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1. INTRODUCTION

Throughout this article, let H be a real Hilbert space with inner product (-,-) and
norm || - ||. Let C' be a nonempty closed convex subset of H. Let T : C — C be a
nonlinear mapping. A point x € C is called a fized point of T if Tx = x. The set of fixed
points of T is the set F(T) := {& € C': Tz = z}. The mapping T : C — C is said to be
nonexpansive if ||Tz — Ty|| < ||z — y|| for any z,y € C. In 1965, Browder [1] shown that
if a nonexpansive mapping T : H — H of a Hilbert space H into itself is asymptotically
regular and has at least one fixed point then, for any x € H, a weak limit of a weakly
convergent subsequence of the sequence of successive approximations 7"z is a fixed point
of T.

In 2011, Aoyama and Kohsaka [2] introduced the class of a-nonexpansive mappings in
Banach spaces as follows: Let E be a Banach space and let C' be a nonempty subset of
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E. A mapping T : C — F is said to be a-nonexpansive for some real number 0 < o < 1
if

1Tz =Tyl < a||Tz — y[| + af [Ty — 2| + (1 = 2a) ||z - y]],

for all x,y € C. Clearly, O-nonexpansive maps are exactly nonexpansive maps. This
mapping was generalized and extanded by many authors in several directions; see for
instance [3, 4] and references therein.

One of the most interesting iteration processes is the viscosity approximation method
introduced by Moudafi [5]. In 2004, Xu [06] studied such method for a nonexpansive
mapping in a Hilbert space and introduced an iterative scheme for finding the set of fixed
points of a nonexpansive mapping in a Hilbert space as follows:

21 € C,xpny1 = anf(an) + (1 — an)Tapn,n > 1,

where T : C' — C is a nonexpansive mapping with F(T) # @, f : C — C is a contraction,
and {a,} C (0,1). Then, they proved a strong convergence theorem under suitable
conditions of the sequence {a,}.

Over the past few decades, the convergence theorem was extended and improved in
many directions (see [7], [8]) due to its applications are desirable and can be used in real-
world applications. So, many authors have been trying to construct new iterations to
prove strong convergence theorems for nonexpansive semigroups; see for instance [9-11]
and references therein. Especially, in 2008, Song and Xu [12] introduced the following
implicit and explicit viscosity iterative schemes,

Ty = anf(xn) + (1 — )T (tn)Xn,
Tnt1 = Qnf(xn) + (1 — )T (ty)xn,n > 1.

Then they proved strong convergence theorems of a nonexpansive semigroup under suit-
able conditions. Very recently, Song et al. [13] proved a strong convergence theorem of
the Halpern iteration for an a-nonexpansive semigroup in Hilbert spaces under suitable
conditions as the following schemes,

Moreover, they also proved some strong convergence theorems of Halperns iteration de-
fined by a such iterative method for a family {7} of a-nonexpansive mappings.

Our work improves and generalizes some of the results obtained in the above paper,
we introduce a new class of nonexpansive type of mapping namely, AK-generalized non-
expansive mapping, which is more general than an a-nonexpansive mapping in Hilbert
spaces as follow.

Definition 1.1. Let C be a nonempty closed convex subset of a Hilbert space H. A
mapping T : C — C is said to satisfy condition (AK) (or AK-generalized nonexpansive)
for some real numbers oy, asg, as, ay with max{a, ag, as,as} < 1 if

[Tz — Ty|| < a|| Tz — 2| + a2||Ty — yl| + esl| Tz — yl| + 0| Ty — 2]
+ (1 — 4maX{Oé1,042,0¢3,0é4})||$ - y||7 (1.2)
for all x,y € C.

Notice that the class of AK-generalized nonexpansive mappings covers several well-
known mappings. For example, every a-nonexpansive mappings is an AK-generalized
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nonexpansive mapping and also 0-nonexpansive maps are exactly nonexpansive maps.
Hence we have the following diagram.

nonexpansive

1 3

a -nonexpansive

S

AK-generalized nonexpansive

The following example shows that the reverse implication does not hold.

Example 1.2 ([14]). Let X = {(0,0),(2,0)(0,4),(4,0),(4,5),(5,4)} be a subset of R?
with dictionary order. Define a inner product (X, {-,-) = ||-,-||)- by ||z1,z2|| = (Jz1| +
|z1])2. Then (X, (-,-)) is a Hilbert space. Define a mapping 7' : X — X by

7(0,0) = (0,0), 7(2,0) = (0,0), 7(0,4) = (0,0),
T(4,0) = (2,0), T(4,5) = (4,0), T'(5,4) = (0,4).
Then, we have T is not an a-nonexpansive mapping for any o < 1, and z = (4,5) and
y = (5,4), but, we consider ||T(x) — z|| = 25 and ||T(y) — y|| = 25. Then, we have
3 1
[|Tx — Ty|| =64 < ilOO—i— 14
< 125 + 925 + a325 + ay25 + (1 — dmax{ay, as, a3, aq})d
< ai||Tz — || + az||Ty — yl| + as||Tz — y[| + ca||Tz — y|

+ —4max{a1,a2,a3,o¢4})||a:—yH, (13)

where min{ay, s, as, g} = %. Thus, T is an AK-generalized nonexpansive.

Example 1.3. Let X = [0,2] be a nonempty closed convex subset of a Hilbert space
(H=R,{-, ) =]|)- Suppose that T : [0,2] — [0,2] be given by Tz = sinz + cosz, for
all z € [0, 2]. Now, we consider

1
||Ta:—Ty||:§|2sinx+2cosm—25iny—2cosy|
1 L Lo
S§|smm+cosx—x|+§|s1ny+cosy—y|+§|smx+cos:r—y|

+ %|siny+cosy—x\
< aq|sinz 4 cosx — x| + ag|siny 4 cosy — y| + az|sinz + cosz — y|
+ ay|siny + cosy — x| + (1 — 4dmax{ay, ag, ag, as}) |z — y|
= [Tz — z|| + a2||Ty — yl| + || Tz — yl| + cul|Tz — y||
+ (1 — 4max{ay, as, az, aq})||z — yl|, (1.4)
where oo = g = a3 = g = % Then T is an AK-generalized nonexpansive.
Our work improves and generalizes some of the results obtained in the above pa-

per. We introduce the AK-generalized nonexpansive mapping as generalization of an
a-nonexpansive mapping. We also discuss sucient and necessary conditions of some
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property for such mappings and obtain a convergence result of the viscosity approxi-
mation method for an AK-generalized nonexpansive semigroups under some assumptions
in Hilbert spaces. Moreover, we prove a strong convergence theorem for a family of
AK-generalized nonexpansive mapping in Hilbert spaces.

2. PRELIMINARIES

Throughout this article, let H be a real Hilbert space with inner product (-,-) and
norm || - ||. Let C' be a nonempty closed convex subset of H. Recall that the (nearest
point) projection Pc from H onto C' assigns to each x € H, there exists the unique point
Peax € C satisfying the property

z — Poz|| = min ||z — y|.
|z ~ Peal| = min = |

For any x € H and y € C. Then, Pox = y if and only if there holds the inequality
(t—y,y—2)>0,Vz e C.

In a real Hilbert space H, it is well known that H satisfies Opial’s condition, i.e., for any
sequence {x,} with x,, — z, the inequality

lim inf ||z, — 2| < lim inf ||z, —y|,
n—oo n—oo
holds for every y € H with y # x.
Lemma 2.1 ([15]). Let {s,} be a sequence of nonnegative real numbers satisfying
Spt1 < (1 - an)sn +0p,Vn € N,

where a, is a sequence in (0,1) and {0,} is a sequence such that
o0 6 oo
1 oy, =00, (2) limsup — <0 or On| < 00.
(); n (2) msup -~ nz::l|n|

Then, lim s, =0.
n—oo

Lemma 2.2. Let H be a real Hilbert space. Then
lz + gl < Nz + 20y, @ + y),
forallxz,y € H.

Now, we introduce the definitions follow on the results of Song et al. [13].

Let E be a Banach space. An (one-parameter) AK-generalized nonexpansive semigroup
is a family 7 = {T'(t) : t > 0} of mappings D(T) = [\, D(T(t)) and range R(T') such
that

(1): T(0)z =z for all z € D(T);

(2): T(t+s)x=T({)T(s)x for all t,s > 0 and = € D(T);

(3): for each t > 0, T'(t) is an AK-generalized nonexpansive mapping, that is,

[Tz = Tyl| < n||Tw — xl[ + c2||Ty = yll + as||Tz — y[| + aul||Ty — z|]
+ (1 — 4max{ay, ag, as, as})||z — yl|, (2.1)

for all z,y € C, max{ay, as,az,as} < 1.
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Example 2.3. Let X = [0,2] be a nonempty closed convex subset of a Hilbert space

(H = R,{-,-) = |]). Suppose that T : [0,2] — [0,2] be given by Tz = 377, for all
x € [0,2]. Now, for any t,s > 0 and x € D(T);
(1) T(0)x = 3% = x;

)T
2) T(t+s)x =3y =3-103=6)g = T()T(s)a;
3) for each ¢t > 0, T'(t) is an AK-generalized nonexpansive mapping, that is,

[Tz =Tyl = [37% =377

(
(

1o o
— 1237 = 37)

1
= SI3TT =3+ =3 o —wty—y

1

:§|3_x—x—S_y+y+3_x—y—3_y+x|
1. _ . -
=587 —2) =B -y + 7 —y) - (37 — )]

IN

1 1 1 1
S8 g+ S [37Y — g+ 2[3 — g+ <37 —
5 2|+ 5| yl+ 3 yl+ 3 z|
<377 — 2|+ |37V —y| + 3|37 — g
+ ay|37Y — 2| + (1 — dmax{a, az, as,aq}) |z — y|
= a1||Tz — z|| + 2| |Ty — yl| + as||Tx — y[| + a4l|[Tz — 9|

+ (1 — 4max{ay, ag, as,aqs})||z — y,

where a; = asp = ag = a4 = %
Let 7 = {T'(¢) : t > 0} stants for one-parameter AK-generalized nonexpansive semi-
group and F(T) = (5o F(T(t)). We give the concept of the uniformly asymptotically

regular as the following definitions.

Definition 2.4. An AK-generalized nonexpansive semigroup 7 = {T'(¢) : t > 0} is said
to be uniformly asymptotically regular (in short, u.a.r.) if, for any s > 0 and any bounded
subset K of D(T),

lim sup ||T(s)(T(t)x) — T(¢)x| = 0.

t—o00 €K

Definition 2.5. A family {7} of an AK-generalized nonexpansive mapping is said to
be wuniformly asymptotically regular (in short, u.a.r.) if, for each positive integer m and
any bounded subset K of (1, D(T},),

lim sup |75, (Tnz) — Tnzl| = 0.

3. MAIN RESULTS

In this section, we first study some properties of an AK-generalized nonexpansive
mapping in a Hilbert space.

Lemma 3.1. Let C be a nonempty closed convexr subset of a Hilbert space H and T :
C — C be an AK-generalized nonexpansive mapping with F(T) # 0. Then F(T) is closed
convez and ||Tx — p|| < ||z — p|| for allz € C and p € F(T).
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Proof. Since T is an AK-generalized nonexpansive mapping, for all z € C and p € F(T)
[Tz —pl| = || Tz = Tpl|
< anl|Tw — zf| + ol |[Tp — pl| + as||Tz — pl| + ca||Tp — x|
+ (1 — 4max{aq, ag, as, as})||z — p||
< o ([ITz —pll + [Ip — =[]) + asl[Tz — p|| + as|lp — ||
+ (1 — 4max{aq, oz, as, aq})||z — pl|, (3.1)
and so

1 —2max{ai, as, as, ay
T — pl| < lon, a2, 03,00}

—pll < - Dl 3.2
0 ol < Il = pl (32)

Let p,q € F(T), (0 <A <1) and set z= Ap+ (1 — \)g. Using the Parallelogram Law, we
get

z2—=p Tz—p 5 1 s 1 5 1 5
_ Ny =T — 2|y — N —
1= 5 17+ llz = Tl = Slle = plI" + S IT= — pl]
<|lz —pl%,
z—q Tz—q,,, 1 9 1 5 1 9
_ Ny =T — Z|ly — T —
152 = 0P+ glle = TP = Sl — alf® + 51T — gl
< |lz—qll?

(3.2) implies that

z2+Tz 9 z—=p Tz—p, 9 5 1 9
_ = P2 <y — —Zlz=T
152 = plP = 1552+ 202 <l = ol = e = T2
1

= (1= Allp = qll* = 4llz = T2,
2+ Tz 9 z2—q Tz—q, 54 5 1 5
IE5= =l = 1552+ S < e =l - e~ ]

1
= Xllp—qlf? = Il — T2I”
Suppose that z # T'z. Then, we have

z+ Tz
= = plP < (1= APl —alP, |

So, we obtain that

z+ Tz
2

—qll* < N[lp —qll*.

z+Tz z+Tz
5 Pl

which is a contradiction and so z = Tz. Thus F(T) is convex. Now, we show F(T)
is closed. Suppose that {z,} € F(T) with lim, . 2, = x, it follows from (3.3) that
||z, — Tz|| = ||zn — z|| — 0 as n — oo and hence lim, o 2, = Tz = x, Thus F(T) is
closed. (]

lp—all <l — 4|l <(A=Nllp = qll + Allp — gl = [lp — all,

Proposition 3.2. Let H be a nonempty closed convex subset of a Hilbert space H and
T : C — C be an AK-generalized nonexpansive mapping. If a sequence {x,} in C
converges weakly to x € C' and limy, o0 ||xn, — Txp|| =0, then x = Tx.
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Proof. Since {z,} is weakly convergent, we have {x,,} is bounded. Since
[T < |[Ton — x|l + |lon]],
we get {Tz,} is bounded. If 0 < max{a;, s, a3, a4} < 1, then

[|Tx, — Tz|| < aq||Tzn — x0|| + a2||Tz — z|| + a3||Txy — || + a4||TT — z4]|
+ (1 — 4max{a1, ag, as, aq}) ||z, — z||
< aq|[Tey — || + a2(||Tr — Txp|| + |[T2n — 20| + || — 2]])
+ o3(|[Tan — znl[ + |20 — 2l]) + ca(||Tz — Tapl| + ||[Ton — 2al|)
+ (1 — 4max{ay, as, as, aq})||z, — z||. (3.3)

This implies that

(65} +O¢2+O¢3+OZ4

1 —2max{ay, a2, a3, as} 2
n

| Tx, — Tx|| < —z|| + | Txn—n|
1—042—044 1—0[2—0[4
ap +ag + a3+ ay
<||lzn — || + pp— [| Ty — 24| (3.4)

If max{al, 2, (3, 044} <0,

|Tx, — Tx|| < a1||Ten — xp|| + @2||Tz — z|| + as||Tz, — || + cas||[Te — z,]]

+ (1 — 4max{ay, ag, as, as})||z, — ||

< a||Ten — || + aa(||Tx = Tyl = ||Tzn — wn|| + [|2n — [])
+ag(|lon — ol = [[Tzn — xnl]) + ca((|[Te = Tapl| — [[Tzn — wn)
+ (1 — 4max{aq, ag, as, aqs}) ||z, — || (3.5)

This implies that

1-2 : —an—az—
HT:L’n—TZ'H < maX{a17a2,a37a4}||xn_x|| +w”T{En—an
1—0&2—0&4 1—0(2—044
o] +as +ag+a
<l — ) 4 B2 PO Oy ) (3.0
— g —

In other cases, we obtain that

041+|0¢2|+|0¢3|+|0¢4|||Tx
n

Tx, —Tz|| < ||z — — Tyl 3.7
T = Tl < — o]+ 2102l Tl ) (3.7
Thus,

limsup || Tz, — Tz|| < limsup ||z, — z||. (3.8)

n—oo n— oo

Thus, by the properties of a Hilbert space H, we have
len — 2ll? = l|(@n — T2) + (Tz — 2)|
= ||zp — Tx|]® + | Tz — z||* + 2(z,, — Tz, Tx — x)
< (J|zn — Tap|| + ||Txn — Tx|))? + ||T2 — 2||* + 2(x, — Tz, Tz — ).
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Since {z,} weakly converges to z € C, it follows from (3.8) that
limsup ||z, — 2||* < limsup||Tz, — Tx||* + ||Tx — x|

+ 2limsup(z,, — Tx, Tz — x)

n— oo

<limsup ||Txz, — Tx|]* +||Tz — z||* + 2(x — T2, Tx — x)

n—oo

< limsup ||z, — z||* — ||Tz — z||?
n—oQ
respectively, and hence ||Tz — z||*> < 0. m

From the proof of Proposition 3.2, we have the following lemmas:

Lemma 3.3. Let C be a nonempty closed convex subset of a Hilbert space H and T :
C — C be an AK-generalized nonexpansive mapping. Then

a1 + |as] + |as| + |aql

Tz = Tl < [|ln — || + 1
— Qg — Oy

[|Txn — ]| (3.9)

forall x,y € C.

Now, we prove a strong convergence theorem of the viscosity approximation method for
an AK-generalized nonexpansive semigroup under some assumptions in a Hilbert space.

Theorem 3.4. Let C be a nonempty closed convex subset of a Hilbert space H and
T ={T(t) : t > 0} be the u.a.r. semigroup of AK-generalized nonexpansive mappings
from C into itself with F(T) # 0. Let f : C — C be a contraction mapping with coefficient
v € (0,1). Let the sequence {x,} be generated by x1 € C and
where {B,} C (0,1) and t, > 0 satisfy the following conditions:
(i) nl;rrgoﬁn =0, (i) z:lﬂn = 00, (i) nl;n;otn = +00.
n=

Then the sequence {x,} converge strongly to zo = Pp(r)f(20).

Proof. Firstly, we show that the sequence {z,} is bounded. Let z* = Pp7 f(z0). From
Lemma 3.1, then ||T(t)x — 2*|| < ||z — z*|| for all z € C and ¢ > 0. From the definition of
Ty, We get
[ent1 = 2% < Bullf(2n) — 2"l + (1 = BT (tn)zn — 27|
< Bullf(@n) — [ + (1 = Bn)[[an — 27|
< Bullf (@n) = F@) + Ballf (@) = 27| + (1 = Bn) 20 — 27|
< Buvllon — 2" 4+ (1= Bo)llan — ™[ + Bullf(«") — 27|
= (1= Bu(l =) wn — 2% + Bull f (") — 27
By mathematical induction, we obtain that

’ 1

—

lxn — ¥ Smax{”xo—a:* },VnEN.
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Therefore, {x,} is bounded and so are {T'(t,)x,} and {f(z,)}.
From the condition lim,, ., 8, = 0, we have

nh_{go [Zn+1 = T(tn)znll = nh_{go Bullf(xn) =T (tn)zn|l = 0. (3.11)
Since {T'(t) : t > 0} is the u.a.r. AK-generalized nonexpansive semigroup, then for s > 0,
lim ||T(8)T(tn)xn — T(tn)xn|| < lim sup | T(s)T(tn)x — T(t,)x|| =0. (3.12)

where K is any bounded subset of C' containing {x,,}.
From the definition of a AK-generalized nonexpansive and Lemma 3.3, we have

[T (s)(T(tn)zn) — T(s)zpia |l S|T(tn)Tn — Tnal]

seatloal Hlosl oy o7y, ) - 71, (.13
(65)] Qy

Hence, for all s > 0,

[#n+1 = T()zns1ll < [[2n+1 = T(tn)znll + 1T (tn)2n — T(s)(T(tn)zn)||
+ 1T()(T(tn)zn) + T(s) s
< Hxn-i-l - T(tn)an + ”T(tn)xn - T(S)(T(tn)xn)”
+ NZns1 = T(tn)znl|
o + |oo| + |as| + [au] T

1-— Qo — Oy
< 2f|wp1 — T(tn)wnl|

a1+ |ag |+ |as |+ |«
+<1+ 1+ || +]as|+ oy

+ (tn)xn — T(s)(T(tn)xn)||

) 17 () — T()(T(tn)arn)]-

1—C¥2—014
(3.14)
From (3.11), (3.12), and (3.14), we have
Tim [z = T(s)nps ]| = 0 (3.15)

for all s > 0.
Next, we show that li_>m sup (f(20) — 20, Tn — 20) < 0 where 2o = Pp(1)f(20). To show

this, choose a subsequence {z,, } of {z,} such that

limsup (f(20) — z0,n — 20) = lim (f(z0) — 20, Zn, — 20) - (3.16)
n—o00 k— o0

Without loss of generality, we may assume {z,, } — w for some w € C. By Lemma 3.1
and (3.15), we have w € F(T(s)). Since s is arbitrary, then w € F(T).

Since z,, — w as k — oo and w € F(T). By (3.16) and the properties of the metric
projection, we have

limsup (f(z0) — 20, — 20) = 1lim (f(20) — 20, Zn, — 20)
n—oo k—o0

<f(Zo) —Z20,W — Zo>
0.

< (3.17)
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Finally, we show that lim =z, = zg, where zg = PF(T)f(zo). By Lemma 2.2, we have
n—oo

2011 = 20l = [1Bn(f (2n) = 20) + (1 = Bu) (T (tn)2n — 20)|I”

<11 = Ba)(T(tn)2n — 20)||* + 2B (f(20) = 20, Tnt1 — 20)

<(1- ﬁn)QHxn - 20”2 + 2B (f(%n) — 20, Tnt1 — 20)

= (1= B0)?[lzn — 20l* + 284 (f (xn) = f(20), Tnt1 — 20)
+ 2B.(f(20) — 20, Tnt+1 — 20)

< (1= Bu)?llzn = 20ll* + 284l f (20) = f(20) [ €41 — 2ol
+ 26n(f(20) = 20, Tn+1 — 20)

< (1= Bn)?l|zn = 20l” + 287120 — 2olll|2n+1 — 20l
+ 2Bn(f(20) = 20, Tn+1 — 20)

< (1= Bp)?llzn — 20l|* + Buvllzn — 20ll* + BaVl|nt1 — 20l
+ 28,(f(20) — 20, Tna+1 — 20)-

It implies that

_ 2
fomr = ol <« S22 ) — 20— 20)
i 260 (1 —7) 2, 28n(1—7) Bn 2
= (1 555 ) e ol + B (i —
+ T en) = 200 = o))

From the conditions (i),(ii), (3.17), and Lemma 2.1, we can conclude that the sequence
{x,} converges strongly to zo = Pp(1)f(20). This completes the proof. m

By continuing in the same direction as in Theorem 3.4, we obtian the following theorem.

Theorem 3.5. Let C be a nonempty closed convex subset of a Hilbert space H and
{T,.} be a family of u.a.r. AK-generalized nonexpansive mappings from C into itself with
F=F(T,) #0. Let f : C — C be a contraction mapping with coefficient v € (0,1). Let
the sequence {x,} be generated by x1 € C' and

Tn+1 = an(mn) + (1 - /Bn)Tnxnvn >1, (318)
where {B,} C (0,1) and t, > 0 satisfy the following conditions:
(i) lim f, =0, (ii) Z:lﬁn = co.
Then the sequence {x,} converge strongly to zo = Prf(z0).

Proof. Put the terms T(t,) and T(s) with the terms T, and T,, in Theorem 3.4. Us-
ing Definition 2.5 and the same method of proof in Theorem 3.4, we have the desired
conclusion. [
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Remark 3.6. In this work, we introduce a new class of nonexpansive type of map-
ping namely, AK-generalized nonexpansive mapping, which is more general than an a-
nonexpansive mapping. Moreover, we obtain convergence results of the viscosity approxi-
mation method for an AK-generalized nonexpansive semigroups under some assumptions
in Hilbert spaces. However, we should like remark the following;:

(1) The main theorem of Song et al. [13] gave a strong convergence theorem of
the Halpern iteration for an a-nonexpansive semigroups in Hilbert spaces by
using the iterative scheme (1.1), while the main theorem of this paper give a
convergence result for an AK-generalized nonexpansive semigroup by using the
iterative scheme (3.10) which is improve and extend than the main results of Song
et al. [13].

(2) The class of mappings studied in this paper is more general than the class of
mappings studied in Aoyama and Kohsaka [2].

(3) We studied the AK-generalized nonexpansive mapping in Hilbert spaces as
Aoyama and Kohsaka [2], Muangchoo-in et al. [3] and Ariza-Ruiz et al. [41] stud-
ied a-nonexpansive mappings in Banach space. Moreover, Xu [(] investigated a
nonexpansive mapping in Hilbert spaces.
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