

∣∣∣∣ s2 (1− s)

∣∣∣∣ds
=

(
13

324

)
max

{
|F′′(z1)|, |F′′(z1)|+ φ(|F′′(z1)|, |F′′(z2)|)

}
,

and

M̄3 =

∫ 1

2
3

∣∣∣∣ (1− s)

(
s

2
− 3

8

) ∣∣∣∣max
{
|F′′(z1)|, |F′′(z1)|+ φ(|F′′(z1)|, |F′′(z2)|)

}
ds

= max
{
|F′′(z1)|, |F′′(z1)|+ φ(|F′′(z1)|, |F′′(z2)|)

}∫ 1

2
3

∣∣∣∣ (1− s)

(
s

2
− 3

8

) ∣∣∣∣ds
=

(
19

10368

)
max

{
|F′′(z1)|, |F′′(z1)|+ φ(|F′′(z1)|, |F′′(z2)|)

}
.

A simple rearrangement completes the proof.
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Theorem 2.9. Let F : I ⊂ (0,∞) → (0,∞) be a twice differentiable mapping on I◦, and

z1, z2 ∈ I◦ with z1 < z2 such that F
′′ ∈ L[z1, z2] and |F′′ |q is φ-quasiconvex function on

the interval [z1, z2] for some fixed q ≥ 1, then the following inequalities hold:∣∣∣∣∣18
[
(z2 − z1)

(
F′

(
z1 + 2z2

3

)
− F′

(
2z1 + z2

3

))
(2.13)

+F(z1) + 3F

(
2z1 + z2

3

)
+ 3F

(
z1 + 2z2

3

)
+ F(z2)

]
− 1

z2 − z1

∫ z2

z1

F(u)du

∣∣∣∣∣
≤ (z2 − z1)

2

(
227

5184

)(
max

{
|F′′(z1)|q, |F′′(z1)|q + φ(|F′′(z1)|q, |F′′(z2)|q)

}) 1
q .

Proof. Let q ≥ 1, then by using Lemma 2.1, we have∣∣∣∣∣18
[
(z2 − z1)

(
F′

(
z1 + 2z2

3

)
− F′

(
2z1 + z2

3

))

+F(z1) + 3F

(
2z1 + z2

3

)
+ 3F

(
z1 + 2z2

3

)
+ F(z2)

]
− 1

z2 − z1

∫ z2

z1

F(u)du

∣∣∣∣∣
≤ (z2 − z1)

2

[ ∫ 1
3

0

∣∣∣∣ s2
(
1

4
− s

) ∣∣∣∣|F′′((1− s)z1 + sz2)|ds

+

∫ 2
3

1
3

∣∣∣∣ s2 (1− s)

∣∣∣∣|F′′((1− s)z1 + sz2)|ds

+

∫ 1

2
3

∣∣∣∣ (1− s)

(
s

2
− 3

8

) ∣∣∣∣|F′′((1− s)z1 + sz2)|ds
]
.

By making the use of the power mean inequality for the above integrals, we have∣∣∣∣∣18
[
(z2 − z1)

(
F′

(
z1 + 2z2

3

)
− F′

(
2z1 + z2

3

))

+F(z1) + 3F

(
2z1 + z2

3

)
+ 3F

(
z1 + 2z2

3

)
+ F(z2)

]
− 1

z2 − z1

∫ z2

z1

F(u)du

∣∣∣∣∣
≤ (z2 − z1)

2

[(∫ 1
3

0

∣∣∣∣ s2
(
1

4
− s

) ∣∣∣∣ds)1− 1
q
(∫ 1

3

0

∣∣∣∣ s2
(
1

4
− s

) ∣∣∣∣|F′′((1− s)z1 + sz2)|qds
) 1

q

+

(∫ 2
3

1
3

∣∣∣∣ s2 (1− s)

∣∣∣∣ds)1− 1
q
(∫ 2

3

1
3

∣∣∣∣ s2 (1− s)

∣∣∣∣|F′′((1− s)z1 + sz2)|qds
) 1

q

+

(∫ 1

2
3

∣∣∣∣ (1− s)

(
s

2
− 3

8

) ∣∣∣∣ds)1− 1
q
(∫ 1

2
3

∣∣∣∣ (1− s)

(
s

2
− 3

8

) ∣∣∣∣|F′′((1− s)z1 + sz2)|qds
) 1

q
]
.

(2.14)

By φ-quasiconvexity of |F′′|q for the last three integrals, we get
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1.

∫ 1
3

0

∣∣∣∣ s2
(
1

4
− s

) ∣∣∣∣max
{
|F′′(z1)|q, |F′′(z1)|q + φ(|F′′(z1)|q, |F′′(z2)|q)

}
ds

= max
{
|F′′(z1)|q, |F′′(z1)|q + φ(|F′′(z1)|q, |F′′(z2)|q)

}∫ 1
3

0

∣∣∣∣ s2
(
1

4
− s

) ∣∣∣∣ds
=

(
19

10368

)
max

{
|F′′(z1)|q, |F′′(z1)|q + φ(|F′′(z1)|q, |F′′(z2)|q)

}
. (2.15)

2.

∫ 2
3

1
3

∣∣∣∣ s2 (1− s)

∣∣∣∣max
{
|F′′(z1)|q, |F′′(z1)|q + φ(|F′′(z1)|q, |F′′(z2)|q)

}
ds

= max
{
|F′′(z1)|q, |F′′(z1)|q + φ(|F′′(z1)|q, |F′′(z2)|q)

}∫ 2
3

1
3

∣∣∣∣ s2 (1− s)

∣∣∣∣ds
=

(
13

324

)
max

{
|F′′(z1)|q, |F′′(z1)|q + φ(|F′′(z1)|q, |F′′(z2)|q)

}
. (2.16)

3.

∫ 1

2
3

∣∣∣∣ (1− s)

(
s

2
− 3

8

) ∣∣∣∣max
{
|F′′(z1)|q, |F′′(z1)|q + φ(|F′′(z1)|q, |F′′(z2)|q)

}
ds

= max
{
|F′′(z1)|q, |F′′(z1)|q + φ(|F′′(z1)|q, |F′′(z2)|q)

}∫ 1

2
3

∣∣∣∣ (1− s)

(
s

2
− 3

8

) ∣∣∣∣ds
=

(
19

10368

)
max

{
|F′′(z1)|q, |F′′(z1)|q + φ(|F′′(z1)|q, |F′′(z2)|q)

}
. (2.17)

By substituting (2.15), (2.16) and (2.17) into (2.14), we have

∣∣∣∣∣ 18
[
(z2 − z1)

(
F

′
(

z1 + 2z2

3

)
− F

′
(

2z1 + z2

3

))

+F(z1) + 3F

(
2z1 + z2

3

)
+ 3F

(
z1 + 2z2

3

)
+ F(z2)

]
−

1

z2 − z1

∫ z2

z1

F(u)du

∣∣∣∣∣
≤ (z2 − z1)

2

(
19

10368

)1− 1
q
×

((
19

10368

)
max

{
|F′′

(z1)|q, |F′′
(z1)|q + φ(|F′′

(z1)|q, |F′′
(z2)|q)

}) 1
q

+ (z2 − z1)
2

(
13

324

)1− 1
q
((

13

324

)
max

{
|F′′

(z1)|q, |F′′
(z1)|q + φ(|F′′

(z1)|q, |F′′
(z2)|q)

}) 1
q

+ (z2 − z1)
2

(
19

10368

)1− 1
q
((

19

10368

)
max

{
|F′′

(z1)|q, |F′′
(z1)|q + φ(|F′′

(z1)|q, |F′′
(z2)|q)

}) 1
q

= (z2 − z1)
2

(
227

5184

)(
max

{
|F′′

(z1)|q, |F′′
(z1)|q + φ(|F′′

(z1)|q, |F′′
(z2)|q)

}) 1
q .

This completes the proof.

3. Applications

In this section, we will discuss applications of our results.
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3.1. Applications to Special Means

We recall the following definitions of special means, which are used in our coming
results. For arbitrary z1, z2(z1 ̸= z2) ∈ R+, we have

(1) The arithmetic mean:

A(z1, z2) =
z1 + z2

2

(2) The geometric mean:

G(z1, z2) =
√
z1z2

(3) The harmonic mean:

H(z1, z2) =
2z1z2
z1 + z2

(4) The generalized logarithmic mean:

Lρ(z1, z2) =


[
z2

ρ+1−z1
ρ+1

(ρ+1)(z2−z1)

] 1
ρ , ρ ̸= −1, 0

z1−z2
log z1−log z2

, z1 ̸= z2, ρ = −1

1
e

(
z2

z2

z1z1

) 1
z2−z1 , ρ = 0.

Now using our main results, we conclude the following new inequalities.

Proposition 3.1. Let z1, z2 ∈ R, 0 < z1 < z2, then∣∣∣∣4(z2 − z1)

27

[
A3(z1, 2z2)−A3(2z1, z2)

]
+

1

4
A(z41 , z

4
2) (3.1)

+
2

27

[
A4(2z1, z2) +A4(z1, 2z2)

]
− L5

5(z1, z2)

∣∣∣∣
≤ (z2 − z1)

2

(
227

864

)
[4z1

2 + z2
2].

Proof. The assertion follows from Theorem 2.2 with F(x) = x4

12 and a simple computation,

where |F′′| = x2 is φ-convex function with φ(z1, z2) = 2z1 + z2.

Proposition 3.2. Let z1, z2 ∈ R, 0 < z1 < z2, then∣∣∣∣10(z2 − z1)

81

[
A4(z1, 2z2)−A4(2z1, z2)

]
+

1

4
A(z51 , z

5
2) (3.2)

+
4

81

[
A5(2z1, z2) +A5(z1, 2z2)

]
− L6

6(z1, z2)

∣∣∣∣
≤ (z2 − z1)

2

(
1135

2592

)
[2z1

3 + z1
9 − z92 ].

Proof. The assertion follows from Theorem 2.2 with F(x) = x5

20 and a simple computation,

where |F′′| = x3 is φ-convex function with φ(z1, z2) = 3z22(z1− z2)+3z2(z1− z2)
2+(z1−

z2)
3.



780 Thai J. Math. Vol. 19 (2021) /S. Iftikhar et al.

Proposition 3.3. Let z1, z2 ∈ R, 0 < z1 < z2, then we have∣∣∣∣ (z2 − z1)
2

12
+

1

4
A(z21 , z

2
2) (3.3)

+
1

6

[
A2(2z1, z2) +A2(z1, 2z2)

]
− L3

3(z1, z2)

∣∣∣∣
≤ (z2 − z1)

2

2592
.

Proof. The assertion follows from Theorem 2.2 with F(x) = x2 and a simple computation,
where |F′′| = 2 is φ-convex function with φ(z1, z2) = z1 − z2.

Proposition 3.4. Let z1, z2 ∈ R, 0 < z1 < z2, then∣∣∣∣9(z2 − z1)

32

[
A−2(2z1, z2)−A−2(z1, 2z2)

]
+

1

4
H−1(z1, z2) (3.4)

+
9

16

[
A−1(2z1, z2) +A−1(z1, 2z2)

]
− L−1(z1, z2)

∣∣∣∣
≤ (z2 − z1)

2

(
227

5184

)
max

{
2

z31
,
2

z32

}
.

Proof. The assertion follows from Theorem 2.8 with F(x) = 1
x and a simple computation,

where |F′′| = | 2
x3 | is φ-convex function with φ(z1, z2) = z1 − z2.

3.2. Illustrative Plots

Lastly, for the cases of φ-convex and φ-quasiconvex functions, four three-dimensional
plots are given to illustrate the validity of the inequalities.

Figure 1. Plot illustrartion for inequality (3.1). (a) For u(z1, z2) and
U(z1, z2). (b) For U(z1, z2)− u(z1, z2).

From inequality (3.1), we can define

u(z1, z2) =

∣∣∣∣4(z2 − z1)

27

[
A3(z1, 2z2)−A3(2z1, z2)

]
+

1

4
A(z41 , z

4
2)

+
2

27

[
A4(2z1, z2) +A4(z1, 2z2)

]
− L5

5(z1, z2)

∣∣∣∣
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Figure 2. Plot illustrartion for inequality (3.2). (a) For u(z1, z2) and
U(z1, z2). (b) For U(z1, z2)− u(z1, z2).

Figure 3. Plot illustrartion for inequality (3.3). (a) For u(z1, z2) and
U(z1, z2). (b) For U(z1, z2)− u(z1, z2).

U(z1, z2) = (z2 − z1)
2

(
227

864

)
[4z1

2 + z2
2].

Hence in Figure 1, the plots of (3.1) and U(z1, z2)− u(z1, z2) are presented.
From inequality (3.2), we can define

u(z1, z2) =

∣∣∣∣10(z2 − z1)

81

[
A4(z1, 2z2)−A4(2z1, z2)

]
+

1

4
A(z51 , z

5
2) +

4

81

[
A5(2z1, z2) +A5(z1, 2z2)

]
− L6

6(z1, z2)

∣∣∣∣
U(z1, z2) = (z2 − z1)

2

(
1135

2592

)
[2z1

3 + z1
9 − z92 ].

Hence in Figure 2, the plots of (3.2) and U(z1, z2)− u(z1, z2) are presented.
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Figure 4. Plot illustrartion for inequality (3.4). (a) For u(z1, z2) and
U(z1, z2). (b) For U(z1, z2)− u(z1, z2).

From inequality (3.3), we can define

u(z1, z2) =

∣∣∣∣ (z2 − z1)
2

12
+

1

4
A(z21 , z

2
2) +

1

6

[
A2(2z1, z2) +A2(z1, 2z2)

]
− L3

3(z1, z2)

∣∣∣∣
U(z1, z2) =

(z2 − z1)
2

2592
.

Hence in Figure 3, the plots of (3.3) and U(z1, z2)− u(z1, z2) are presented.

From inequality (3.4), we can define

u(z1, z2) =

∣∣∣∣9(z2 − z1)

32

[
A−2(2z1, z2)−A−2(z1, 2z2)

]
+

1

4
H−1(z1, z2)

+
9

16

[
A−1(2z1, z2) +A−1(z1, 2z2)

]
− L−1(z1, z2)

∣∣∣∣
U(z1, z2) = (z2 − z1)

2

(
227

5184

)
max

{
2

z31
,
2

z32

}
.

Hence in Figure 4, the plots of (3.4) and U(z1, z2)− u(z1, z2) are presented.
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