Thai Journal of Mathematics
Volume 19 Number 2 (2021)
Pages 665-684

http://thaijmath.in.cmu.ac.th
ISSN 1686-0209

A Simultaneous Scheme for Solving Systems of
Inclusion and Equilibrium Problems in a Real Banach
Space

Lateef Olakunle Jolaoso!-2, Ferdinard Udochukwu Ogbuisi', Olawale Kazeem Oyewole!:2,
Oluwatosin Temitope Mewomo'-* and Prasit Cholamjiak?

1 School of Mathematics, Statistics and Computer Science, University of Kwazulu-Natal, Durban, South Africa
e-mail : 216074984@stu.ukzn.ac.za (L. O. Jolaoso); 215082189@stu.ukzn.ac.za (F. U. Ogbuisi);
217079141@stu.ukzn.ac.za (O. K. Oyewole); mewomoo@ukzn.ac.za (O. T. Mewomo)

2DSI-NRF Center of Excellence in Mathematical and Statistical Sciences (CoE-MaSS), Johannesburg,
South Africa

3School of Science, University of Phayao, Phayao 56000, Thailand
e-mail : prasitch2008@yahoo.com (P. Cholamjiak)

Abstract In this paper, we propose an iterative method for approximating a common zero of finite family
of m-accretive operators and a common solution of finite family of equilibrium problems simultaneously
in a real reflexive, strict convex and smooth Banach space. We prove a strong convergence theorem and
also give some applications of our result to approximating solutions of other nonlinear problems in real
Banach spaces. As a special case, we obtain a result for approximating the common zero of a finite family
of m-accretive operators which is also a common solution of a finite family of equilibrium problems in a

real reflexive, strictly convex and smooth Banach space.

MSC: 47HO05; 47H09; 47J25; 49J40
Keywords: simultaneous scheme; inclusion problem; equilibrium problem; finite family; generalized

duality mapping; fixed point problem

Submission date: 21.11.2019 / Acceptance date: 18.03.2021

1. INTRODUCTION

Let E be a real Banach space and C' be a nonempty, closed and convex subset of E.
Let J denote the normalized duality mapping from E into 2€" given by

J(@)={f € E*: (z, f) = lle|* = |If]*}, V2 € B, (L.1)

where E* is the dual space of F and (-,-) denotes the duality pairing between E and
E*. Tt is well known that if E* is strictly convex, then J is single-valued which we shall
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denote by j. Let T : C' — C be a mapping, the set of fixed points of T denoted by F(T)
is defined by

F(T)={ze€C:Tx =x}.
A mapping T : C — C is called a contraction if there exists a constant « € (0,1) such
that

[Tz =Tyl < allz —yll, Va,y € C. (1.2)

If « =1in (1.2), then T is said to be nonexpansive. T is said to be quasi-nonexpansive
if F(T) # (0 and
[Tz —pl| < [lz —pll, VzeC, andpe F(T).

Let C be a nonempty, closed and convex subset of a Banach space E and let T be a
mapping from C into itself. A point u € C is said to be a weakly asymptotic fixed
point of T [1] if there exists a sequence {x,} in C' which converges weakly to u and
limy,— o0 ||Zn — T, || = 0. We denote the set of all weakly asymptotic fixed points of T' by
F (T). Also, a mapping T : C — C' is said to be relatively nonexpansive if the following
conditions are satisfied:

(1) F(T) is nonempty,

(2) |[Tu—pl| < [lu—pll, Vp € F(T), ueC,

(3) F(T) = F(T).
It is easy to see that any relatively nonexpansive mapping is quasi-nonexpansive. Also,
T is said to be firmly nonexpansive-type if

(Te—Ty,JTx — JTy) < (Tx — Ty, Jx — Jy) (1.3)

for all z,y € C. If E is a Hilbert space, then J is the identity operator on E and (1.3)
reduces to ||Tx — Ty||? < (x —y, Tz — Ty) for all x,y € C. Note that the class of firmly
nonexpansive-type mappings that have a nonempty set of fixed points is contained in the
class of relatively nonexpansive mappings [2].

Let © : C x C' — R be a nonlinear bifunction, the Equilibrium Problem (EP) is to find a
point = € C such that

o(z,y) >0, YyeC. (1.4)

The set of solutions of (1.4) is denoted by EP(©). Numerous problems in physics, op-
timization, economics and fixed point theory can be formulated as finding a solution of
the EP. Many researchers have proposed different iterative schemes for finding solution
of EP (1.4) and related optimization problems in Hilbert and real Banach spaces, see
for example [3-16] and reference therein. For solving the equilibrium problem (1.4), the
following assumptions are made on the bifunction ©:

(A1) ©(z,z) =0forall z € C,

(A2) © is monotone, i.e O(x,y) + O(y,z) <0 for all x,y € C,

(A3) for all 2,y € C,

limsup O(tz + (1 — t)x,y) < O(x,y),
10

(A4) for all z € C, ©(x,-) is convex and lower semicontinuous.
A mapping A : D(A) C E — E is said to be accretive if for all z,y € E, there exist
j(x —y) € J(z — y) such that
(Az — Ay, j(z —y)) = 0.
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An operator A : D(A) C E — E is called m-accretive if it is accretive and the range of
(I + MA) denoted by R(I + AA) is E for all A > 0. Also, A is said to satisfy the range
condition if D(A) C R(I + AA), YA > 0. If A is m-accretive, we define the resolvent
operator of A, J{ : R(I + AA) — D(A) by J{ = (I + AA)~1. It is well known that J{ is
nonexpansive and single-valued. Also, F(J{!) = N(A), where

N(A) == {z € D(A): 0 € Az} = A~(0).

In a real Hilbert space, the m-accretive operators become the maximal monotone opera-
tors.

Considerable effort have been devoted to finding the zero points of accretive operators
(see, for example [17-25]). One popular technique for approximating zeros of m-accretive
operators is the Proximal Point Algorithm (PPA) which generates a sequence {z,} by
the formula:

o €E, xp41= J;fl"xn, n >0, (1.5)

where {A,} C (0,00). This method was introduced by Martinet [26].

Motivated by the PPA and the iterative method of Halpern [27], Kamimura and Takahashi
[28] and Bernavides et al. [29] presented the following algorithm for approximating the
zero point of an m-accretive operator in a real Hilbert space and a real reflexive Banach
space F respectively: for u € E, xg € F,

Tnt1 = apu~+ (1 — an)anxn, vn > 0, (1.6)

where a,, € (0,1). They proved that the sequence {z,} generated (1.6) strongly converges
to the zero point of A. Furthermore, Kim and Xu [30] improved the result of Kamimura
and Takahashi [28] to a uniformly smooth real Banach space. However, in 2006, Xu [31]
further extended this work to a reflexive Banach space with weakly continuous duality
mapping with gauge .

In 2000, Moudafi [32] introduced the viscosity approximation method as a generalization
of the Halpern iterative method for approximating fixed point of a nonexpansive mapping
T in a real Hilbert space H: for xg € H,

Tnt1 = anf(xn) + (1 — ap)Tan, (1.7)

where f is a contraction and {a,} C (0,1). Based on the work of Moudafi [32], Takahashi
[33] combined the PPA and the viscosity approximation method to form the following
iterative scheme for approximating the zero point of an accretive operator A in a reflexive
Banach space with a uniformly Gateaux differentiable norm E: for zg € F,

LTn+1 = anf(xn) + (1 - an)J)I\qy,,xna Vn > 0. (18)

Under some mild condition on the parameters {a,} and {\,}, he proved that the sequence
{z,} defined by (1.8) converges strongly to a zero of the accretive operator A.

Zegeye and Shahzad [34] further studied the problem of finding a common zero of a finite
family of m-accretive operators in a strictly convex and reflexive Banach space E. They
presented the following algorithm and proved its strong convergence to a common zero of
the m-accretive operators A;, i =1,2,..., N. For u,zg € C,

Tpt1 = apt + (1 — ap)Snzy,, Y >0, (1.9)
where Sy = aOI—i-alanl —&—ang: + - —i—a]\zJ;ijV7 0<a <1, fori=12,...,N,

N . . . . ..
Zi:o a; =1 and {a,} is a real sequence which satisfy some suitable conditions.
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Very recently, Wang et.al. [35] introduced the following composite iterative scheme for
finding a common zero of two accretive operators A and B in a uniformly convex Banach
space,

= B 1_ ¢
{yn B wn + (1= Bn) L, xn, (1.10)

Tpi1 = Qply + (1 - an)yna n > 0,

which converges weakly to a common zero of the two accretive operators A and B under
some certain conditions.

Many authors have introduced several iterative methods for finding a common solution
of two or more problems (see, for instance [36-39]), but, there is little effort on iterative
methods for approximating distinct solutions of two or more problems simultaneously.
In this paper, we propose a new simultaneous algorithm for finding a common zero of
finite family of accretive operators and a common solution of finite family of equilibrium
problem simultaneously in a real reflexive, strictly convex and smooth Banach space. As
a special case, we obtain a result for approximating the common zero of a finite family
of m-accretive operators which is also a common solution of a finite family of equilibrium
problems in a real reflexive, strictly convex and smooth Banach space. This improve
many recent results in literature, e.g [38, 39].

2. PRELIMINARIES

In the sequel, we denote the weak convergence of a sequence {z,} C E to a point
x € E by x,, = x and the strong convergence of {z,} to z by z, — .
A real Banach space E with dimFE > 2 is called strictly convex if for any x,y € E, x # vy,
[lz]| = ||lyl] = 1, we have ||az + (1 — @)y|| < 1,V a € (0,1). The modulus of convexity of
E is the function dg : (0,2] — [0, 1] defined by

. T+y
6p(t) = it {1 |52 s llafl = llyl| = 15¢ = ||z — ]| }-
0g(t
It is well known that the function £(t) is nondecreasing on (0,2]. The space E is said
to be uniformly convex if for any € € (0, 2], there exists 6 > 0 such that ||z|| = [|y|| =1

and
o —ll 2 e & || 22

’gl—&

It is known that a uniformly convex Banach space is reflexive and strictly convex, see for
details [10—12].
The modulus of smoothness of E is the function pg : [0,00) — [0,00) defined by

4yl +llz—y
petr) = sup (IEFAEIE 2y gy =)
e+ ryl] + Il = ryl
= sup{ 5 — 1 fafl = 1= llgll}-
pe(r)

r
The space FE is said to be uniformly smooth if lim,_,g+ ——= = 0. Also, if F is uniformly
smooth, then the dual space E* is uniformly convex and if E is uniformly convex, E* is
uniformly smooth. It is well known that every uniformly smooth Banach space is reflexive

(see [10, 43] for more details).
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A continuous and strictly increasing function ¢ : [0,00) — [0,00) such that ¢(0) = 0
and lim;_,o ¢(t) = oo is called a gauge function. The duality mapping J, : E — 2F°
associated with a gauge function ¢ is defined by

Jo(x) ={f" € E*: (z, f7) = ll=lle([[z]]), [lf*]| = e(l]]), ¥ z € E}.
From [10, 44], we know that the duality mapping J,, satisfies the following properties:

oMl
(i) Jp(—2) Jo(x) and J,(Az) gn(A) D

(ii) if E* is uniformly convex, then J, is uniformly continuous on each bounded
subset of I;

(ili) the reflexivity of E and strict convexity of E* imply that J,, is single-valued
and monotone.

Jy(x), for x € E and X € R;

In the case p(t) = t, we call J, the normalized duality mapping. If ¢(t) = t971,
1, the duality mapping J, = Jj is called generalized duality mapping, where J,(z
l|z]|972J(z), ¢ > 1.

For the gauge function ¢, the function ¥ : [0, +00) — [0, +00) defined by

W(t) = /O o(s)ds (2.1)

is a continuous convex strictly increasing function on [0, +00). Also, J,(x) = 0U(||z]]),
x € E, where 9 denotes the subdifferential in the sense of convex analysis. This implies
that for each x € E, (see [44])

U(llyll) = w(lz]]) = (=", y — ), Vy € E, 2" € 0¥(]|z|]). (2.2)

We recall that a Banach space E has a weakly continuous duality mapping if there is a
guage ¢ for which the duality mapping J,(z) is single-valued and weak-to weak* sequen-
tially continuous (i.e, if {,} C E weakly converges to a point € E, then {J,(z,)}
converges weakly* to J,(x)). It is noted in [11] that [P has a weakly continuous duality
mapping with a gauge function o(t) = tP~! for 1 < p < +o0.

Let C' be a nonempty, closed and convex subset of a real Banach space £ and @ be a
mapping of E onto C. Then @ is said to be sunny if Q(Q(z) + t(z — Q(z)) = Q(x), for
all z € E and t > 0. A mapping Q of E onto E is said to be a retraction if Q2 = Q. If a
mapping @ is a retraction, then Q(z) = z for every z € R(Q), where R(Q) is the range of
Q. A sunny nonexpansive retraction is a sunny retraction which is also nonexpansive. In
a real Hilbert space H, the sunny nonexpansive retraction of () coincides with the metric
projection Pg from H onto C.

q >
) =

Lemma 2.1 ([15]). Let C be a closed and convex subset of a smooth Banach space E and
D a nonempty subset of C'. Let Q : C — D be a retraction and J, be the duality mapping
with a gauge function p. Then the following are equivalent:

(a) Q is sunny and nonerpansive,

(b) (x —Qx,J,(y — Qx)) <0, for allz € C and y € D.
Lemma 2.2 ([16]). Let E be a real Banach space which has a weakly continuous duality
mapping J, with a gauge ¢. Then U defined by (2.1) has the following properties:

(a) ¥(|lz+yll) < V(|lz])) + (v, Jo(z +y)), Yo,y C E.

(b) Assume that a sequence {x,,} in E converges weakly to a point x € E. Then

lim sup U(||z,, — y||) = limsup ¥(||z,, — z||) + T(||x — y||), Vy € E. (2.3)
n—oo

n—oo
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Lemma 2.3 ([17, 48]). Let {a,} be a sequence of non-negative real numbers satisfying
the following relation:

any1 < (1 - 'Yn)an +0on, n >0,

where {v,} C (0,1) for each n > 0 satisfying the conditions:

(a) ZZO:O Tn = 09, -
(b) limsup,, . % <0or  _glon| <oo.

Then {a,} converges strongly to zero.

Lemma 2.4 ([34]). Let C be a nonempty, closed and convex subset of a strictly convex
Banach space E. Let A; : C — E, i = 1,2,...,r, be a finite family of m-accretive
mappings with N;_ N (A;) # 0. Let ag,as,...,a, be real numbers in (0,1) such that
i oai=1and S, = aol +ay J4 +agJA2 + - -+ a, JA where JA = (I + A;)~t. Then,
Sy is nonexpansive and F(S,) = NI_ N (A;).

Lemma 2.5 ([13]). Let C be a closed and convex subset of a smooth, strictly conver and
reflexive Banach space E, let © be a bifunction from C x C into R satisfying (A1)-(A4).
Letr >0 and x € E, define a mapping T® : E — C as follows:

1
Trex:{zeC:@(z,y)—i—;(y—z,Jz—Jx}ZO}, (2.4)

for ally € C. Then the following hold:

(1) T® is single-valued,
(2) T® is firmly nonexpansive-type, that is, for all x,y € E,

(TP = T2y, JT Pz — JT y) < (T2 =Ty, Ju — Jy),

(3) F(T®) = EP(O),
(4) EP(©) is closed and convez.

3. MAIN RESULTS

In this section, we give our main results in this paper, we first give the following
important lemma which will be needed in the sequel.

Lemma 3.1. Let C be a nonempty, closed and convex subset of a real reflexive, smooth
and strictly convex Banach space E. Let ©; : CxC — R, i=1,2,..., N be a finite family
of bifunctions satisfying assumptions (A1)-(A4). Let ap,a1,aa,...,an be real numbers
in (0,1) such that Zf\;o oa;=1and Wy = aoIJrangl +a2T22+- . ~+aNTfT)LN, where TS}
is as defined in (2.4) fori=1,2,...,N and r, > 0. Suppose N, EP(0;) and F(Wy)
are nonempty. Then, Wy is nonezpansive and F(Wy) = N (T2) = N, EP(O;).
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Proof. Let x,y € C, we have
[Wye =Wyl = [laoz + ar T e + axT%e + -+ an TN e
—agy — 1Ty — Ty — - — anTONy||
= ||ao(z —y) + al(TfT)le — Trenly) + ag(TfT)fx — Tg/zy) e
+ an(To¥e - T2%y)||

IA

N
aollz =yl + Y [T — T4y
=1

N
< aolle —yll+ ) aille —yll

i=1
= |lz =yl (3.1)
Hence, Wy is nonexpansive. It is easy to see that NXL; EP(0;) = N, F(T2") C F(Wy).
We now show that F(Wy) € N, F(T2%). Let g € F(W,) and p € N, F(T2?), then
lg—pll = llaog+a1T g+ asT2?q+ -+ anTo¥q — pl|
= laolg =p) + (T g = p) + aa(T2q = p) + -+ an(T¥q — p)|

N
< aollg—pll+ > el TN g —pl|
=1
N
< aollg—pll+ Y asllg —pll
i=1
= lg —pll- (3.2)
This implies that
N-—-1
lg—pll = D allg—pll+an|T2¥q—pll
1=0

= (1—an)llg—pll+an||T2Vq - pl|,
hence
llg = pll = |1T2¥q — pll.
Similarly, we obtain
llg—pll = |TEY1q —pl| = TN 2q —pl| = -+ = ||T2 q — pl|-

From (3.2), we get

« « a
— (T2 q—p)+ =—(T2q—p) -+ =5

N , N N
Doim1 Qi doim1 Qi D1

By the strict convexity of E, we have

quplle (TS,qup)H-

qa-p=T)q—p=T>q—p=-=TNq—p,

hence, T,.@"iq =g, fori=1,2,...,N, which implies that ¢q € ﬂﬁilF(Tg”). Therefore
F(Wy) €O F(T).
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Hence, we have
F(Wy) =N F(T2N) =Nl EP(6;).

As a direct consequence of Lemma 3.1, we have the following result.

Lemma 3.2. Let C be a nonempty, closed and convex subset of a real reflexive, smooth
and strictly convexr Banach space E. Let S,T : C — C' be two nonexrpansive mappings
such that F(S) and F(T) are nonempty. Define G := 3(S+T), then G is nonezpansive
and F(G) = F(S)NnF(T).

We now present our main theorem.

Theorem 3.3. Let E be a real reflexive, strictly conver and smooth Banach space which
has a weakly continuous duality mapping J, with guage ¢ and let C' be a nonempty, closed
and convez subset of E. Let f: C — C be a 01-contraction mapping and g : C — C be a
O2-contraction mapping such that 0 = max{6,,02}. Let A, : C - E, k=1,2,...,N be a
finite family of m-accretive operators and ©; : C xC—=R,i=1,2,..., M be bifunctions
satisfying assumptions (A1)-(A4). Suppose NY_  N'(Ax) and ﬁfleP(@i) are nonempty.
Let {an} be a real sequence in (0,1) and for arbitrarily xg € C and yo € C, let the
sequence {x,} and {y,} be generated simultaneously by

Tp+1 = anf(yn) + (1 - G/n)SNﬂfn, (3 3)
Ynt1 = @ng(Tn) + (1 = an)Wryn, Vn >0,
where
SN:O[()I+C¥1JA1+042JA2 "'+OZNJAN,
Wir = ol + BT + 82T + -+ + By TEM,

with J{* o= (I + A\Ag) ™! for 0 < ap < 1, k = 0,1,2,...,N, zfjo ap =1, Ay > 0
andTel is as defined in (2.4), 0< f; <1,i=0,1,2,..., M, Zl oBi=1andr, > 0.
Suppose {an}, {\} and {r,} satisfy the following condztzons:
(i) liminf, . A, > 0, liminf,, o, r, > 0,

(i) lim, o an, =0 and Z:;O a, = +00,

(iii) 307 ¢ lan — an_1| < 00 or (iii*) lim, o [22=22=tl = 0.
Then, the sequences {x,} and {yn} converge strongly to elements & = Q:1(f(9)) €
NN_ N (Ag) and § = Q2(g(2)) € NM, EP(O;) respectively, where Q1 is the sunny nonez-
pansive retraction of C' onto ﬂszl./\/'(Ak) and Qs is the sunny nonexpansive retraction of

C onto "M, EP(©;).

Remark 3.4. Observe that the definition of {z,} involves {y,} and the definition {y,, }
invloves {z,} in (3.3).

Proof. First, we show that {z,} and {y,} are bounded. Let 2* € F(Sy) and y* €
F(Wyy), then we have

lanf(yn) + (1 — an)Snay — ™|

anl[f(yn) = WO+ anllf(y") — 27 + (1 = an)|[Snan — 27|
anf1llyn =yl + anllf(y*) — 27| + (1 — ap)| |z — 27|

anfllyn — ¥ || + anllf(y") — 2" + (1 — an)|Jon — 2¥]|. (3.4)

[lZn 41 — 2]

IN A CIA
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Similarly, from (3.3), we have

lyns1 = y*|l < anbllzn — 2% + anllg(z") = y*[] + (1 — an)|lyn — y"|- (3.5)
Therefore, from (3.4) and (3.5), we obtain

zns1 =2 [+ |yne1 =y || < A=an(1=0))([|zn =27 |[+[[yn—y"|])
+ an([[f(y") =2 ||+ lg(z") =y])
| |If(y*)—m*||+||9(fv*)—y*||}

gmax{||xn—x*||+||yn—y*|a 1-6

||f(y*)—x*|\+||9($*)—y*||}
1-6 '
This implies {||z, — 2*||} and {||yn, — y*||} are bounded. Therefore, {z,} and {y,} are
bounded. Consequently, {f(yn)}, {g(zn)}, {Snzn} and {Unryn} are bounded.
Furthermore, from (3.3) and Lemma 2.2(a), we get

W= = Blan(flm) —a")+ (1 -a) (Sxzw—a)l])
U([lan(f(yn) = (") +F(y7) —27)+(1=an)(Syan—27)|])
Y(llan(f(yn) = f(y"))+ (A —an)(Syzn—z")])
an(f(y*) — 27, J«p(xn+1 — "))
)+
(

< max{||xo—$*||+||y0—y*||a

anb1¥([[yn — y*[]) + (1 = an) V(|| Snzn — 27[])

an(f(y") — x*,Jg, Tpp1 — "))

an®¥([|lyn — y*|]) + (1 — an) V(|| — 7))

an(f(y") — 2%, Jp(zngr — 27)). (3.6)

+ IN + IN+ A

Similarly, we obtain
Y(llyner = 9"l < anb¥([[en —2™[]) + (1 = an)U([[yn = y"[])
+ an{9(@®) =", Jo(Unt1 = y7))- (3.7)
Hence, from (3.6) and (3.7), we get
U(l[zntr = 2" )+ Y(|[ynt1=y"l]) < (1=an(1=0)(Y([[zn—2"[)+P([lyn—y"|])
+an((f(y )—IE Jo(Tn1 — 7))
+(9(@") =¥, Jo(Yns1 — ¥7)))- (3.8)
Next, we show that ||zp41 — zn|| = 0 and ||yp4+1 — ynH — 0, as n — oo.
Let K := sup{[[f(yn)ll; [lg(xn)[[, [[Sn@nll; [Unrynl[ : > 1}. Observe that
l[n41 — znll = llanf(yn)+ (1 = an)Snzn—(an-1f(Yn-1)+(1—an-1)SNTn-1)|l
anl[f(yn) = F -2l +lan = an1l[[f (yn-1)l|

=+ (1 — an)||SN:cn — SNEEn_1||
+|an _a'n—1|||San—1H
< an|yn — Yn-1ll + (1 — ap)||xn — 2n-1]| + 2K|an — an—1]. (3.9)

Similarly
Hyn+1 —ynll < a'n0||xn —Zpa|| + (1= an)“@/n - yn—1|| +2K|an — a'n—ll- (3.10)
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It follows from (3.9) and (3.10) that

< (1I=an(1=0)(||rn — zpn1]|

+ ||yn7yn—l||)+4K|an*an—l|

(1 —an(1=0))(|[zn — zn—1]|
||yn_ynfl||)+an(1_6>6m (3'11)

[|Tnt1 — Tull + [|[Ynt1 — Yall

_|_

4K |ap, — an—1]
an(1—6)
Case I: Suppose condition (iii) is satisfied, then

where §,, = . We consider the following two cases:

|Zn41 = Znll +[[Yns1 = yull < (1= an(l = 0))(llzn = znall + [lyn = yn-all) + on,

where 0, = 4K|a,, — a,—1] so that Y > o, < oco.
Case II: Suppose condition (iii*) is satisfied. Then

|Zns1 = Znll + [[yns1 = ynll < (1= an(l = 0))(llzn — nall + [lyn = yn-all) + on,

where o, = (1 — 0)a,0, so that o, = o((1 — 0)ay,).
In either case, Lemma 2.3 and condition (ii) yield that

lZnt1 = 2nll + [lyns1 = ynl| = 0, as n — oo,
this implies that
[|Znt1 — 2ol = 0 and ||ynt1 — ynl|] = 0, as n — oo. (3.12)
Also, it is clear from (3.3) that
[|Zn+1 — Snznl| < anllf(yn) — Snzn]| = 0, as n — oo, (3.13)
and
ynt1 = Tarynl| < anllg(zn) = Taryall = 0, as n — oo (3.14)
Therefore, from (3.12), (3.13) and (3.14), we have
llzn = Snanll < lzn — Togal| + [[#n41 — Svan|l = 0, (3.15)
lyn = Traynll < lyn = ynrall + [ynsr = Taaynl] = 0, (3.16)

asn — oo.
Since E is reflexive, there exist subsequences {z,,} and {y,,} of {z,} and {y,} re-
spectively such that z,, — z and y,, — 3. Next, we show that T € ﬂszlN(Ak) and
7€ Ni=1 EP(6;). ' '
Since J,, is weakly continuous, we have by Lemma 2.2(b) that

limsup ¥(||z,, — z||) = limsup ¥(||z,, — Z||) + ¥(||z — Z||), V2 € E. (3.17)

]A)OO j*)OO
Let
®(x) = lim sup W[, — x|}, Var € B,

J—00

it follows from (3.17) that
O(z) =2(z)+ (||l —Z||), z € E.
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Since ||zp; — SNy, || = 0 as j — oo, we get that

O(Syz) = limsup V(||z,, — SnZ||) = limsup ¥(||Syxn; — SNT|])
j—o0 j—o00
< limsup ¥(||z,, — Z[|) = (7). (3.18)
j—o0
On the otherhand, we note that
O(SnZ) = 2(Z) + ¥(||SnT — ). (3.19)

From (3.18) and (3.19), we get
U(||Syz —Z|]) <0.
Hence, Sy@ = Z. This implies that & € F(Sy). Therefore, by Lemma 2.4, we obtain
x e ﬂg/lle(Ak).
Similarly, we can verify that § € F(W,). By Lemma 3.1, we have that y € N}, EP(0,).
Now, we show that the sequence {z,} converges strongly to a point & = kaNle(Ak)f@)
and the sequence {y,} converges strongly to a point § = Qnu ppe,)9(2).
From (3.8), we have
Y(llzntr = 2[) + Uyt —9l) < (1= an(1 = 0)(¥(|lzn — ) + ¥ ([lyn —9I])
+an(<f(g) -z, J«P(xn+1 - ‘%»
+9(2) = 95 o (Ynt1 — 9))).
This implies that

Thy1 < (1 —v,)0p + o, (3.20)
where
o= Wl — 3l + ¥l — 31D, o = an(1 —0),
and
on 1= I 5) — 2, T s — D)+ (008) 5. — 9D,

Choose subsequences {z,, } and {yn,} of {z,} and {y,} respectively such that
limsup(f(5) — &, Jp (e — ) = i (7(9) = &, Jp(ng 1 — 2),
n— o0 oo

and
limsup(g(2) =9, Jo(yn+1 = 9)) = lim (9(2) = §, S (Ynet1 — 9))-

n— 0o k—o0

Since z,, — Z, it follows from Lemma 2.1 that

lifﬁsogp(f(@) =&y Jp(Xper —2)) = lim (f(G) = 2, Jo(n41 — )
< (f(@) —2,J,(z — 1)) <0. (3.21)
Similarly, since y,,, — ¥, it follows from (2.1) that
hglsolip@(i) =9 Jo(Ynrr —9)) = lm (9(@) = 9, Jo(Ynu+1 — 7))
< {9(2) =9, Jo (5 —9)) < 0. (3:22)

Using Lemma 2.3 in (3.20), and from condition (ii), (3.21), and (3.22), we obtain that
I, — 0. This implies that ||x,, —Z|| — 0 and ||y, —§|| — 0, as n — oo. Therefore x,, — &
and y, — ¢ as n — oo. This completes the proof. [
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Remark 3.5. An example of a real sequence which satisfy the conditions of Theorem

3.3 1s an =
is ap = {—— +1

The following consequences can be derived from Theorem 3.3:

1. Suppose I' = (ﬂgzl (Ag)) N (ﬂz L EP(0;)) # 0. Putting x, = y, and g(z) = f(z)
in Theorem 3.3 and by adding z,+1 and y,41, we have that

Sy +W
Tpt1 = anfan) + (1 — an)wxm

Let G := %(SN + W), then by Corollary 3.2, we have that G is nonexpansive. Thus,
we have the following result for approximating the common zero of a finite family of

m-accretive operators which is also a common solution of a finite family of equilibrium
problems in a real reflexive, strictly convex and smooth Banach space.

Vn > 0. (3.23)

Corollary 3.6. Let E be a real reflexive, strictly convex and smooth Banach space which
has a weakly continuous duality mapping J, with guage ¢ and C be a nonempty, closed
and convex subset of E. Let f : C — C be a 0-contraction mapping, A, : C —
E, k= 1,2,...,N be a finite family of m-accretive operators and ©; : C x C —
R, i = 1,2,...,M be bifunctions salisfying assumptions (Al1)-(A4). Suppose T' :=
NN N (A) NNM,EP(©;) # 0. Let {a,} be a real sequence in (0,1) and for arbitrarily
xo € C, let the sequence {z,} be generated by

1
Int+1 = anf(xn) + (1 - an)i(SN + WM)xnv Vn > 0, (324)

where
Sy = aol + arJ{t + andy? + -+ an PN,
War = Bol + ﬂngl + ﬂzTr@f +o 4+ ﬁJVITr@nM7
with J{* = (I + AAg)™" for 0 < ap, < 1, k = 0,1,2,...,N, zfjoak_l An >0
andT@’ is as defined in (24), 0 < B; <1,i=0,1,2,..., M, Zl oBi =1 and r, > 0.
Suppose {an}, {An} and {r,} satisfy the followmg condztwns
(i) liminf, . A, > 0, liminf,, o, r, > 0,
(ii) limy, o0 an =0 and >, a, = +00,
(iii) 320 |an — an_1| < 00 or (iii* ) lim,, o 122=tn=tl — o,
Then, the sequence {x,} converge strongly to an element & = Qr(f(§)), where Qr is the
sunny nonexpansive retraction of C' onto T.

2. Putting k =1 and ¢ = 1 in Theorem 3.3, we have the following result.

Corollary 3.7. Let E be a real reflexive, strictly convex and smooth Banach space which
has a weakly continuous duality mapping J, with guage ¢ and C be a nonempty, closed
and convex subset of E. Let f : C — C be a 01-contraction mapping and g : C — C be
a O3-contraction mapping such that @ = max{6y,02}. Let A: C — E be an m-accretive
operator and © : C' x C' — R be a bifunction satisfying assumptions (A1)-(A4). Suppose
N(A) and EP(O) are nonempty. Let {a,} be a real sequence in (0,1) and for arbitrarily
xg € C and yo € C, let the sequence {x,} and {y,} be generated simultaneously by

{Ccnﬂ = anf(yn) + (1 - an)Jf T

3.25
Ynt1 = ang(Tn) + (1 — an)TTnyn, Vn > 0. ( )
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Suppose {an}, {An} and {r,} satisfy the following conditions:
(i) liminf, . A, > 0, liminf,, o, r, > 0,
(i) lim, o ap, =0 and ZZOZO an, = +00,
(i) > 0" o lan — an—1] < 0o or lim, m"_ai':"*ll =0.
Then, the sequences {x,,} and {y,} converge strongly to elements & = Q1(f(9)) in N(A)

and § = Q2(g(Z)) in EP(O) respectively, where Q1 is the sunny nonexpansive retraction
of C onto N'(A) and Q2 is the sunny nonexpansive retraction of C' onto EP(O).

3. Consider the gauge function ¢(t) = ¢ and let E be a uniformly convex real Banach
space with a uniformly Gateaux differentiable norm. In this case, the duality mapping J,,
becomes the normalized duality mapping J. Thus, the following result can be obtained
from Theorem 3.3.

Corollary 3.8. Let E be a uniformly convez real Banach space with a uniformly Gateaux
differentiable norm and C be a nonempty, closed and convex subset of E. Let f : C — C
be a 61-contraction mapping and g : C — C be a O3-contraction mapping such that
0 = max{0;,02}. Let Ay : C — E, k = 1,2,...,N be a finite family of m-accretive
operators and ©; : C x C = R, i = 1,2,..., M be bifunctions satisfying assumptions
(A1)-(A4). Suppose NY_ N(Ax) and NM,EP(©;) are nonempty. Let {a,} be a real
sequence in (0,1) and for arbitrarily xo € C and yo € C, let the sequence {x,} and {y,}
be generated simultaneously by

{xn+l == anf(yn) + (1 - an)Sana

3.26
Ynt1 = ang(Tn) + (1 — an)Waryn, VYn >0, (3.26)

where
Sy = a0l +arJt + a2+ an iV,
War = Bol + BT + BT + -+ Bu T,
with JM* = (I 4+ X\ Ap) ™ for 0 < ap < 1, k= 0,1,2,...,N, Sl gar =1, Ay > 0
and TT@nf‘ is as defined in (2.4), 0< B; <1,i=0,1,2,..., M, Zi]\ioﬂi =1 andr, > 0.
Suppose {an}, {An} and {r,} satisfy the following conditions:
(i) liminf, . A, > 0, liminf,, o, r, > 0,
(ii) limy, o0 an =0 and >, a, = +0o0,
(Z”) EZO:O ‘an - an71| < oo or hmnﬁoc @ =0.
Then, the sequences {x,} and {yn} converge strongly to elements & = II1(f(§)) €
NN_ N (Ag) and § = Ha(g9(2)) € NM,EP(O;) respectively, where I is the general-

ized projection of C' onto Ny_ N (Ay) and Il is the generalized projection of C onto
NM,EP(©;).

n

4. Let E be a real Hilbert space, then the duality mapping J, becomes and identity
operator. Thus we obtain the following direct result from Theorem 3.3.

Corollary 3.9. Let E be a real Hilbert space and C be a nonempty, closed and convex
subset of E. Let f : C — C be a 01-contraction mapping and g : C — C be a Os-
contraction mapping such that § = max{6,602}. Let Ay, : C - E, k=1,2,...,N be a
finite family of m-accretive operators and ©; : C x C — R, i =1,2,..., M be bifunctions
satisfying assumptions (A1)-(A4). Suppose NY_ N(Ax) and N}, EP(O;) are nonempty.
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Let {an} be a real sequence in (0,1) and for arbitrarily xo € C and yo € C, let the
sequence {x,} and {y,} be generated simultaneously by

{xn-l-l = anf(yn) + (1 - a'n)Sana

3.27
Ynt1 = ang(Tn) + (1 = an)Waryn, Vn >0, ( )

where
Sy = aol + a1t + andy? + - +an IV,

War = Bol + BiTO + BoTO2 + - + Bo TOM,

with J{* = (I 4+ X\ Ap) ™ for 0 < ag < 1, k= 0,1,2,...,N, Sl gar =1, Ay > 0
andT@Z is as defined in (24), 0 < B; <1,i=0,1,2,..., M, quoﬁl =1 andr, > 0.
Suppose {an}, {\n} and {r,} satisfy the followmg condztzons
(i) iminf, . A, > 0, liminf, . 7, > 0,
(ii) im0 an =0 and > 7 a, = +0oo,
(i) > 0" lan — an—1] < 0o or lim,_,q lan=—an—a] _

Then, the sequences {x,} and {yn} converge strongly to elements & = Py(f()) € NA_ N (Ax)
and § = Pa(g(2)) € NM, EP(O;) respectively, where Py is the metric projection of C' onto
NN_ N (Ay) and Py is the metric projection of C' onto N, EP(0;).

4. APPLICATIONS

In this section, we give some applications of our result to approximating solutions of
other nonlinear problems.

4.1. CONVEX MINIMIZATION PROBLEM AND EQUILIBRIUM PROBLEM:

Let C be a nonempty, closed and convex subset of a real Hilbert space E and let
¢ : C — R be a proper, convex and lower semicontinous function. The minimization
problem can be formulated as finding a point = € C such that

o(z) < d(y), VyeC. (4.1)

We denote the set of solution of (4.1) by M P(¢). It is well known that the subdifferential
0¢ is m-accretive and its resolvent operator Jf\% define by

1
dej = argmin{qﬁ(u) + ||z — qu}, Ve e E
ueC 2

is nonexpansive and single-valued. Also F(de)) = MP(¢). Setting Ay = Iy, k =
1,2,..., N in Theorem 3.3, we obtain the following result for approximating a common
solution of finite family of minimization problem and a common solution of a finite family
of equilibrium problems simultaneously in a real Hilbert space.

Theorem 4.1. Let E be a real Hilbert space and C' be a nonempty, closed and convex
subset of E. Let f : C — C be a 01-contraction mapping and g : C — C be a Os-
contraction mapping such that 0 = max{0,,02}. Let ¢ : C — E, k=1,2,....N be a
finite family of proper, conver and lower semicontinuous functions and ©; : C x C' = R,
i =1,2,...,M be bifunctions satisfying assumptions (A1)-(A4). Suppose NY_, M P(¢y,)
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and NM,EP(0;) are nonempty. Let {a,} be a real sequence in (0,1) and for arbitrarily
xg € C and yo € C, let the sequence {x,,} and {y,} be generated simultaneously by

{anrl = anf(yn) + (1 - an)SN:Eny

4.2
Unt+1 = ang(xn) + (1 — an)Waryn, Vn >0, 4.2)

where
SN = ao_[ =+ Oéljffl + CYQJf:f)z + -+ OZNJffN7
Wy = ﬂOI + BlTSI,l + BQTr@nz R +/8MT;OHM,
with 0 < ap < 1, k= 0,1,2,...,N, S0 g =1, Ay >0 and 0 < B; < 1, i =
0,1,2,...,M, Zf\io Bi =1 andr, > 0. Suppose {an}, {\n} and {r,} satisfy the following
conditions:
(i) liminf, . A, > 0, liminf,, o, r, > 0,
(ii) lim, o0 an =0 and Y7 a, = +0oo,
(i) > 07 o lan — an—1] < 00 or lim, lan—an-al _

an

Then, the sequences {x,} and {yn} converge strongly to elements & = Q1(f(9)) €
NN_ MP(¢r) and § = Qa2(g(2)) € NM,EP(0;) respectively, where Q1 is the sunny non-
expansive retraction of C onto NY_, M P(¢y) and Q2 is the sunny nonezpansive retraction
of C onto NM,EP(O;).

4.2. FIXED POINT OF PSUDOCONTRACTIVE MAPPING AND EQUILIBRIUM
PROBLEM:

Let C' be a nonempty, closed and convex subset of a real Banach space E which
admits a weakly continuous duality mapping J,. A mapping T : C — C is said to be
pseudocontractive if for all z,y € C, there exists j(z —y) € J,(x — y) such that

(Tx —Ty,jo(x —y)) >0.

It is well known that the class of pseudocontractive mapping is more general than the
class of nonexpansive mapping. Moreso, the class of accretive operator A : C' — F is said
to be pseudocontractive if T':= I — A is accretive (see [40]). Also, A is m-accretive if and
only if T = I — A is continuous pseudocontractive. In this case, the resolvent operator
JI' + E — D(T) is defined by JI = (2I — AT)~!. Putting T, = I — Aj in Theorem
3.3, we obtain the following result for approximating common fixed point of finite family
of continuous pseudocontractive mappings and common solution of equilibrium problem
simultaneously in real Banach space.

Theorem 4.2. Let E be a real reflexive, strictly convex and smooth Banach space which
has a weakly continuous duality mapping J, with guage ¢ and C be a nonempty, closed
and convex subset of E. Let f : C — C be a 01-contraction mapping and g : C — C be
a O3-contraction mapping such that @ = max{0y,02}. Let T, : C — E, k=1,2,...,N
be a finite family of continuous pseudocontractive mappings and ©; : C' x C — R, ¢ =
1,2,..., M be bifunctions satisfying assumptions (A1)-(A4). Suppose Ni_,F(Ty) and
NM,EP(©;) are nonempty. Let {a,} be a real sequence in (0,1) and for arbitrarily
xg € C and yo € C, let the sequence {x,,} and {y,} be generated simultaneously by

{xnﬂ = anf(yn) + (1 = an)Snan, (4.3)

Yn+1 = ang(xn) + (1 - an)WMyvu Vn > 0,
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where
Sy = aol + a1 J{ + asdy? + - +an iV,
War = Bol + BT + B2T10% + -+ + BMTSM,
with J3* == (21 + M\oTi) ™! for 0 < ap < 1, k = 0,1,2,..., N, Zgoakfl An > 0
(de@f is as defined in (2.4), 0< B; <1,i=0,1,2,..., M, Zz oBi=1andr, > 0.
Suppose {an}, {Mn} and {r,} satisfy the f0llowmg condztzons
(i) liminf, o A, > 0, liminf,, o r, > 0,
(ii) limy, o0 an =0 and >0 a, = +00,
(i) >0 |an — an—1| < 00 or limy, e @ =0.
Then, the sequences {x,} and {y,} converge strongly to elements & = Q1(f(y)) €
N F(Ty) and § = Q2(g9(2)) € NM,EP(©;) respectively, where Q1 is the sunny nonez-
pansive retraction of C' onto N_, F(Ty) and Qs is the sunny nonexpansive retraction of
C onto NM,EP(©;).

4.3. INCLUSION PROBLEM AND MONOTONE VARIATIONAL INEQUALITY
PROBLEM:

Let C' be a nonempty, closed and convex subset of a real Banach space E. Suppose B
is a monotone operator from C into E. The variational inequality problem is formulated
as finding a point u € C such that

(Bu,x —u) >0, xe€C. (4.4)

The set of solution of (4.4) is denoted by VIP(C,B). It is known that if O(x,y) =
(Bx,y — z) for all z,y € C, then the EP (1.4) is equivalent to the VIP (4.4). The
following lemma can be found in [49].

Lemma 4.3. Let C be a closed and convex subset of a smooth, strictly convex and reflexive
Banach space E. Let B : C' — E* be a smooth, strictly convex and reflexive Banach space.
Forr >0 and x € E, define the mapping

1
SBy = {w eC: (Bw,sz>+;(y7w,waJz> >0, VZEC}. (4.5)

Then the following hold:
(1) SB is single-valued,
(2) forallx,y € E,

<S7_B$—Sfy,JSTB$—JS§y>§<S§.T—SFy,Jx—Jy>,

(3) F(SP) = VIP(C,B),
(4) VIP(C, B) is closed and convez.

It is clear that putting ©;(z,y) = (Bixz,y — z), i = 1,2,..., N in Theorem 3.3, we
obtain the following result for approximating common solution of finite family of inclusion
problems and common solution of finite family of equilibrium problems simultaneously.

Theorem 4.4. Let FE be a real reflexive, strictly convex and smooth Banach space which
has a weakly continuous duality mapping J, with guage ¢ and C be a nonempty, closed
and convex subset of E. Let f : C — C be an 01-contraction mapping and g : C — C' be
an O-contraction mapping such that 6 = max{6y,602}. Let A, : C - E, k=1,2,...,N
be a finite family of m-accretive operators and B; : C — E*, i =1,2,..., M be continuous
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monotone operators. Suppose NN_  N(Ay) and NM,VIP(C, A;) are nonempty. Let {a,}
be a real sequence in (0,1) and for arbitrarily xo € C and yo € C, let the sequence {xn}

and {yn} be generated simultaneously by

{xnﬂ = anf(yn) + (1 = an) SN, (4.6)

Yn4+1 = ang(xn) + (1 - an)WMynv Vn > 0,

where
SN = a0]+()él<]fnl +042J;\4n2 4+ .. +O£NJ;\4nN,

War = Bol + BiSE* + B2SP2 + -+ + Ba SEM,

with J¢* = (I + X Ag) ™" for 0 < ap < 1, k =0,1,2,...,N, Sr gor =1, Ay > 0
and Séj is as defined in (4.5), 0 < 5; <1,i=0,1,2,..., M, Zij\ioﬂi =1 and r, > 0.
Suppose {an}, {An} and {rn} satisfy the following conditions:

(i) iminf, . A, > 0, liminf, . 7, > 0,
(”) hmn—)oo a, =0 and Z,Zozo ay = 400,
(i) > 0> lan — an—1] < 0o or lim, lanzan=al g,

an
Then, the sequences {xn} and {yn} converge strongly to elements © = Q1(f(9)) €
N N (Ag) and § = Q2(g(2)) € NMVIP(C, A;) respectively, where Q1 is the sunny
nonexpansive retraction of C onto NN_ N (Ay) and Qs is the sunny nonerpansive retrac-
tion of C onto NM,VIP(C, A;).
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