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1. INTRODUCTION

Thoughout this paper, we use the following symbols;

i) H, H; are real Hilbert spaces and C; is a nonempty closed convex subset of H;, for
alli=1,2,

ii) ¥ =" and “ =" to denoted weak and strong convergence, respectively,

iil) Wy, (x,) = {2 : 2p, — x,3a subsequence {x,, } of {z,}},

iv) F(T) = {z € C : Tx = x} is the set of solution of fixed points problem of T : C' — C
with C C H.

The split feasibility problem (SFP) was first introduced by Censor and Elfving [1] in
a finite dimension on Hilbert space. The SFP is to find a point * € C7, and Az* € Cs,
where A : H; — Hs is a bounded linear operator. The set of all solution of SFP is denoted
by I'srp.

If Tspp # 0. It is obvious that z* € Tspp < z* = Po, (I — MA* (I — Pg,)) o*.
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The SFP has been extremely popular, since it can be applied to various fields such as
the modelling of inverse problem in mathematics, in radiation therapy treatment plan-
ning, neural networks and so on. This problem have been studied by many researcher,
for example [2], [3], [1].

Byrne [5] is introduced the most widely algorithm to solve SFP. This algorithm gener-
ated by sequence {x, } such that

Tni1 = Po (2, —vA* (I — Po) Axy,),

for all n € N, where A* is adjoint operator of A, L is spectal radius of A*A and P¢ is a
metric projection on H onto C. Many researchers use this algorithm as a basis to create
their algorithm for solving SFP, see for example [6], [7].

To increase the potential of SFP, Moudafi [3, 9] introduced the following split equality
problem. Let Hs be a real Hilbert space and let A : Hy — H3,B : Hy — H3 be two
bounded linear operators. The split equality problem (SEP)is to find € C; and y € Cy
such that Az = By. The set of all solution of SEP is denoted by I'sgp.

To solve SEP, he introduce the following iteration:

{ i1 = Po, [tn — A" (Az, — By,)],

* (1.1)
Yn+1 = Po, [yn + 7B (Axn - Byn)] )

where A* and B* denote the adjoint of A and B respectively. Under condition =, €
(e, min {)\1, )\L } —e} with A4 and Ap are spectral radius of A* A and B* B, respectively,
A AB
then the sequence {(x,,y,)} generated by (1.1) converges weakly to (Z,7) € Tsgr.
If B =1 and Hy = Hj, then (SEP) reduces to (SFP). The interest of SEP is to cover
many situations such as decomposition methods for PDEs, applications in game theory.
Let S : Hy — Hy and T : Hy — Hs be two nonlinear operators such that F(S) # () and
F(T) # 0. The split equality fized point problem (SEFP)is to find z € F(S) and y € F(S)
such that Az = By which allows asymmetric and partial relations between the variables
2 and y. The such problem introduced by Moudafi and Al-Shemas [3]. The set of all
solutions of SEFP is denoted by Q = {(z,y) € C1 x Cy : x € F(S),y € F(T) and Az =
By}. Zhao [10] proposed a theorem for finding the solution of SEFP as follows:

Theorem 1.1. Let Hy, Ho, H3 be a real Hilbert spaces, A : Hi — Hsz and B : Hy —
Hj3 be bounded linear operators. Let S : Hy — Hy and T : Hy — Hy be quasi-
nonexpansive mappings such that S — I and T — I are demiclosed at 0. Suppose that
Q={zeF(S),ye F(T): Az = By} #0. Let {z,} and {y,} be sequence generated by
xo € Hy and yg € Hy and by

Up = Ty — A" (Az,, — Byy),

Tnt1 = Bntn + (1 — Br) Suy,

Wn = Yn + VnB* (Az, — Byn),

Ynt1 = Bnwn + (1 — Bpn) Twy, Yn > 0.

Assume that the step-size v, is chosen in such a way that

2
- ( 2 || Ay — By, _€>
n ) 2 2 ?
1B* (A, — By + | A" (Azy — Bya)|
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for all n € 11 otherwise v, = = (v begin any nonnegative value), where the index set
II = {n:Ax, — By, #0}. Let {a,} C (8,1 =0),{Bn} C (n,1—n) for small enough
0,m > 0. Then, the sequence {(zn,yn)} converges weakly to (x*,y*) € QL.

Remark 1.2. If H, = H3 and B = I , then the split equality fixed point problem is
reduces to the split common fixed point problem.

In 2015, Li and He [1 1] proved a strong convergence theorem to solve the split common
fixed point problem for quasi-nonexpansive mappings as follows.

Theorem 1.3. Let H, and Hs be a real Hilbert spaces, let C' and K be nonempty closed
conver subsets of Hy and Hs, respectively. Ty : C — Hy and T : K — Hs be two
quasi-nonexpansive mappings with F (T1) # 0 and F (Ty) # 0. A : Hy — Hs is a bounded
linear operator. Assume that Ty — I and Ty — I are demi-closed at 0. let xg € C,Cy =C
and {x,} be a sequence generated in the following manner:

Yn :anzn+(1_an)lena
zn = Po(xn + ANA* (To — I) Axy,)
Crpr={z € Cn:lyn — 2| < l2n — 2l < [z — 2|},

ZTnt1 = Po, ., (o), Vn e NU{0},

1
where P is a projection operator and A* denotes the adjoint of A. {a,} C (0,n) C
(0,1), € (O, ||Al||2> . Assume that T = {p e F (T1),Ap € F (Ty)} # 0, then z, — z* €
F(Tv) and Az, — Az* € F (Ty).

Many author prove a strong convergence theorem for quasi-nonexpansive mapping by

using the condition I — T is a demi-closed mapping, where T : C — C is a quasi nonex-
pansive mapping, see for more detail [10], [12], [13].

The variational inequality problem (VIP) is to find a point v € C such that
(y — ", Az™) > 0,

for all y € C, where C is a subset of H and A : C' — H is a mapping. The set of all
solution of VIP is denoted by VI(C, A). Such a problem was first introduced by Lions
and Stampacchia [14]. This problem is very important in many branches of mathematics.
The following is a well-known tool for solving variational inequality problem.

Lemma 1.4. Let C be a nonempty closed convex subset of Hilbert space H and let A :
C — H be a mapping. Then

u=Pc(I-A)usueVI(C A,
for allu e C and A > 0.

Korpelevich [15] introduce a sequence {z,} generated by z; € C' and
Yn = Po (I — MNA) zp,
Tn+l = PC (xn - )\Ayn) P

1
for all n € N. Under suitable conditions of the mapping A and A € (0, k:) She proved

that the sequence {x,} converges strongly to an element of VI(C,A). Many research
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use this iteration as a model to prove their theorem for finding a solution of variational
inequality problem, see for example [16], [17], [18].

The split variational inequality problems (SVIP) is to find «* € C such that {fz*, z —
z*) > 0, for all z € C7 and such that y* = Az* € C5 solves (gy*,y — y*) > 0 for all
y € Cy, where f: Cy — Hy, g: Co — Hy and A : Hy — H, is a bounded linear operator.
The set of all solution of SVIP is denoted by I'sy;p. The such problem is introduced
by Censor et al. [19]. SVIP can be reduce to split minimization problem between two
spaces so that the image of a solution point of one minimization problem, under a given
bounded linear operator, is a solution point of another minimization problem.

Many author has been studied the split variational inequality problems, see for exam-
ple, [10], [19].

By combining the concept of the split equality problem and the split variational in-
equality problem, we introduce a new problem which is called the split equality variational
inequality problem (SEVIP) as follows;

Let A': C; — H; be a mapping for all i = 1,2 and let A : H; — Hs and B : Hy — Hj3
be bounded linear operators. The split equality variational inequality problem is to find
(z,y) € Cy x Cy such that

v eVI(C,A"),yeVI(Cs, A?) and Az = By. (1.2)
The set of all solutions of (1.2) is denoted by
VI (Ci2,54"%) = {(2,y) €C1 x Ca:z € VI(C1,A"),y € VI (Cy, A?)
and Az = By}.

If H, = H3 and B = I , then SEVIP is reduced to SVIP. Another special case of the
SEVIP is the split Feasibility Problem (SFP).

Motivated by above researches, the purpose of this paper is to introduce a method for
finding solution of SEVIP by improving the Halpern iteration. We also apply this method
to find solution of the split equality fixed problem and the null point problem of maximal
monotone which are introduced by Moudafi and Al-Shemas [3] and Chang and Agarwal
[20], respectively.

2. PRELIMINARIES

In order to prove our main theorem. Therefore, these tools are needed.
Let Po be the metric projection of H onto C i.e., for x € H, Pox satisfies the property

— Pox|| = min |z — y.
lz = Po|| = min ||z — y|

The following lemma is a property of Pc.

Lemma 2.1 (See [21]). Given © € H and y € C. Then Pecx = y if and only if there
holds the inequality
(x —y,y—2z) >0VzeC.

Lemma 2.2 (See [22]). Let {s,} be a sequence of nonnegative real number satisfying
Sny1 = (1 — an)sn + anfn, ¥n >0
where {a, },{Bn} satisfy the conditions:
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(1) {an} C[0,1], 3%, oy = 00;
(2) limsup,,_, Bn <0 or >0 | |onBn] < oo

Then lim,,_, o s, = 0.

Lemma 2.3 (See [23]). Let {t,} be a sequence of real numbers such that there exists
a subsequence {n;} of {n} such that t,, < tn,41 for all i € N. Then there exists a
nondecreasing sequence {7 (n)} C N such that T (n) — oo and the following properties are
satisfied by all (sufficiently large) numbers n € N;

tT(n) < t'r(n)—i—la tp < t'r(n)-‘rl'

In fact, 7 (n) = max{k < n:tx <tri1}.

3. MAIN RESULTS

Theorem 3.1. For every i = 1,2,3, let H; be a real Hilbert space and let Cy,Cs be
nonempty closed convexr subset of Hy and Ha, respectively. Let A* : C; — H; be oy-
inverse strongly monotone mapping for all i = 1,2 with « = min{ay,az} and let the
mappings A : Hy — Hs, B : Hy — Hj3 be bounded linear operator with adjoints A* and
B*, respectively. Suppose that Q = VI (CLQ, Al’z) is a nonempty set. Let sequences {x,}
and {yn} generated by u,z1 € Cy;v,y1 € Cy and

Up = Ty — YnA* (Ax, — Byyn),

Tnt1 = apu+ (1 — ay) Poy (I — /\1A1) Unp,

Vp = Yp + Y B* (Axn - Byn) s

Ynt1 = anv + (1 — ay,) Pe, (I — )\QAQ) Up, for allm > 1,

where {a,} C [0,1] with Y07 | a, = 00, limy, o0, = 0 and X; € [0,2a] for all i = 1,2

and v, € (a,b) C 6) for all n € N, where Mg, Ag are spectral radius of

g, ——— —
Aa+ A

A*A and B*B respectively and € is small enough.

Then {(xn,yn)} converges strongly to (?,yA*) € Q, where z* = Pyrc,,anyu and y* =

PVI(CQ,AQ)U-

Proof. Let (z*,y*) € Q, we have
xreVI (ChAl) yrevl (CQ,A2) and Ax* = By*.

Since z* € VI (Cy,A') and y* € VI (Cs, A?), we have a* € F (P, (I — M\ A')) and
y*eF (Pc2 (I — )\2A2)), respectively.
For every x,y € C1, we have

A

HPC1 (I — )\1A1) x — Pe, (I — )\1A1) yH2 < Hx —y— Al(Alx — Aly)H2
= |z-— yH2 — 2\ (x —y, Ale — A1y>

+A%]| Az — Ayl
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lz = yl* — 220 Ale — Aly|?

+AT]| Az — Ayl
= o —yl® =M (20— M) A1z — Aly|?
< e -yl

Then P, (I - AlAl) is a nonexpansive mapping. Using the same method, we have
Pc, (I — \2A?) is a nonexpansive mapping.
From the definition of w,, we have
lun — "> = |lzn — 2" — A" (A, — Bya) |I°
= |lzn —2"|* + 774" (Azs — Byn) |?
=29, (xy, — 2", A* (Azx,, — Byn))
[0 —2*|[* + X all Az, — Bynll®
—Yn | Azy — Ax*||2 — YnllAzn — By,
+nllAz* — Byn||2
= |lwn — 2" |* = (1 = Xavn) | Az — By,
Yl Ay — Az*||* + 7, [|Az* — By, |? (3.1)

IN

I?

I

From the definition of v,, and using the method as (3.1), we have
* * * 12
vn —y ||2 < lyn—y ||2 = (1= A7) [|Azy — BynHz =Y || Byn — By”||
+n | Ay — By*||2 .

From the last two inequalities above, we have

lun =22+ lon =y 17 <l — 2% + g — "I

2
(2= (Aa + AB)) [Azn — Bya|”.  (3.2)

From the definition of x,,, we have
Hozn (u—2")+ (1 —ap) (PCl (I — )\1A1) Uy — x*) ||2

o lu—2*)° + (1 — an) | Pe, (I = AAY) up — 2 ?
I*.

e

IN

an [lu = 2| + (1 = o) Jun — 2

IN

Similarly, we have
2 2 2
[gns1 =y II” < anflv =97 + (1 = an) [lon —y™[|”

From above inequalities, we have

%12 2 2 2
Jonss =217 + lynsr =o' 17 < an (Ju=a" I + o - ")
* (12 * (|12
+ (1= an) (flen =2+ g = 7
*(12 * (12 * 12
< max{u—a*|>+ o =y |, o1 — 27|

2
+llyr —ylI°}-
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From mathematical induction, we have {z,}, {y,} bounded and so are {u,}, {v,}.
From the definitions of {z,} and {y,}, we have
|2 X2 2 |2
Jensr = @I+ lynsa =yl < an (lu =21 + o - y*[17)
(1= an) (Jlun = 2" + lon = ")

2 %12
an (lu = a7 + o = 1)

IN

|2 |2
+(1—an)<lxn—x I+ llyn — 7

(2= a4 Ap)) [ Az — Byn||2)
= an (Ju=a"* + o - y"|I*)
- (nxn — P+ —y*||2)
—Tn (1 - an) (2 —Tn ()‘A + )‘B)) HAxn - Byn”2 .

It implies that

(1= a0) (2= 70 (At +28)) [ Az, = Byall” < an (lu=a* I+ o-y"|*)
+Cn_cn+17 (33)
where Cp, = |lzn — 2*||* + |lyn — y*|?, for all 2* € VI (C1,AY) y* € VI (C2, A?) and

n € N.
From (3.3), we will divide the proof into two cases.

Case i Suppose that C,, 11 < C, for all n > ng (for ngy large enough).
Since a sequence {C,,} is bounded, we get lim, _, . C;,, = ¢ for some ¢ € R.
From (3.3) and properties of ~,, and «,,, we have

lim ||Az, — By,|| = 0. (3.4)
n— oo
From the definitions of u,,,v,, we have

un — znl| = Yo [|A* (Azy, — Byn)|| and ||vn, — yull = v | B* (Azn — Byn)|| -
(3.5)

From (3.4) and (3.5), we have

lim |lup —2,|| = im |lv, —yn| =0. (3.6)
n—oo n—oo
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By using properties of Pc,, we have

||P(;1 (I — )\1A1) Uy — 1:*”2 < ||un -z -\ (Alun - Alx*) ||2
= Jun —2* — 201 (u — ¥, A'u, — Az
22 || Alu, — Ala|)?
< Hun—gc*H2 —2)\104HA1un—A1x* ?

+/\f ||A1un — Alo:*H2
un — 2|

~A1 (20— ) |[Au, — Al (3.7)

Similarly, we have
[Py (I = 2042) vy — 4" ||* < flon — 57 ]1* = Ao (2a — Xo) || A%0, — A%7|°. (3.8)

From (3.2), (3.7) and (3.8), we have

[Pey (1= MA) un —a*|* 4 [Py (T = 20d?) vn =y
< lun =217 + Jlon =y
A1 (2a— A1) HAlun - Al:c*H2
— s (20 — Ag) || A%, — A%y* ||
S R A

Y (2= (A4 + AB)) Az — Byn|*
7/\1 (20& — )\1) HAlun — 141.’E*||2
—)\2 (2a — )\2) HA21}n — Azy* 2 .

(3.9)
From the definition of x,, y.,, we have

2 2 2 2
Jonsr =2+ lynsa =y 1F < an (Il =2 I + o - y*I)

2

(1 an) ( 1Py (T = MAY)  — a*
')

2 %112
+<1—an>(||mn—z* g — o

+ HPC2 (I — )\214.2) Uy — Y~

< ap (lu=aI+ o - o)

~Yn (2= (Aa + Ap)) | Azy — By, |
A1 (2a— A1) HAlun — Al:c”"H2

2)

—)\2 (20( - )\2) HAQUn — A2y*




The Method for Solving the Split Equality ... 643

It implies that
(1—ay) ()\1 (20— A\y) || Ay, — Alx*H2 + A2 (20 — A2) ||A%0, — A2y*||2>
< Gy = Copr +an (lu = + o —y"I?). (310)

Applications for (3.10) and lim,,_,~, C,, = ¢, we have

lim HAlun — Alz*|| = lim HAQ‘vn — A%y*

n—oo n—oo

=0. (3.11)
From the properties of Pg,, we have

[Poy (T = MAY uy, — 2*||* = || Pey (T = MAY) wy — Pe, (=M A 2%

IN

(I =MAY uy = (I =AY 2", Po, (I — XA u, — %)

= ;(” (I - /\1A1) Uy, — (I — )\1A1) > + | P, ([ _ /\1A1) Up — 22

= (I = XA up — (I = MAY) 2" — Py (I = MAY) up + :17*||2>

IN

1
e
M Pey (1= MAY iy~ Ay (Al — A'a) ”2>

1 *
= 3 (llun —*|? + || Pe, (I = MAY) up, — 2|
—|lun = Py (I = MAY) u, | = M| A, — Ala™|)?
+2X1 (up, — Poy (I — X AY) uy, Aluy, — Alx*>>. (3.12)

From (3.12), we have
* 2 *
[Poy (I = MAY up — 2|7 < Jlun — 27| = [Jun — Po, (I =M\ AY) w2
—Af[| A, =AMt 42X Jun — Poy, (I = MAY) uy ||| A u, — Az (3.13)

Similarly, we have
* 2 *
| Pey (I = A2A%) v — y*[|” < llon = ¥*11* = llvn = Poy (I — A2A%) v, ||
—A3[[A%v, — A%y* |17 + 2X2|jvy, — Poy (I — A2A?) v,,]|[|A%v, — A%y (3.14)
From the definitions of @, yn, (3.13) and (3.14), we have

2
@nss =217 + g =y < aw (1= 2" + o = y7I?)

(1) (1P (=M s = 0|+ [P, (1= 2od?) v — o)
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< an (flu—a I+l - yII)
+(1—an) (”Un — 2|2+ [Jon = y*|I* = llun — Po, (1 = MAY) un|?
A2 Aty — A2 4 22 Jlun — Poy (1= MAY) ||| Atu, — Atz
—[Jvy, = Pe, (I = A2A?) v, ||> = A3[|A%v,, — A%y |
+2X2||vn, — Pey (I - )\2A2) vn ||| A%, — A2y*||>

< an (lu=a"* + v —yI?)

+ (1 —an) <||xn - x*||2 + [lyn — y*”2 — ||t — Po, (I - >‘1A1) un||2

—)\%HAlun - Alzzf"H2 + 2\ ||un — Pe, (I - )\1A1) un||HA1un - Alx*H
—llvn = Poy (I = A2A%) va|* — A5 A%v, — A%y*|

+2X9||vn — Pey, (I — )\2A2) v ||| A%, — A2y*||> .
It implies that
(1—ay) <|un — Po, (I = MAY) un|® + [Jon — Po, (I — A2A%) vn2)

< an (Il =" +llv = y*I*) + Ca = Cata
+2A1 |uy, — Pey (I — )\1A1) wn ||| Ay — Alz®|
+2X0||vy, — Po, (I — A2 A?) v, ||| A%v, — A%y
From (3.11) and lim,,_,+ C,, = ¢, we have
lim | Pey (I = MAY) up — up|| = lim |[Pey, (I = A2A%) v, —vy]| =0.  (3.15)
From (3.6) and (3.15), we get
nli_}rrolo |1Pey (I = MAY) up — || = nli_}n;@ | Pey (I = A2A%) vn — yn| = 0. (3.16)
Since
Tl — T = p (U — ) + (1 — ) (PC1 (I — )\1A1) Uy, — xn) ,

Ynt+1 — Yn = Qn (U - yn) + (1 - an) (P02 (I - >\2A) Un — yn)
and (3.16), we have

nh_{rolo [Zn+1 — znll = nh_{go [Yn+1 — Yull = 0. (3.17)
Since Wy, (25,), Wy (yn) are nonempty sets, there exists T € Cp,y € Cs such that
Z €Wy () and g € Wy, (yn)-
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We may assume that, there exists subsequences {x,, }, {yn, } of {z,} and {y,}, respec-
tively, such that

Tn, — T as k — oo, (3.18)

and
Yn, — U as k — oo. (3.19)

Next, we show that (Z,y) € Q.

From (3.6) and (3.18), we get u,, — 2 as k — oo.

Assume that z ¢ VI (Cy, A'). Since VI (Cy,AY) = F (Pe, (I — M AY)), then we get
T # Pc, (I — M\ A') Z. From Opial’s condition and (3.15), we have

likrgg.}fﬂunk -7 < lim inf |un, — Py (I —AAY) 2|

< liminf ||u,, — Po, (I — MA") up,||
k—o0

+|Pe, (I —XAY) uy, — Po, (I—MAY)Z|

< liminf ||u,, — 2] .
k—o0
This is a contradiction. Then Z € VI (Cy, A').

From (3.6) and (3.19), we get v,, — ¥ as k — oo. Using the methods similar to
eVl (C’l, Al), we can conclude that y € VI (CQ,.Az).
From Az — By € W,, (Az,, — By,,) and weakly lower semi-continuous of normed, we have

| A% — By < liminf || Az, — By, | =0.

Then AZ = By. Therefore (Z,7) € Q.
It is clear that

lim sup(u — 2%, 2, — 2*) = limsup(u — =*, &, — %) = (u — z*, T — z*) < 0,
n— 00 k—o0

where 7* = Py (o, a1)u
and

limsup(v — 7%, — %) = limsup(o — 7, yny — 77 = {0 — 7,5 - ) <0,

n— 00 k—oco
where y* = Py 1y, a2)0-
Next, we show that a sequence {(x,,yn)} converges strongly to (E;,yA*) € Q, where

T* = PV[(ClﬁAl)u and y/:" = PV[(027A2)’U.
From the definitions of x,, and y,, we get

|

[

2§(1_an)

— —~ |2 — —
Tpal — T* Ty —x*|| + 20 (u — 2, Ty — F)

and

’ < (1 - an) Hyn - y/:kH2 +2O‘n<v - :'fkayn-‘rl - :'fk>
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Then
|2 ~ 12 —~ |2 ~ 112
[ensr =2+ g =771 < @ =) ([fon =2+ o= 21)
+2an(<u — 7, Tpa1 — ﬁ}
+<U _:&:k7yn+1 _?;:k>)
or
Cn+1 < (1 —ay) Cyp + 20,1y, (3.20)

where 7, = (u — z*, Tnal — 9/c;> + (v — U* Y1 — yA*), for all n € N.
From limsup,, o7 <0, Y o0 | @, = 00 and Lemma 2.2, we obtain

2):0

It implies that {(x,,y.)} converges strongly to (5;, yA*)

T, —x*

lim C;, = lim (‘ 2+ Hyn—?f*

n—oo n—oo

Since Az* — By* € W, (Az,, — By, ) and lower semi-continuous of normed, we have

HA?E—B;T*

<liminf ||Az,, — Byn| = 0.
k—o0

Hence Az* = By*. Therefore (3,3, yA*) e Q.

Case ii Suppose that C,, is not monotone sequence, then there exists an integer ngy such
that Cno S Cn0+1.
Define the integer sequence 7 (n) for all n > ng as follows

7(n)=max{k <n:Cy < Ciy1}.

It is clear that 7 (n) is a nondecreasing with lim,, .o 7 (n) = 00 and C. () < Cr(n)41-
From (3.20), we have

CT(TL)-’F] < (1 - aT(n)) C‘r(n) + 20‘7’(11)7]7'(71)

From Lemma 2.2, we have lim,, .o C7(,) = 0. Applying (3.17), we have

limy, o0 CT(n)Jrl =0.
By Lemma 2.3, we have

Cn < max {Cna C‘r(n)} < CT(n)+1'

From inequality above and lim,, ;o Cr(n)+1 = 0, we have

lim <’
n—oo

It implies that {(x,,y,)} converges strongly to (?,yA*) By using the same methods

x, —x*

2 ~ 112
=) = Jim €0 =0

as case 1, we have (53@}) € Q, where = Pyrc,,anyu and gf‘ = Pyr(c,,a2)v. This
complete the proof. n
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Remark 3.2. i) If we take A! = A2 =0 in Theorem 3.1, we have

Tp41 = QpU + (1 - Oln) PC1 (xn - 'YnA* (Axn - Byn)) y
Ynt+1 = anv + (1 — ay) Pe, (yn + 1 B* (Ax,, — Byy)), for alln > 1,
(3.21)

which is modified (1.1). If T'spp = {(z,y) € C1 x Cy : x € C1,y € C3 and Az = By} # 0
and {an}, {7y} are the same as in Theorem 3.1, we have {(x,,y,)} generated by (3.21)
converges strongly to (z*,y*) € Tsgp.

11) If take Hy = H3 and B = I in Theorem 3.1, we have

Tpt1 = QU+ (1 - O‘n) Pe, (I - )\1A1) (In — T A* (Axn - yn)) >
Ynt+1 = anv + (1 —ay) Pe, (I — /\2A2) ((1 = vn) yn + nAxy,), for all n > 1.
(3.22)
If Tgyrp = {(x,y) cCixCy:zeVI (Cl,Al) eVl (027142) and Az = y} # () and

{an}, {7}, A1, A2 are the same as in Theorem 3.1, we have {(z,, y,)} generated by (3.22)
converges strongly to (z*,y*) € Tsyrp.

4. APPLICATION

We can apply our main theorem to solve the following problems.

4.1. SpLiT EQuALITY FIXED POINT PROBLEM

In order to solve SEFP, Zhao [10] introduced the following iterative scheme:

Up = Ty, — VA" (Azn — Byn) ,

Tnt1 = Bntn + (1 — Br) Suy,

Vp = Yp + Y B* (Axn - Byn) s

Yn+1 = Ynt1 = Bntn + (1 = Bn) Tw,, ¥, for all n > 0,
where S : Hy — H,,T : Hy, — Hs are two quasi-nonexpansive mapping with S — I and
T — I are demi-closed at 0. Under the suitable conditions of every parameter and  # (),
he prove the sequence {(z,,y,)} converges weakly to an element in .

To use a different method of [10] for solving SEFP and a strong convergence theorem,
we needed the following lemma.

Lemma 4.1. Let C' be a nonempty closed convexr subset of a real Hilbert space H and

let T : C — C be a nonlinear mapping with a property (I —T)x — (I —=T)y,x —y) >
1

FII =T)z— (I =T)y|? for all z,y € C for all7 € (0, 5] Then F(T)=VI(C,I-T),

where F (T) # 0.

Proof. Let the conditions hold; It is easy to see that F'(T) C VI (C,I —1T).
Let g € VI(C,I —T) and let 2* € F(T). Since g € VI(C,I —T), we have

(y — o, (I =T)xo) 20, (4.1)
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for all y € C.
From the property of 7' and (4.1) we have

A -T)zo— (I~ T)a*> < ((I-T)ao— (I —T)a* zo— )
—<(I — T) xo,x* - $0> S 0.

Then,
(I =T) oo — (I = T)a"|> <0,

It implies that 2o € F (T). Hence VI (C,I —T) C F (T). [

Let C be closed convex subset of a real Hilbert space H. Recall the classical mapping
T : C — C is called k-strictly pseudo contractive if there exists x € [0,1) such that
T2 — Ty||? < ||z — y||2 + &l|(I = T)z — (I — T)y|)? for all 2 € C.

If Kk =0, T is called nonexpansive mapping.

Theorem 4.2. For every i = 1,2,3, let H; be a real Hilbert space and let Cy,Cs be
nonempty closed convex subset of Hi and Ha, respectively. For every i = 1,2, let T :
C; — C; be a nonlinear mapping with a property <(I—Ti)x — (I—Ti) Yy, r —y) >

~ ; ; ~ 1 Ca” A

i |[(I =T & — (I —T7) yH2 for all z,y € C; and A7 € (0, 5], a = min {771,572 }.
Assume that Q = {(x,y) € C1 x Cy : x € F(TY),x € F(T?) and Az = By} is nonempty.
Let the mappings A : Hy — Hs3, B : Hy — Hs be bounded linear operator with adjoints
A* and B*, respectively. Let sequences {x,} and {y,} generated by u,z1 € C1;v,y1 € Co
and

Up = Ty — YnA* (Ax, — Byyn),

Tnt1 = apu+ (1 — ay) Poy (I - (I - Tl)) Up,

Vp = Yp + Y B* (Axn - Byn) s

Ynt+1 = anv + (1 — ay,) Pe, (I - (I - T2)) Uy, for allm > 1,

where {a,} C [0,1] with Y07 | a, = 00, limy, o0 @, = 0 and X; € [0,2a] for all i = 1,2

and v, € (a,b) C for all n € N, where Mg, Ag are spectral radius of

(v )

g, —— —¢
Aa+ A

A*A and B*B respectively and € is small enough.

Then {(xn,yn)} converges strongly to (?,yA*) € Q, where z* = Ppriyu and yr =

PF(T2)U'

Proof. From Theorem 3.1 and Lemma 4.1, we can conclude the desired result. (]

Corollary 4.3. For every i = 1,2,3, let H; be a real Hilbert space and let C1,Cy

be nonempty closed convex subset of Hy and Hsy, respectively. For every i = 1,2, let
) 1-— 1-—

T : C; — C; be ki-strictly pseudocontractive mapping with o = min{ 2/’617 2@ }

Assume that Q = {(z,y) € C1 x Cy 1 x € F(TY),z € F(T?) and Az = By} is nonempty.

Let the mappings A : Hi — Hs, B : Hy — Hj3 be bounded linear operator with adjoints

A* and B*, respectively. Let sequences {xy} and {y,} generated by u,x1 € C1;v,y1 € Ca
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and
Up = Tnp — 'YnA* (Axn - Byn) y
Tpt1 = apu+ (1 — o) Poy (I - (I - Tl)) Up,
Up = Yn + 77LB* (Axn - Byn) y
Ynt1 = apv + (1 — ay) Pe, (I — Xo(I — T2)) Uy, for allm > 1,
where {a,} C [0,1] with Y7 | a, = 00, limy o0 @, = 0 and X; € [0,2a] for all i = 1,2

and v, € (a,b) C - 5) for all n € N, where g, A\p are spectral radius of

2
g ———
Aa+ A
A*A and B*B respectively and ¢ is small enough.
Then {(xn,yn)} converges strongly to (?,gﬁ) € Q, where ¥ = Ppriyu and v o=

PF(Tz)U.

Proof. Since T? is k;-strictly pseudocontractive mapping, for all i = 1,2, we have

[Tz — Ty le—y— ((I=T) o~ (1-T")y)|"
o —yl* = 2(z —y, (I -T")z = (I =T") y))
(=T 2~ (I-T")y|?

lz = ylI? + wi || (I =T 2 — (T - T") y||”,

IN

for all z,y € C.
It implies that

' j L — kK i i
(I=T) e~ ([T yw—y) > | ([~ T)a - (1 -T)y|",
where z,y € C;, for all : = 1, 2.
From Theorem 4.2, we can conclude the desired result. L]

4.2. NuLL POINT PROBLEM OF MAXIMAL MONOTONE OPERATORS

In 2014, Chang and Agarwal [20] introduce null point problem related to strictly maxi-
mal monotone operators which is to find z* € M~1(0),y* € N~1(0) such that Az* = By*,
where M : Hy — H, and N : Hy — Hy be two strictly maximal monotone operators and
C1,Co,Hy,Hy, Hs, A, B, A*, B* are the same as in Theorem 3.1. The set of all solution of
null point problem of maximal monotone operators is denote by T = {(x,y) € C; x Cs :
x* € M~1(0),y* € N~1(0) and Az = By}.

In order to find an element in Y they introduce the following iterative scheme {w,, };

Wn41 = P (anwn + Bnf (wn) + K (I - )\nG*G) wn) , n>0,
where S : H; — Hy and T : Hy — Hj are one-to-one and quasi-nonexpansive mappings

with K = m and P = []Jjg} G=[A -B], GG = [_ABfA _g,‘kg] Under the
suitable conditions of every parameter, we have the sequence {w, } converges strongly to
an element in Y.

To prove a strong convergence theorem for finding an element in T we needed the

following lemma.
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Lemma 4.4. Let C be a nonempty closed convex subset of H and let A : C — H be an
a-inverse strongly monotone mapping with A=1(0) # 0. Then VI (C, A) = A=1(0).

Proof. Let z € A=1(0), we have 0 = Az. Then (y — z, A2) = 0. So z € VI (C, A). Then
ATH(0) CVI(C, A).

Let 2 € VI(C,A) and 2* € A71(0). Then (y — 2z, Az) >0, Vy € C and Az* = 0.
Since A is an a-inverse strongly monotone mapping, we have

al|Az — Az |2 < (2 — 2%, Az — Az*) < 0.
Then Az = 0. So, we havez € A~1 (0). Therefore VI (C, A) C A=1(0). L]

Theorem 4.5. For every i = 1,2,3, let H; be a real Hilbert space and let Cy,Cs be
nonempty closed conver subset of Hy and Hsy, respectively. Let A; : C; — H; be ay;-inverse
strongly monotone mapping for alli = 1,2 with « = min {1, as} and let the mappings A :
H, — Hj,B: Hy — Hj be bounded linear operator with adjoints A* and B*, respectively.
Suppose that ¥ = {(x,y) € Cy x Cy : 2* € AT (0),y* € A;'(0) and Az = By} is a
nonempty set. Let sequences {x,} and {yn} generated by u,z1 € C1;v,y1 € Co and

Up = Tn — VnA* (A:En - Byn) y

Tp41l = QpU + (1 — an) Pcl (I — )\1A1) U,

VUp = Yn + nB* (Axn - Byn) »

Yn+1 = apv + (1 — ap) Pe, (I — )\2A2) Uy, for allm > 1,

where {a,,} C [0,1] with Y7 | a, = 00,limy, 00 vy, = 0 and A; € [0,2a] for all i = 1,2

and v, € (a,b) C for all n € N, where Aa, Ap are spectral radius of

2
g, ——— —¢
A+ AB
A*A and B*B respectively and ¢ is small enough.
Then {(zn,yn)} converges strongly to (EI,yA*) € Y, where z* = PAl—l(O)U and y* =

PAQI(O)U'

Proof. From Theorem 3.1 and Lemma 4.4, we can conclude the desired result. ]

5. CONCLUSION

The variational inequality problem has been extensively studied because of this method
is easy to apply to solving fixed point problem, minimization problem, zero point problem,
etc. In order to improve the efficiency of this method, we introduced the split equality
variational inequality problem (SEVI)and the method to solve SEVI. By using our main
results we have the methods for solving the split equality fixed problem and the null point
problem of maximal monotone which are introduced by Moudafi and Al-Shemas [3] and
Chang and Agarwal [20], respectively.
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